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Abstract: In recent years, representing computer vision data in tensor form has become an important method of data representation. However, due to the limitations of signal acquisition devices, the actual data obtained may be damaged, such as image loss, noise interference, or a combination of both. Using Low-Rank Tensor Completion (LRTC) techniques to recover missing or corrupted tensor data has become a hot research topic. In this paper, we adopt a tensor coupled total variation (t-CTV) norm based on t-SVD as the minimization criterion to capture the combined effects of low-rank and local piecewise smooth priors, thus eliminating the need for balance parameters in the process. At the same time, we utilize the Non-Local Means (NLM) denoiser to smooth the image and reduce noise by leveraging the nonlocal self-similarity of the image. Furthermore, an Alternating Direction Method of Multipliers (ADMM) algorithm is designed for the proposed optimization model, NLM-TCTV. Extensive numerical experiments on real tensor data (including color, medical, and satellite remote sensing images) show that the proposed method has good robustness, performs well in noisy images, and surpasses many existing methods in both quality and visual effects. 

Keywords: Tensor completion; t-SVD decomposition; Nuclear norm minimization; Image processing 1 Introduction

Humans are more inclined to accept high-quality, high-resolution images due to their rich visual senses. Clear images are not only pleasing to the eye but also allow for the extraction of more precise information and features. 

However, in some special environments, the quality of images cannot be guaranteed. Noise often appears in images, which originally referred to a type of sound that hinders auditory perception and thinking. Image noise is a factor that interferes with the information in an image, often causing the image to blur. For example, image blur can be caused by object motion, adverse weather conditions, poor lighting, camera issues leading to distortion, or image damage. To address these issues, we typically model computer images as matrices or tensors, depending on the dimensions and features of the images. As the amount of information contained in computer images increases, the dimensionality of computer vision data continues to rise. We usually model high-dimensional data as tensors, which can capture and represent the intrinsic structure of high-dimensional data, thereby improving accuracy and efficiency in various data analysis tasks. The processing of multidimensional arrays is currently a hot research topic. Tensor processing has shown powerful capabilities in signal processing [1], data mining [2], machine learning [3, 4], and computer vision [5–7]. 

The handling of tensor issues can be traced back to one-dimensional signal processing. In 2004, Donoho proposed the theory of compressed sensing [8], which uses the sparsity of signals to recover the desired signals with fewer samples. In 2005, Candes and Tao proposed the Restricted Isometry Property(RIP) [9]. RIP describes the relationship between the properties of the measurement matrix and the performance of sparse signal recovery and is an important concept in the field of compressed sensing. Since the data of digital tensors modeled from images are often large, directly processing them can be very costly. In practice, computer images usually have non-local self-similarity, which promotes the low-rank or approximate low-rank nature of computer images. In addressing the problem of low-rank tensor image enhancement, modeling it as a Low Rank Tensor Completion (LRTC) problem is a common
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approach. The tensor completion model can be mathematically formulated as follows: min rank(X )

s.t. 

PΩ(X ) = PΩ(Y)

(1)

X

where, X is the tensor to be solved, Y is the observed tensor, Ω is the set of indices of the observed elements, and rank(·) is the tensor rank function. 

When studying the problem of matrix completion, the handling of rank is a key aspect. Similarly, in the context of low-rank tensor completion, dealing with tensor rank is crucial. The CP rank and Tucker rank are two commonly used tensor ranks in tensor processing. In the tensor recovery based on CP rank minimization [10], CP decomposition decomposes a tensor into a set of rank-1 tensors. Accurately computing the CP rank of tensor data is typically NP-hard. Additionally, accurately finding the convex relaxation of the CP rank is challenging [11], making low CP rank tensor recovery difficult. Tensor recovery based on (Sum of Nuclear Norms Tensor Completion, SNN) minimization derived from Tucker rank [12, 13], Tucker decomposition can perform dimensionality reduction for different patterns, making it very flexible when dealing with complex data structures. However, the computational complexity of this decomposition is relatively high, and choosing the appropriate core tensor size and factor matrix ranks is challenging. Overall, exploring tensor ranks and their effective computation forms in certain decomposition schemes remains an open topic. 

In recent years, with Kilmer proposing the t-SVD framework for tensors [14], new methods for tensor completion have emerged. t-SVD decomposes a tensor into the t-product of two orthogonal tensors and a f-diagonal tensor (also known as the singular value tensor), resulting in a new tensor rank, the tubal rank. This rank is defined as the number of non-zero singular tubes in the singular value tensor. Compared to traditional tensor decomposition strategies, the t-SVD scheme has been proven to perform excellently in capturing the spatial correlations and global structure information commonly present in real-world tensor data [15, 16]. Tensor t-SVD decomposition offers a good low-rank approximation, retaining the multi-dimensional structure information of the tensor, ensuring that the decomposed tensor still possesses the high-order characteristics of the original data. This helps preserve the complex relationships and dependencies in the data, some regularization terms based on tubular rank are suitable for tasks such as tensor completion and compression [17, 18]. Consequently, recent research has focused on tubal rank minimization, and tubal rank minimization has shown promising results in practical applications like image restoration. 

However, common computer images to be completed may contain noise. Unlike pure denoising tasks, where the pixels of the missing blocks overlap with noise, such noisy completion tasks are more complex. Some common completion methods have some noise suppression effects, but the expected results are not achieved after completion. To address this problem, this paper proposes an efficient low t-SVD rank TC model. Utilizing the non-local self-similarity property of images, the Non-Local Means (NLM) denoiser [19] is used to denoise the observed pixels of the original image, followed by the completion of the image aggregated from the denoised image blocks. This achieves both denoising and completion of the image. 

The main contributions can be summarized as follows:

• In the t-SVD framework, this paper proposes a tensor completion model based on t-CTV regularization combined with the NLM denoising method, designed to handle data with overlapping noise and missing entries, referred to as NLM-TCTV. We apply NLM to the non-missing data of the tensor, utilizing the self-similarity prior of the image, while simultaneously performing denoising and smoothing, thereby improving the performance of the t-CTV

method. For our tensor completion model, based on the general definition of the tensor t-product for invertible linear transformations, the relevant algebraic structures of our tensor completion model are as follows. 

• For images with overlapping noise and missing information, directly using denoising methods often results in the denoising of missing pixels as well, which is detrimental to image quality improvement. The proposed new method has yielded encouraging outcomes in completing tasks for color images, medical images, and satellite images. Compared to the classical TC method, our method increases the average PSNR value by approximately 2-4 dB. Experiments conducted under different missing rates and noise levels show good robustness of the method, with the images completed by NLM-TCTV displaying more details and features than those completed by other methods.Additionally, the completion algorithm demonstrates strong recovery performance even at high missing rates (90%). 

The arrangement of this paper is as follows: The second section introduces related work on tensor completion. 

The third section describes the model construction in detail, including the t-SVD decomposition and the preliminary knowledge and theoretical support of the model. The fourth section proposes the noisy tensor denoising completion model NLM-TCTV and solves it using the ADMM algorithm. The fifth section evaluates the effectiveness of the proposed algorithm through extensive experiments. Finally, the sixth section summarizes our work and suggests future research directions. 

2 Related Work

For Tucker decomposition, Liu et al. [20] first developed the nuclear norm of the tensor unfolding matrix (Sum of Nuclear Norms Tensor Completion, SNN) as a convex envelope of the tensor Tucker rank, and established a low-rank 238

tensor completion model (LRTC) based on SNN. They proposed three optimization algorithms (SiLRTC, FaLRTC, and HaLRTC). These three image completion algorithms are characterized by fast convergence, easy implementation, and high efficiency, and are widely used in image processing. Goldfarb and Qin [21] applied this idea to the principal component analysis (PCA) problem, proposing a tensor robust principal component analysis (TRPCA) model, which improved the effect of tensor recovery. Bengua et al. [22] improved the SiLRTC algorithm in SNN and proposed new optimization formulas for tensor completion, as well as two new algorithms to solve them. In recent years, Zhang [23]

used a series of non-convex functions on the singular values of the squared matrix of tensors to approximate the tensor Tucker rank, and then proposed a non-convex model called the Nonconvex Relaxation Approach to Low-Rank Tensor Completion (NRATC) for LRTC. 

For t-SVD decomposition directly minimizing the tubular rank is NP hard [11], necessitating the development of a norm as a convex surrogate for the tubal rank. Semerci et al. [24] developed a heuristic tensor nuclear norm (TNN) as its convex surrogate in the Fourier domain. Zhang and Aeron [25] applied TNN to tensor completion, investigating the tubal rank TC problem. Lu et al. [26] defined the average rank of a tensor, and derived that when a tensor has a low tubal rank, its average rank will correspondingly be low. They also proposed an innovative tensor nuclear norm minimization model, which was proven to be the convex envelope of the tensor spectral norm unit ball corresponding to the average rank of tensors in the Fourier domain. Lu et al. [27] proposed a more general definition of tensor rank and applied its corresponding convex relaxation to third-order tensor completion, demonstrating better performance in many completion tasks compared to other types of tensor nuclear norms. In recent studies on completion problems, Pan et al. [28] utilized a weighted nuclear norm with multiple regularization terms, proposing a low-rank minimization model induced by sparse and weighted nuclear norms based on DCT, achieving good results at low sampling rates. 

Wang et al. [29] proposed the TCTV model using low-rank and smoothness priors and applied the model to the two classical tasks of TC and TRPCA, achieving good results. 

Other tensor decomposition methods, such as tensor-train (TT) decomposition-based completion, are suitable for high-dimensional tensors, addressing the completion problem for tensor data with high-dimensional structures. Xu et al. [30] approached TT decomposition from a fully Bayesian perspective, including automatic TT rank determination and noise power estimation, thereby recovering the underlying TT structure. For tensor-ring (TR) decomposition, Wu et al. [31] considered low-rank and sparsity priors of gradient factors to enhance the performance and robustness of TR

decomposition-based models. In summary, tensor decomposition-based tensor completion methods are continuously evolving, and more decomposition methods and regularization terms will likely be applied to completion tasks in the future. 

3 Preliminary Knowledge

Firstly, let M be a color image corrupted by noise and missing pixels. Consider the three-dimensional tensor M ∈

I×J ×K

R

as the three-dimensional image we need to denoise and complete. During the NLM process, considering the self-similarity of the image, we need to search for similar patches in the image and categorize them into N classes based on similarity. This three-dimensional tensor M is unfolded along its third mode into m subblocks, with each segmented sub-tensor block denoted as M

dI ×dJ ×K

i ∈ R

, (i = 1, 2, 3, . . . , m), where dI × dJ represents

the size of a single sub-block. During the segmentation of the data blocks, the sub-blocks overlap. The total data volume of these sub-blocks is m × dI × dJ × K, which is greater than the original data volume I × J × K. The overlap data volume L determines m and is given by

I × J × K + L 

m =

dI × dJ × K

Definition 1. (T-product [14]) For two third-order tensors X ∈

n

n

R 1×n2×n3 and Y ∈ R 2×n4×n3 , the t-product

Z ∈

n

R 1×n4×n3 is defined as:

Z = X ∗ Y = f old(bcirc(X ) · unf old(Y))

where, the block circulant matrix bcirc(X ) is defined as:



X(1)

X(n3)

. . . 
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where, X(i) represents the i-th frontal slice of tensor X . Below is the definition of unfold. 
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

Y (1) 



Y (2) 

unf old(Y) = 

. 

 , f old(unf old(Y )) = Y



. 





. 



Y (n3)

The unfold operation in the above formula is a process that transforms a tensor into a matrix, resulting from unfolding the tensor into a matrix along a specific mode, enabling matrix-based operations. Unfold and fold are inverse operators of each other. 

Definition 2. (Identity tensor [32]) For a tensor I ∈

n

R 1×n1×n3 , if I(1) is an identity matrix and I(i), i =

2, 3, 4 . . . n3 are zero matrices, then I is called an identity tensor. 

Definition 3. (f-diagonal tensor [32]) For a tensor S ∈

n

R 1×n1×n3 , if all the frontal slices S(i), i = 2, 3, 4 . . . n3

in S are diagonal matrices, then S is called an f-diagonal tensor. 

In fact, the decomposition process involves first applying a Fourier transform to the tensor, followed by providing the SVD decomposition of the matrix for each slice of the tensor. 

Definition 4. (t-SVD tensor decomposition [14]) t-SVD decomposes a high-dimensional tensor into the product of lower-dimensional tensors. For a third-order tensor X ∈

n

R 1×n2×n3 , if all the frontal slices S(i), i = 2, 3, 4 . . . n3

in S are diagonal matrices, then the t-SVD decomposition can be expressed as: X = U ∗ S ∗ V∗

where, S ∈

n

n

n

R 1×n2×n3 is an f-diagonal tensor, and U ∈ R 1×n1×n3 and V ∈ R 2×n2×n3 are orthogonal tensors [26]. 

The rank corresponding to this decomposition is readily apparent. 

Definition 5. (Tensor tubal rank [15]) For a given tensor X

dI ×dJ ×K

i ∈ R

, the tubal rank of the tensor, denoted as

rankt(X ), refers to the number of non-zero tubes in the t-SVD transformation. 

rankt(X ) = #{i : S(i, i, :)} = max (r1, r2, . . . , rn )

3

Definition 6. (Tensor average rank [26]) For a third-order tensor X

n1×n2×n3

i ∈ R

, its nuclear norm derived from

the t-product of tensors is defined as the sum of the singular values of the matrices obtained by unfolding the tensor along the third mode, expressed as:

n

1

3

X 



∥X ∥

¯

∗ =

X(i)

n





3

∗

i=1

where, ¯

X(i) is the i-th matrix obtained by unfolding X along the third mode. 

When addressing the problem of minimizing tensor nuclear norm, it is essential to leverage the low-rank property of tensors. This is typically done by thresholding the singular values of tensors, ensuring the retention of lowrank properties and effective noise removal during the tensor completion process. We should adopt a suitable truncation method. 

Definition 7. (Hard thresholding truncation of t-SVD decomposition, SVT) For a tubal singular value vector ¯

σk, 

i

the hard thresholding truncation function is defined as follows:

(

¯

¯

σk, 

if i ≤ r

f k ¯

σk, r =

i

i

i

0, 

otherwise

where, r is the singular value threshold, and the hard thresholding truncation function is a non-linear function that completely retains the larger singular values before the threshold while setting the singular values beyond the threshold to zero. 

Definition 8. (The function of noise-based truncation methods) The noise estimate of the image is T , and the function is as follows:

¯

f k ¯

σk, σ

= ¯

σk − σ



i

i

sample

i

sample

+

where, σsample > 0 is the noise estimate used as an adjustment parameter, and (·)+ = max(·, 0) is the soft thresholding function. 

Subgraph (a) of Figure 1 compares the singular values of the original image and an image with a 50% missing rate. 

Subgraph (b) of Figure 1 shows images preserving the top 10, 50, 100, and 200 largest singular values, respectively. 
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(a)

(b)

Figure 1. (a) The singular values of the original image and an image with a 50% missing rate; (b) The images preserving the top 10, 50, 100, and 200 largest singular values, respectively 4 Image Aggregation

In NLM denoising, we divide the image into sub-image blocks and search for similarity among these sub-blocks. 

After denoising using the mean, the subimage blocks are aggregated. Since the sub-image blocks overlap, the pixel points in the overlapping parts of the sub-data blocks are calculated using weighted summation. The weights are computed using Gaussian Euclidean distance, which considers the spatial distance within the local area, with the distance of the pixel to the center being proportional to its impact on the image. The formula for pixel fusion in the image is as follows:

X

X (i, j, k) =

ω(i, j, k)t [Xn(i, j, k)]

(2)

t∈Z

where, the indices (i, j, k) of Xn(i, j, k) represent the position of each pixel point, Z is the set covering the pixel point Xijk, t [Xn(i, j, k)] contains the gray value of the pixel point Xn(i, j, k), and ω(i, j, k) is the Gaussian Euclidean distance weight of the data block. 

The formula for calculating the Gaussian weight function ω(i, j, k) is: 1



DIS( center t[X (i, j, k)], (i, j, k))2 

ω(i, j, k) =

exp

−

(3)

P

− DIS( center t[X (i,j,k)],(i,j,k))2

2σ2

t∈Z

2σ2

where, center t[X (i, j, k)] represents the center of the data, and DIS (center t[X (i, j, k)], (i, j, k)) is the Euclidean distance from the center to the current pixel point. σ is the standard deviation of the Gaussian weight. The Gaussian weight function considers the relationship between distance and weight, resulting in a clearer and smoother aggregated image. The pixel fusion formula determines the pixels of the denoised image. The process includes image blocking, matching similar blocks, tensor completion denoising, and aggregation to obtain the final denoised image. 
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5 Proposed Model

M is a tensor image data corrupted by noise and missing pixels, with the objective to recover the data by combining NLM denoising [19] and tensor completion methods (TCTV) [29]. The basic idea of NLM denoising is to use the self-similarity of the image, averaging pixels with similar local structures to achieve denoising. For each pixel in the image, the NLM method calculates a weighted average based on the similarity between the pixel and other pixels in its neighborhood. The mathematical expression is:

ˆ

X

I(x) =

w(x, y)I(y)

y∈Ω

where, Ω is the set of observed pixels in the tensor, and w(x, y) is the weight determining the similarity between the pixels at positions x and y. The weight calculation formula is:



! 

1

∥I (Nx) − I (Ny)∥2

w(x, y) =

exp

−

2

Z(x)

h2

where, Nx and Ny are patches centered at pixel positions x and y, respectively. ∥I (Nx) − I (Ny)∥2 is the L

2

2 norm

between the two patches. h is a filter parameter controlling the decay of the exponential function, and Z(x) is the normalization constant ensuring the sum of the weights is 1. The calculation formula for Z(x) is:



! 

∥

X

I (Nx) − I (Ny)∥2

Z(x) =

exp

−

2

h2

y∈Ω

The NLM method was originally proposed for grayscale images. For denoising color images, we can apply NLM

to each channel of the image separately and then aggregate the denoised results of each channel to form a color image. 

Using NLM denoising promotes image smoothing, which works well in combination with completion methods that include TV regularization terms. Figure 2 shows a comparison of the completion effects of t-CTV combined with NLM, BM3D, and SVT combined with t-CTV. The PSNR and SSIM in the figure are the average values obtained from processing a set of data. 

After applying NLM denoising utilizing the image’s self-similarity, we obtain the tensor image X to be completed. 

This low-rank tensor model can be formulated as a low-rank tensor completion problem (LRTC). The low-rank tensor completion problem can be represented by the following minimization model: min rank(X )

s.t. 

PΩ(X ) = PΩ(Y)

(4)

X

where, X is the tensor to be solved, Y is the observed tensor, Ω is the set of indices of the observed elements, and rank() is the tensor rank function. 

(Xijk, if (i, j, k) ∈ Ω

(PΩ(X ))

=

ijk

0, 

otherwise

In the study of low-rank tensor completion (LRTC) problems, the rank function is usually used as a constraint to ensure that the completed tensor has a low rank. However, the rank function is non-convex, and directly minimizing the matrix rank is an NP-hard problem. To solve this problem, the nuclear norm is often used as the convex envelope of the rank function to approximate it, thus transforming the original non-convex optimization problem into a convex optimization problem. 

min ∥X ∥∗

s.t. 

PΩ(X ) = PΩ(Y)

(5)

X

The Total Variation (TV) regularization term helps preserve the edges and detail information of the image. It imposes a stronger penalty on smooth regions of the image, thereby reducing the information loss caused by smoothing, while imposing a smaller penalty on edge regions to preserve the details and structure of the image. Adding a TV

regularization term to the above completion model:

min ∥X ∥∗ + λ∥X ∥T V

s.t. 

PΩ(X ) = PΩ(Y)

(6)

X
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where, λ is a regularization parameter used to balance the TNN term and the TV regularization term for better performance. ∥X ∥T V is a regularization method used in image processing and computer vision to promote sparsity and edge preservation in images. The definition of ∥X ∥T V is:

∥X ∥T V = ∥∇X ∥1

For a tensor X ∈

n

R 1×n2×n3...nk , its gradient tensor unfolded along the third mode is represented as:

∂T

∇X

i1i2...ik

i1i2...ikj =

∂xj

(a)

(b)

Figure 2. Comparison of different denoising methods

Lemma 1. Suppose T

n1×n2×n3...×nd

0 ∈ R

has multiple prior structures, then the general tensor completion

model can be expressed as:

X

min f (T ) =

ωi∥T ∥(i)

s.t. 

PΩ(T ) = PΩ (T0)

T

where, ∥ · ∥(i) is a defined norm (such as TNN, L2, Schatten - p norms, etc.), modeling a prior with Lipschitz constant Li. ωi is weight parameter, and Ω is the set of indices of the observed elements. If there exists a set of parameters or indices of observed positions such that T0 is not the unique solution of the above equation, then the probability is at least 1− exp −

c1m

, provided that

n1n2n3...nd∥f

T0∥2∞

m ≤ mmin = κ2 n

min

1n2n3 . . . nd
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n





o

where, κ2

= min κ





/L

and

. 

min

i =

e

T0

i

e

T0 = T0/ ∥T0∥





F

1

Lemma 1 [29] describes an interesting result [33] that in low-rank tensor completion, using two or more regularization terms is not necessarily better than using only one. In the study [29], the authors proposed the t-CTV

model, which combines low-rank and smooth priors, and demonstrated that the unit ball of t-CTV has a significant similarity to the unit ball of the TV norm in its overall shape. Moreover, it shares some tight characteristics with TNN, such as the tangent planes of the two unit balls when viewed from the front, indicating a close relationship in constraining the solution space in terms of both low-rankness and smoothness. 

Definition 9. (Tensor t-CTV Regularizer) For a given tensor X

n1×n2×n3

i ∈ R

, define Γ as the set of priors

composed of directions L and S, and ∇3X as the gradient tensor unfolded along the third mode. The t-CTV regularizer is defined as:

X 1

∥X ∥t−CTV =

∥∇kX ∥

γ

T N N

k∈Γ

where, γ is the cardinality of Γ used to balance the regularizer. 

Based on the t-CTV regularizer, solving a tensor completion problem can be modeled as: 1

min

∥X ∥t−CTV

subject to

PΩ(X ) = PΩ(Y)

(7)

X

γ

We introduce auxiliary variables Gk, and the problem is reformulated as: X 1

min

∥Gk∥

subject to

P

∗

Ω(X ) = PΩ(Y )

Gk = ∇kX

k ∈ Γ

(8)

X

,L

,G

γ

k∈Γ

With the preparations done, we solve the problem in equation (3.2) using the ADMM algorithm [34, 35]. The augmented Lagrangian function of equation (3.2) is defined as:





X

1

ρ

Lρ(X , G, Λ) =

∥Gk∥

+ ⟨Λk, ∇kX − Gk⟩ +

∥∇kX − Gk∥2

+ ιΩ(X ) + ⟨Λ, X ⟩

γ

∗,L

2

F

k∈Γ

(9)

ρ

β

+

∥X − M + E∥2 +

∥X − N (X )∥2

2

F

2

F

• Λk is the Lagrange multiplier. 

•ρ is the penalty parameter. 

• ιΩ(X ) is the indicator function, defined as

(0

if PΩ(X ) = PΩ(Y)

ιΩ(X ) =

+∞

otherwise

Now, we solve the tensor completion problem (4.6) through the following steps:

• Initialize variables: Initialize X , Gk, Lagrange multipliers Λk, and penalty parameter ρ. 

• Update X t+1:

X 

ρ

2 

X t+1 = arg min ι









Ω(X ) +

Λt , ∇

+

k

k X − Gt

k

∇k X − G t

k 

(10)

X

2

F

k∈Γ

The difference operations on tensors are proven to be linear through tensor-tensor products. We can apply multidimensional FFT to efficiently obtain the optimal solution for X t+1 based on the convolution theorem of Fourier transforms:



! 

F (P

X t+1

Ω (X0) − Y t + F t/ρt + H)

= F −1

(11)

k

1 + P

F (D

k∈Γ

k )T ◦ F (Dk )





where, H = P

F (D

Gt − Λtk , 1 is a tensor with all entries equal to 1, o denotes element-wise k∈Γ

k )T ◦ F

k

ρt

multiplication, and division is also element-wise. 
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• Update Gt+1:

k

1

ρ

2

Gt+1 = arg min

∥G

+ Λt , ∇

+





(12)

k

k ∥∗

k

k X t+1 − Gk

∇k X t+1 − Gk 

G

,L

F

k

γ

2

We solve this expression using Singular Value Thresholding (SVT), and the closed-form solution for this subproblem is given by:

Gt+1 = t − SVT

∇

/ρk

(13)

k

1/γµt

k

X t+1 + Λtk

• Update Lagrange multipliers Λt+1 and γt+1:

k

Λt+1 = Λt + ρ ∇

, 

k ∈ Γ

(14)

k

k

k X t+1 − Gt+1

k

γt+1 = γt + ρ PΩ (X′) − X t+1 − Yt+1

(15)

• Check convergence condition: Check the convergence condition. If the condition is met, terminate the iteration; otherwise, return to step 2. 



Lt+1 − Lt 

≤ ϵ

(16)

Thus, based on the ADMM algorithm framework, we obtain the result:







X t+1 = arg min X ι

⟨Λt , ∇

⟩ + ρ ∥∇

∥2



Ω(X ) + Pk∈Γ

k

k X − Gt

k

2

k X − Gt

k F







2

Gt+1 = arg min

1 ∥G

+ Λt , ∇

+ ρ 



, 

k ∈ Γ

k

Gk γ

k ∥∗,L

k

k X t+1 − Gk

2 ∇k X X +1 − Gk F

(17)





Λt+1 = Λt + ρ ∇

, 

k ∈ Γ



k

k

k X t+1 − Gt+1

k





γt+1 = γt + ρ PΩ(X ) − X t+1 − Yt+1

6 Experimental Results

In this section, we conduct extensive experiments on computer vision images to demonstrate the superiority and effectiveness of the proposed method. For each LRTC method, we repeat the experiments five times on each type of data to avoid coincidences. All experiments are implemented on a Windows 10 platform with Matlab (R2016a), equipped with an Intel (R) Core (TM) i5-1035G1 1.00GHz CPU and 239GB of memory. 

Evaluation Standards: This experiment uses Peak Signal-to-Noise Ratio (PSNR) and Structural Similarity Index (SSIM) to describe the quality of image recovery as evaluation metrics for color images (Table 1). 

Algorithm 1: ADMM for solving t-CTV-TC model

1. Input: Initialize X , Gk, Lagrange multipliers Λk, and penalty parameter ρ. 

2. Update X t+1

3. Update Gt+1

k

4. Update Lagrange multipliers Λt+1 and γt+1

k

5. Check convergence condition:



Lt+1 − Lt 

≤ ϵ

If the condition is satisfied, terminate the iteration; otherwise, go back to step 2. 

6. End while

7. Output: X = X t+1 and ˆ

ϵ = ϵt+1

6.1 Color Image Recovery

For the TC problem, we apply the proposed method to the task of repairing computer vision tensor data and compare it with five other tensor-based methods, namely HaLRTC [20], BCPF [36], KBR [37], and SNN-TV [38]

and TNN-TV [39], which incorporate smooth priors. Commonly used computer vision images are employed, with each image size being 512×512×3. Gaussian noise with a standard deviation of 0.01 is added to the experiments. 

Completing noisy color images is a significant and complex problem in computer vision, requiring algorithms to suppress noise while completing the images. Figure 3 shows the comparison with traditional methods on natural 245
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images under different missing rates (0.1, 0.3, 0.5, 0.7, 0.9). As seen from the results, our method achieves better recovery performance, particularly when the missing rate is high, and the image details are better preserved. The proposed method is more attentive to the features in the original image. From Figure 4, comparing PSNR and SSIM

of various methods, it is clear that the obtained images generally have higher PSNR and lower, SSIM values than other methods. After denoising with NLM, the image is smoother, and the completed edges are clearer. The recovery results indicate that this method can effectively restore the image. 

Table 1. PSNR and SSIM for different images and completion methods Image

Missing Rate

HaLRTC

BCPF

KBR

SNNTV

TNNTV

OURS

PSNR SSIM

PSNR SSIM

PSNR SSIM

PSNR SSIM

PSNR SSIM

PSNR SSIM

0.1

37.66

0.97

33.61

0.93

39.13

0.97

37.82

0.98

38.23

0.98

40.24

0.98

0.3

33.54

0.95

32.38

0.91

35.73

0.98

34.32

0.96

34.85

0.97

37.95

0.97

Lena

0.5

29.82

0.90

29.87

0.85

31.67

0.89

31.32

0.97

31.74

0.94

34.68

0.95

0.7

25.77

0.78

26.56

0.73

27.42

0.76

28.04

0.88

28.45

0.89

30.23

0.91

0.9

19.74

0.46

20.29

0.40

18.56

0.31

22.59

0.69

23.58

0.72

20.23

0.52

0.1

32.60

0.98

21.78

0.95

34.32

0.98

32.51

0.98

32.65

0.98

34.10

0.97

0.3

27.28

0.92

20.69

0.54

28.23

0.92

27.42

0.93

27.40

0.93

29.68

0.95

Baboon

0.5

23.92

0.82

20.50

0.50

24.15

0.80

24.41

0.85

24.28

0.85

26.67

0.90

0.7

21.08

0.64

19.87

0.44

20.28

0.59

21.98

0.70

21.87

0.70

23.92

0.80

0.9

17.99

0.34

17.87

0.40

15.97

0.28

19.21

0.41

19.54

0.42

18.24

0.48

0.1

38.72

0.97

28.08

0.81

39.35

0.97

38.94

0.97

38.68

0.97

40.53

0.97

0.3

35.63

0.96

27.80

0.78

36.03

0.95

36.42

0.97

34.59

0.97

38.45

0.97

Airplane

0.5

32.06

0.92

27.48

0.74

32.76

0.90

33.29

0.95

31.44

0.95

35.26

0.96

0.7

27.57

0.83

26.17

0.73

27.88

0.77

29.16

0.92

28.33 H

0.92

31.17

0.93

0.9

21.39

0.57

21.93

0.50

19.60

0.44

23.44

0.78

23.83

0.79

24.85

0.81

0.1

39.53

0.97

32.83

0.86

40.05

0.99

39.64

0.97

39.78

0.97

41.73

0.97

0.3

38.00

0.96

32.81

0.86

38.87

0.95

38.48

0.96

38.77

0.97

41.29

0.98

Einstein

0.5

35.64

0.94

32.50

0.82

36.68

0.93

36.75

0.94

37.06

0.95

40.23

0.95

0.7

32.22

0.88

31.39

0.82

32.67

0.85

34.26

0.92

34.61

0.93

37.93

0.94

0.9

26.14

0.72

27.86

0.68

21.45

0.49

29.03

0.83

29.85

0.84

30.34

0.86

0.1

38.28

0.97

31.21

0.93

38.90

0.97

38.61

0.97

38.77

0.97

38.94

0.96

0.3

35.03

0.95

31.17

0.88

35.78

0.95

35.82

0.96

35.79

0.96

37.52

0.95

House

0.5

31.65

0.92

29.79

0.85

31.97

0.89

32.92

0.94

32.91

0.94

35.32

0.94

0.7

27.34

0.82

27.16

0.77

28.09

0.80

28.70

0.89

29.89

0.90

31.06

0.90

0.9

21.10

0.57

21.46

0.49

20.26

0.38

23.08

0.76

24.29

0.78

22.32

0.58

0.1

38.92

0.97

31.60

0.95

39.38

0.97

39.24

0.97

39.28

0.97

43.42

0.99

0.3

35.74

0.96

31.04

0.93

36.75

0.96

37.03

0.97

37.08

0.97

40.01

0.98

Jelly

0.5

31.73

0.94

29.54

0.91

33.44

0.93

34.22

0.97

34.30

0.97

36.18

0.98

0.7

26.85

0.87

26.19

0.73

28.62

0.86

30.33

0.95

30.62

0.95

30.10

0.95

0.9

20.16

0.64

19.74

0.58

19.16

0.54

23.13

0.82

24.26

0.85

21.51

0.72
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[image: Image 9]

[image: Image 10]

(a)

(b)

Figure 4. PSNR and SSIM comparison under a loss rate of 70%

6.2 Medical Image Recovery

We evaluate the performance of our method on some computed tomography (CT) images and brain nuclear magnetic resonance imaging (MRI) images. Both are commonly used tensor data. 

CT and MRI images are commonly used medical imaging modalities that provide comprehensive diagnostic information for medical diagnoses. Figure 5 shows the image recovery results and corresponding PSNR and SSIM

values obtained under sampling rates of 0.2 and 0.3, with a noise standard deviation level of 0.02.Through direct observation, we found that the images obtained using the TNN-TV, t-CTV, and t-CTV-NLM methods were clearer compared to other methods. These tensor nuclear norm truncation-based methods preserved more image details, resulting in highresolution images with sharp, non-blurry edges, which are beneficial for further diagnosis. The visual results of the medical images clearly demonstrate the excellent performance of these methods in restoring medical image data. Using the evaluation data, the PSNR of these methods is the highest, with an improvement of 2-3dB, and the SSIM value increases by 0.06 to 0.12. Moreover, under severe noise interference, the NLM denoiser effectively removes more noise and smooths the images, making the effect of NLM-TCTV particularly significant. This further proves the effectiveness and robustness of the method in restoring medical images in high-noise environments. 

6.3 Remote Sensing Image Recovery

Satellite water images, based on satellite remote sensing technology, are specifically used to monitor and analyze the state of water bodies. The multispectral and hyperspectral images in satellite water maps contain dozens or even hundreds of spectral bands, forming a high-dimensional tensor. Figure 6 shows the effects of different completion methods on panchromatic satellite water maps. The sampling rates of the images are 0.5, 0.2, 0.4, 0.4, and 0.5, respectively. By intuitively observing the images processed by various methods, we find that the images processed by the SNN method exhibit some blurring of features. After adding the TV regularization term, the images become 247
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smoother, and the features are more prominent. Our method generally maintains a significant quantitative advantage, with PSNR and SSIM values of most images being optimal in the NLM-TCTV method. Compared to the suboptimal methods, the PSNR of our method is improved by 0.5-1dB. However, when the sampling rate is low, due to more missing blocks, the effect of block matching based on image self-similarity is not significant. In this case, NLM-TCTV

is not the optimal method, but it shows only a slight difference compared to the t-CTV method without the NLM

denoiser. Overall, our method enables more structural information to be observed in missing images, and the obtained results are closer to the original, showing excellent performance in the field of satellite remote sensing water maps. 

Figure 5. Completion of medical images using different completion methods Figure 6. Different completion methods for satellite water image inpainting 7 Conclusions

In this study, inspired by the invertible linear transform-based t-product, which generalizes the existing t-product based on discrete Fourier transform, we provided a more general definition of the tubal rank and tensor nuclear norm. We explored the t-CTV norm, which incorporates both low-rank and smooth priors simultaneously. This regularization term improves the completion effect by combining both low-rank and smooth priors. When facing 248

tensor completion problems with noise, many methods cannot accurately distinguish between noise and the missing pixels, affecting the completion results. The incorporation of methods utilizing the non-local similarity of images, such as NLM, not only enhances image quality but also strengthens image smoothness, achieving excellent results. 

Through experiments and theoretical proof, it is shown that the NLM-TCTV model is convergent and feasible. 

We will attempt to validate more tensor recovery tasks, such as outlier detection and background extraction, by incorporating this regularizer into the corresponding models to further verify its effectiveness. Although the t-CTV model proposed in this paper has achieved significant results in the tensor completion problem, there are still some directions worth further research and improvement. The current ADMM algorithm, though effective, has high computational complexity for large-scale tensor data. Future work can consider enhancing computational efficiency through parallel computing and optimization algorithms. The selection of hyperparameters such as the penalty parameter ρ and step size γ significantly affects the algorithm’s performance. Future work could consider using adaptive parameter selection methods or learning algorithms to automatically adjust the parameters. In summary, the NLM-TCTV model provides an effective solution to the tensor completion problem and proposes a new d-order tensor recovery model. Future research can further explore and improve in aspects such as algorithm optimization, parameter selection, application extension, and theoretical analysis. Next, we will combine additional prior knowledge, image enhancement techniques, and optimization methods based on low-rankness to enhance its performance and applicability in practical applications. 
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Abstract: In recent years, representing computer vision data in tensor form has become an important method of
data representation. However, due to the limitations of signal acquisition devices, the actual data obtained may be
damaged, such as image loss, noise interference, or a combination of both. Using Low-Rank Tensor Completion
(LRTC) techniques to recover missing or corrupted tensor data has become a hot research topic. In this paper, we
adopt a tensor coupled total variation (t-CTV) norm based on t-SVD as the minimization criterion to capture the
combined effects of low-rank and local piecewise smooth priors, thus eliminating the need for balance parameters in
the process. At the same time, we utilize the Non-Local Means (NLM) denoiser to smooth the image and reduce noise
by leveraging the nonlocal self-similarity of the image. Furthermore, an Alternating Direction Method of Multipliers
(ADMM) algorithm is designed for the proposed optimization model, NLM-TCTV. Extensive numerical experiments
on real tensor data (including color, medical, and satellite remote sensing images) show that the proposed method has
good robustness, performs well in noisy images, and surpasses many existing methods in both quality and visual
effects.
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1 Introduction

Humans are more inclined to accept high-quality, high-resolution images due to their rich visual senses. Clear
images are not only pleasing to the eye but also allow for the extraction of more precise information and features.
However, in some special environments, the quality of images cannot be guaranteed. Noise often appears in images,
which originally referred to a type of sound that hinders auditory perception and thinking. Image noise is a factor that
interferes with the information in an image, often causing the image to blur. For example, image blur can be caused
by object motion, adverse weather conditions, poor lighting, camera issues leading to distortion, or image damage. To
address these issues, we typically model computer images as matrices or tensors, depending on the dimensions and
features of the images. As the amount of information contained in computer images increases, the dimensionality
of computer vision data continues to rise. We usually model high-dimensional data as tensors, which can capture
and represent the intrinsic structure of high-dimensional data, thereby improving accuracy and efficiency in various
data analysis tasks. The processing of multidimensional arrays is currently a hot research topic. Tensor processing
has shown powerful capabilities in signal proce: g [1]. data mining [2], machine learning [3, 4], and computer
vision [5-7].

The handling of tensor issues can be traced back to one-dimensional signal processing. In 2004, Donoho proposed
the theory of compressed sensing [8], which uses the sparsity of signals to recover the desired signals with fewer
samples. In 2005, Candes and Tao proposed the Restricted Isometry Property(RIP) [9]. RIP describes the relationship
between the properties of the measurement matrix and the performance of sparse signal recovery and is an important
concept in the field of compressed sensing. Since the data of digital tensors modeled from images are often large,
directly processing them can be very costly. In practice, computer images usually have non-local self-similarity,
which promotes the low-rank or approximate low-rank nature of computer images. In addressing the problem of
low-rank tensor image enhancement, modeling it as a Low Rank Tensor Completion (LRTC) problem is a common
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