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Abstract: Image segmentation remains a foundational task in computer vision, remote sensing, medical imaging, and
object detection, serving as a critical step in delineating object boundaries and extracting meaningful regions from
complex visual data. However, conventional segmentation methods often exhibit limited robustness in the presence of
noise, intensity inhomogeneity, and intricate region geometries. To address these challenges, a novel segmentation
framework was developed, integrating fuzzy logic with geometric principles. Uncertainty and overlapping intensity
distributions within regions were modeled through fuzzy membership functions, allowing for more flexible and resilient
region characterization. Simultaneously, geometric principles—specifically image gradients and curvature—were
incorporated to guide boundary evolution, thereby improving delineation precision. A fuzzy energy functional was
constructed to jointly optimize region homogeneity, edge preservation, and boundary smoothness. This functional
was minimized through an iterative level-set evolution process, allowing dynamic adaptation to varying image
characteristics while maintaining computational efficiency. The proposed model demonstrated robust performance
across diverse image modalities, including those with high noise levels and complex regional structures, outperforming
traditional methods in terms of segmentation accuracy and stability. Its applicability to tasks demanding high-precision
region-based analysis highlights its potential for widespread deployment in advanced imaging applications.

Keywords: Image segmentation; Fuzzy membership function; Geometric principles; Stability; Noise robustness;
Level-set method

1 Introduction

Dividing an image into distinct, interpretable regions is a core task in image analysis and computer vision. This
process, known as image segmentation, is essential for enabling detailed interpretation and is widely applied in areas
like healthcare diagnostics, satellite image analysis, and automated industrial systems. Despite notable progress
in this area, segmenting images with inhomogeneous intensity, noise, and blurry transitions remains a significant
challenge [1–4]. Achieving precise segmentation is critical for subsequent tasks like object detection and scene
understanding. Over time, a wide array of methods has been developed to address image segmentation, underscoring
its importance in applications like medical diagnostics, remote sensing, and autonomous systems [5–8].

Contour-based segmentation techniques, especially those built on the level-set methodology, have gained
prominence for their balance between computational efficiency and accuracy. These approaches are generally divided
into two categories: edge-driven [9–14] and region-driven models [15–18]. Region-based methods, in particular,
rely on the statistical characteristics of pixel intensities within defined areas, rather than on image gradients. This
makes them more effective in handling challenges such as image noise and indistinct boundaries. By leveraging
contextual information from broader regions, these models tend to produce more consistent and accurate segmentation
outcomes. However, they struggle with intensity inhomogeneity, as variations within an object’s region can mislead
the segmentation process. Additionally, region-based methods assume homogeneity within each segmented region,
which is not always valid in complex images containing texture variations or non-uniform lighting conditions.

Edge-based ACMs, in contrast, rely on gradient information to guide the contour toward object boundaries. While
effective in well-structured images with clear edges, they suffer in the presence of noise, weak boundaries, or blurred
edges. Many real-world images, such as medical and remote sensing images, contain low-contrast boundaries that
edge-based ACMs fail to detect accurately. Furthermore, these models are sensitive to initial contour placement,
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requiring careful parameter tuning to ensure convergence toward the correct object boundaries. Among region-based
approaches, the level-set variational method proposed by Niaz et al. [15] has gained significant recognition for its
ability to segment images into two homogeneous regions. However, it encounters difficulties in handling images with
intensity inhomogeneity, noise, or textured regions. Its reliance on global intensity averages makes it less effective
in cases where objects exhibit gradual intensity variations, often leading to segmentation leakage or incomplete
boundary detection.

Traditional segmentation techniques, such as thresholding, edge detection, and region growing, also struggle in
handling complex images. These methods typically assume well-defined intensity distributions or sharp boundaries,
making them ineffective when dealing with overlapping structures, occlusions, or objects with smooth transitions
between regions. Machine learning-based segmentation methods, including deep learning models, have shown great
success in many applications [19, 20]. However, they come with their own set of limitations. These models require
large annotated datasets for training, which may not always be available, especially in specialized domains like
medical imaging. Their performance is also highly dependent on training data quality, making them less adaptable to
variations in illumination, contrast, or texture. Furthermore, deep learning models often act as black boxes, lacking
interpretability and requiring substantial computational resources, which can limit their applicability in real-time or
resource-constrained environments.

To overcome these limitations, numerous extensions and improvements have been proposed. The Segment
Anything Model (SAM) for medical image analysis, introduced by Mazurowski et al. [21], represents a significant
advancement in image segmentation tasks. This model leverages the power of foundation models, providing a flexible
and generalizable framework for segmenting various medical images without requiring extensive retraining. Its
significance lies in its ability to handle diverse medical imaging modalities, potentially improving diagnostic accuracy
and efficiency across multiple healthcare domains. However, a key limitation of SAM is that the model may struggle
with domain-specific challenges such as noise, low contrast, and complex anatomical structures, highlighting the need
for further optimization and adaptation for medical applications.

The improved level-set image segmentation method proposed by Zhang et al. [22] addresses the limitations of
traditional level-set models, particularly their robustness to weak boundaries and strong noise. The methodology
integrates a no-weight initialization approach with bilateral filters and implicit surface level sets to enhance edge
detection and noise reduction during the evolution process. This allows for more accurate and intuitive extraction of
target image contours. The experimental results demonstrate superior edge contour extraction and noise reduction
compared to conventional non-reinitialized level-set models. However, while the method shows promise in improving
segmentation accuracy and computational efficiency, its reliance on specific parameter tuning and the complexity of
bilateral filtering may limit its generalizability to diverse datasets or real-time applications.

The proposed integration of fuzzy logic and geometric principles offers a powerful solution to the limitations of
traditional segmentation methods by enhancing adaptability, robustness, and accuracy in complex image scenarios.
Fuzzy logic-based models have been employed to address uncertainties and ambiguities at object boundaries,
making them particularly useful for handling intensity inhomogeneity, noise, and gradual transitions between
regions—challenges that often degrade the performance of conventional ACMs and machine learning-based
approaches. Unlike region-based ACMs that assume intensity homogeneity or edge-based ones that depend on strong
gradients, fuzzy functions allow for a more flexible representation of object boundaries, ensuring more accurate
segmentation even in low-contrast and textured images. Meanwhile, geometric principles play a crucial role in refining
contour evolution by enforcing smoothness constraints and preventing segmentation leakage, which is a common issue
in the Chan–Vese model and other region-based approaches. By integrating these two complementary techniques, the
proposed model achieves superior segmentation performance, particularly in challenging scenarios where traditional
methods struggle. This combination not only enhances boundary localization but also improves robustness against
noise and illumination variations, providing a more adaptive and efficient framework for image segmentation.

The integration of Einstein aggregation operations within the fuzzy energy functional enhances the segmentation
process by effectively handling uncertainty and overlapping intensities. Unlike classical Zadeh operators, which
employ standard fuzzy set operations, the Einstein aggregation product rule provides a nonlinear combination of
fuzzy memberships, allowing for a more balanced and adaptive fusion of information. This property enables the
proposed model to better preserve fine structural details while mitigating the influence of noise and intensity variations.
Compared to traditional fuzzy operators, the Einstein product rule offers improved robustness in cases where image
regions exhibit gradual transitions, leading to more precise segmentation results. The effectiveness of this approach
is further demonstrated through experimental comparisons, highlighting its advantages in achieving accurate and
reliable segmentation across diverse imaging conditions.

The proposed segmentation model introduces several innovative elements:
• Fuzzy membership functions: The model employs fuzzy Einstein geometric aggregate operators to classify

pixels into regions based on their intensity values. These functions effectively capture the uncertainty and overlapping
distributions, enabling robust region classification.
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• Curvature-aware aggregation using Einstein operators: This approach incorporates local geometric features
into fuzzy classification, allowing segmentation boundaries to follow the natural contours of the image more smoothly.
By combining curvature constraints with Einstein aggregation, the method enhances segmentation robustness, reducing
sensitivity to noise and improving the accuracy of distinguishing between different regions.

• Fuzzy energy functional: A fuzzy energy functional is formulated by combining fuzzy membership functions,
geometric features, and regularization terms. This functional governs the segmentation process, balancing region
homogeneity, edge preservation, and boundary smoothness.

• Level-set evolution: The boundary evolution is modeled using a level-set function, which represents the
evolving boundaries in a continuous domain. The energy functional drives the evolution, ensuring adaptive and
precise segmentation.

1.1 Novelty and Significance of the Proposed Model

The developed model overcomes the shortcomings observed in conventional segmentation techniques by offering
a unified framework that combines fuzzy logic and geometric principles, specifically leveraging fuzzy Einstein
geometric aggregate operators to enhance segmentation accuracy. Unlike traditional fuzzy logic-based segmentation
techniques, which often rely on standard fuzzy membership functions and simple aggregation rules, the proposed
approach introduces Einstein geometric operators to achieve more precise fusion of intensity and spatial information.
This enhancement allows for better differentiation between object boundaries and background regions, particularly in
images with complex intensity distributions.

Compared to existing geometric-based models, which primarily focus on curvature constraints and variational
energy functionals, the proposed method introduces a more adaptive energy formulation that integrates fuzzy
uncertainty modeling with geometric boundary refinement. This synergy improves the robustness of segmentation in
challenging conditions such as intensity inhomogeneity, noise, and blurry transitions. Additionally, by formulating the
segmentation process within a unified energy functional, the proposed approach ensures a balanced trade-off between
region homogeneity, edge preservation, and boundary smoothness, leading to superior segmentation performance.

One of the key advantages of the proposed approach is its computational efficiency. Traditional fuzzy segmentation
methods often involve iterative optimization techniques with high computational costs, while deep learning-based
approaches require extensive labeled datasets and significant computational resources. In contrast, the proposed model
maintains computational feasibility by utilizing Einstein geometric aggregation, which efficiently refines boundary
evolution without requiring complex training processes. However, a potential trade-off is the reliance on parameter
selection for optimal performance, which may require tuning for different imaging contexts.

The versatility of the proposed model makes it suitable for diverse applications as follows:
• Medical imaging: Accurate segmentation of tumors, lesions, and anatomical structures in medical images, even

in the presence of intensity inhomogeneity and noise. Unlike conventional fuzzy clustering methods, the proposed
model adapts to variations in tissue intensity while preserving anatomical boundaries.

• Remote sensing: Delineation of land cover types, water bodies, and urban areas in satellite images with complex
intensity patterns. The integration of fuzzy Einstein geometric aggregation enables improved segmentation of mixed
land cover classes.

• Industrial automation: Precise segmentation of objects in industrial settings, such as quality control and defect
detection, where conventional edge-based methods struggle due to variable lighting conditions.

• Scientific research: Analysis of biological and physical phenomena in various scientific domains requiring
robust segmentation methods. The proposed model’s ability to handle noisy and low-contrast data enhances its
applicability in experimental research.

By combining fuzzy logic, geometric constraints, and efficient aggregation operators, the proposed model provides
a novel, computationally efficient, and adaptable segmentation framework, distinguishing it from existing methods
and offering significant improvements in segmentation accuracy and robustness.

The structure of the paper is organized as follows. Section 2 reviews the existing literature, summarizing current
segmentation methods and outlining their shortcomings. In Section 3, the proposed segmentation framework is
introduced, emphasizing its use of fuzzy logic and geometric features to enhance boundary detection. Section 4
outlines the experimental procedures, including the evaluation criteria and the results derived from comprehensive
testing. The final section offers a summary of the key findings and discusses possible avenues for future investigation.

2 Related Work

Shi and Hussain [23] introduced a novel approach to enhance the robustness of region-based ACMs for image
segmentation, addressing challenges such as noise sensitivity and intensity variations. By integrating average
convolution with entropy-based mean gray level values, the proposed model incorporates local statistical information
through a local similarity factor and a local region relative entropy, resulting in a robust energy functional. The energy
functional is given by:
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E(ψ,a1,a2) =α1

(∫
(η2∈Nbhy)

1

N

(
|h ∗ J (η1, η2)− J (η1, η2)− a1|2

)
Havϵ (ψ (η1)) dη

+

∫
(η2∈Nbhy)

1

N

(
|h ∗ J (η1, η2)− J (η1, η2)− a2|2

)
(1−Havϵ (ψ (η1))) dη

)

+ α2

(∫
(η2∈Nbhy)

|J (η1, η2)− b1|2Havϵ (ψ (η1)) dη

+

∫
(η2∈Nbhy)

|J (η1, η2)− b2|2 (1−Havϵ (ψ (η1))) dη

)

+ β

∫
(η2∈Nbhy)

γϵ (ψ (η1)) |∇ψ (η1)| dη

(1)

where, h represents a convolutional smoothing factor applied to the filtered image J (η1, η2); a1 and b1 correspond to
the average intensity values within the contour; and a2 and b2 denote the average intensities outside the contour. This
energy functional incorporates local image statistics and regularization terms to improve the segmentation process,
balancing intensity variations between the interior and exterior of the contour.

This approach improves segmentation accuracy by effectively distinguishing between interior and exterior regions,
even in noisy environments. The significance of the method lies in its potential applications in medical imaging,
object detection, and texture classification. However, it relies on parameter tuning and struggles to accurately capture
objects in regions with excessive noise or poor visibility, as these conditions hinder its ability to distinguish between
the interior and exterior regions effectively.

The proposed high-precision inhomogeneous image segmentation model based on an adaptive parameter level-set
method significantly advances the field of image segmentation [24]. Its use of an adaptive velocity correction
function enhances segmentation accuracy, particularly for images with intensity inhomogeneity and weak boundaries,
addressing challenges that traditional models often fail to overcome. The mathematical framework of this model is
defined as follows:

E(ϕ(x), g(x), v(x)) = µ

∫
Ω

p(|∇ϕ(x)|)dx+ λ

∫
Ω

g(x)δ(ϕ(x))|∇ϕ(x)|dx

+ v(x)

∫
Ω

g(x)H(−ϕ(x))dx
(2)

where, ϕ(x) is the level-set function that represents the evolving contour used for segmentation, which is initialized
as a signed distance function and represents the inside and outside region of the contour; and v(x) is the velocity
function, which controls the movement of the contour towards the object region. A positive v(x) attracts the contour
to the object boundary, while a negative v(x) repels it. In addition, µ is the weight of the penalty term, which stabilizes
the evolution of the level-set function by ensuring smoothness and avoiding re-initialization of the function; and λ is
the weight of the length term, which controls the contribution of the curve evolution to segment the object edges
accurately. g(x) is the edge-stopping function, which is defined as:

g(x) =
1

1 + |∇I(x)|2
(3)

where, I(x) is the image intensity, and ∇I(x) is the gradient of the image. This function slows down the evolution of
the curve near object boundaries to improve accuracy.

Additionally, the incorporation of entropy-based edge stop functions further refines the segmentation by leveraging
edge information effectively, ensuring stability even in noisy or low-contrast images. These features make the model
particularly suited for applications requiring high precision in complex imaging conditions. However, the approach
has limitations, including potentially higher computational costs due to the adaptive parameterization and the need for
fine-tuning parameters for specific image datasets. Moreover, the method’s performance may be influenced by the
initial contour placement, which could lead to suboptimal segmentation in cases with challenging initializations or
ambiguous edge structures.
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3 Proposed Mathematical Approach

The segmentation model introduces a robust framework that integrates fuzzy logic with geometric principles to
achieve precise and adaptive boundary detection in images. To enhance the robustness of boundary detection and
segmentation, fuzzy Einstein geometric aggregate operators were integrated. These operators provide a nonlinear
mechanism to aggregate membership values while preserving geometric relationships within the image. Unlike
conventional aggregation methods, Einstein operators ensure smoother transitions and improved robustness against
noise. By leveraging these operators, a more refined segmentation approach was achieved, which effectively balances
membership uncertainties while maintaining structural integrity in images. This functional governs the segmentation
process by guiding the evolution of a level-set function, which represents the evolving boundaries in a continuous
domain. The proposed approach ensures a balance between region homogeneity, edge preservation, and boundary
smoothness, making it well-suited for complex segmentation tasks in diverse imaging contexts.

a) Einstein sum and product for membership aggregation
In fuzzy set theory, the aggregation of membership values plays a crucial role in defining region classifications.

The Einstein sum and product are two fundamental operators that facilitate nonlinear membership aggregation while
preventing overestimation or underestimation of region associations. Given two fuzzy membership values µa and µb,
the Einstein sum is defined as follows:

E+ (µa, µb) =
µa + µb
1 + µaµb

(4)

This operator ensures that the combined membership value remains within a normalized range while adapting to
the degree of association between the two memberships. Similarly, the Einstein product is formulated as:

E∗ (µa, µb) =
µaµb

2− (µa + µb − µaµb)
(5)

This product operator provides an alternative means of membership aggregation that emphasizes geometric
consistency while reducing sensitivity to noise or abrupt intensity variations in the image. These operations facilitate
a more reliable decision-making process in fuzzy classification models by enhancing membership coherence.

b) Fuzzy Einstein geometric mean for region classification
To further improve the classification of regions in an image, the fuzzy Einstein geometric mean was employed,

which extends the Einstein aggregation principles to multiple fuzzy membership values. The Einstein geometric
mean is defined as:

EG (µ1, µ2, . . . , µn) =

(
n∏
k=1

µk
2− µk

) 1
n

(6)

This operator provides a robust approach for aggregating multiple membership values while maintaining their
structural relationships within the image. Unlike arithmetic means, which can introduce distortions in fuzzy
classification, the Einstein geometric mean ensures a more stable and accurate representation of membership values.
The use of this operator is particularly beneficial in scenarios where image regions exhibit overlapping intensities or
gradual transitions between classes.

c) Curvature-aware aggregation using Einstein operators
In image segmentation, boundary detection relies heavily on the curvature of region contours. Curvature measures

the rate of change of the boundary shape and plays a vital role in ensuring smooth region transitions. By incorporating
Einstein aggregation into curvature computations, the segmentation boundaries were refined with enhanced accuracy.
Given the curvatureK(x) at a point x and its fuzzy membership functionµr(x), the curvature-aware fuzzy membership
is defined as:

µEr (x) = E+ (µr(x),K(x)) (7)

This formulation integrates local geometric properties into fuzzy classification, ensuring that segmentation
boundaries align smoothly with natural contours in the image. The combination of curvature constraints and Einstein
aggregation provides a powerful mechanism for noise-resistant segmentation, effectively distinguishing between
different regions with improved precision.

By integrating fuzzy Einstein geometric aggregation operators with gradient- and curvature-based boundary
detection, a segmentation framework was established, which is highly robust to intensity variations and noise. The
Einstein operators facilitate adaptive region classification, ensuring that regions with similar characteristics are
grouped cohesively while maintaining smooth transitions at boundaries. This approach enhances segmentation
accuracy and provides a reliable methodology for processing complex image structures.
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3.1 Fuzzy Energy Functional for Image Segmentation Using Einstein Operators

The proposed fuzzy energy functional integrates fuzzy membership functions, geometric operators (gradient and
curvature), and Einstein aggregation operators to enhance segmentation robustness. By incorporating the Einstein
sum and product, smoother boundary evolution and improved noise resistance were achieved. The updated fuzzy
energy functional is formulated as:

Ffuzzy (φ) =

∫
Ω

[
E+

(
µr(x), ∥∇φ(x)∥2

)
+ ζ1δϵ(φ) (γ1 − γ2) + ζ2E∗

(
∥∇I(x)∥2, κ · µEr (x)

)]
dx (8)

where,φ(x) represents the level-set function that defines the evolving segmentation boundary; and ∥∇φ(x)∥ represents
the gradient of the level-set function, enforcing smooth boundary transitions. The Dirac delta function δϵ(φ) detects
the boundary, ensuring localized updates. In addition, γ1 and γ2 regulate regional intensity homogeneity, while ζ1 and
ζ2 control the influence of fuzzy and geometric terms, respectively. The parameter κ dictates the impact of curvature
µEr (x) on segmentation.

The incorporation of Einstein operators enhances the segmentation framework by adapting membership aggregation
dynamically:

• Einstein-enhanced fuzzy term: The Einstein sum E+

(
µr(x), ∥∇φ(x)∥2

)
ensures that the fuzzy membership

function integrates smoothly with boundary evolution constraints.
• Einstein-enhanced geometric term: The Einstein product E∗

(
∥∇I(x)∥2, κ . µEr (x)

)
refines boundary

evolution by robustly combining gradient and curvature information.
• Regularization term: The term ζ1δϵ(φ) (γ1 − γ2) ensures stability by preserving homogeneous region

characteristics.
To optimize the energy functional, the level-set method was employed, where the boundary evolves by minimizing

Ffuzzy(φ). The evolution process is governed by the following partial differential equation (PDE):

∂φ(x, t)

∂t
= −

δFfuzzy (φ)

δφ(x)
(9)

where, δFfuzzy (φ)
δφ(x) denotes the functional derivative of the energy with respect to the level-set function. The iterative

update of φ(x) ensures a progressive refinement of the segmentation boundary, balancing fuzzy membership
constraints, geometric information, and Einstein-enhanced aggregation mechanisms. The interpretability of the
proposed segmentation model is crucial for practical applications, as it enables users to understand how and why
specific regions are segmented. The model integrates fuzzy membership functions and geometric constraints, which
provide insights into the significance of different image regions. For instance, the fuzzy membership function
assigns a degree of belonging to each pixel, allowing users to observe gradual transitions between segmented and
non-segmented areas rather than abrupt boundaries. Additionally, the model’s gradient-based energy term ensures that
prominent edges and structural information are preserved, making it easier for practitioners to identify key features.
These properties are particularly beneficial in applications such as medical imaging, where segmentation outcomes
must be interpretable for diagnostic purposes, and in remote sensing, where understanding surface variations is
essential for decision-making. By offering a clear representation of segmented regions, the model enhances user
confidence and facilitates informed decision-making based on the extracted image features.

3.2 Theorem: Constraints on the Fuzzy Energy Functional’s Range

Statement: After being given the following fuzzy energy functional Ffuzzy(φ) for image segmentation, this study
aims to prove that this functional is bounded:

Ffuzzy (φ) =

∫
Ω

[
E+

(
µr(x), ∥∇φ(x)∥2

)
+ ζ1δϵ(φ) (γ1 − γ2) + ζ2E∗

(
∥∇I(x)∥2, κ · µEr (x)

)]
dx (10)

Theorem 1. Let φ(x) ∈W 1,2(Ω) be the level-set function defining the segmentation contour, and consider the
fuzzy energy functional as shown in Eq. (10).

Then, under suitable assumptions, Ffuzzy(φ) is bounded.
Proof.
Step 1: Justification for φ(x) ∈W 1,2(Ω)
The function φ(x) represents the evolving segmentation contour and is governed by an energy minimization

framework. To ensure well-posedness, it is assumed that φ(x) ∈W 1,2(Ω), meaning φ(x) ∈ L2(Ω), and ∇φ(x) ∈
L2(Ω).

This assumption is practically valid since:
- Numerical level-set implementations naturally enforce smoothness constraints.
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- Empirical observations confirm the smoothness of φ(x) in real segmentation tasks.
- Regularization terms in segmentation models further ensure that φ(x) does not develop singularities.
Thus, it is assumed that φ(x) ∈W 1,2(Ω) aligns with both theoretical and practical considerations.
Step 2: Bounding the fuzzy membership function µr(x)
By definition, the fuzzy membership function satisfies 0 ≤ µr(x) ≤ 1, and ∀x ∈ Ω. This ensures the following:

µr(x) · ∥∇φ(x)∥2 ≤ ∥∇φ(x)∥2

Since φ(x) ∈W 1,2(Ω), it leads to the following:∫
Ω

∥∇φ(x)∥2dx <∞

.
Thus, the first term in Ffuzzy(φ) is bounded.
Step 3: Bounding the Dirac delta function δϵ(φ)
The function δϵ(φ) satisfies the following conditions:

δϵ(φ) ≤
C

ϵ
, ∀x ∈ Ω

This implies ∫
Ω

δϵ(φ(x))dx ≤ C

ϵ
|Ω|

Thus, the contribution from ζ1δϵ(φ) (γ1 − γ2) remains bounded.
Step 4: Bounding the image gradient term ∥∇I(x)∥2
For a well-behaved image function I(x), the image gradient satisfies:∫

Ω

∥∇I(x)∥2dx <∞

This ensures that the term ζ2E∗
(
∥∇I(x)∥2, κ · µEr (x)

)
does not introduce unbounded values.

Step 5: Bounding the curvature term K(x)
The curvature K(x) of the level-set function is given by:

K(x) = ∇ ·
(

∇φ
∥∇φ∥

)
For smooth φ(x), it is assumed: ∫

Ω

|K(x)|2dx ≤ C2
K |Ω|

Thus, the curvature term remains bounded.
Using the bounds established in Steps 1-5, the following was obtained:

Ffuzzy (φ) ≤ |Ω|
(
C2

∇φ + ζ1 (γ1 − γ2)
C

ϵ
+ C2

∇I + κC2
K

)
Since |Ω| is finite, it can be concluded as follows:

Ffuzzy(φ) <∞

Thus, the fuzzy energy functional is bounded. □
The integral is finite, and therefore, the energy functional does not grow unbounded for smooth functions φ(x)

and smooth images I(x). This ensures the optimization problem is well-posed, and the segmentation process is stable.
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4 Experimental Results

The effectiveness of the proposed segmentation model was thoroughly assessed through a series of experiments
aimed at testing its robustness in dealing with noise, intensity fluctuations, and complex boundary structures. In
contrast, existing methods like the Shi model [23] and Yu model [24] often struggle with challenges such as noise
sensitivity, poor boundary preservation, and limited adaptability to changes in intensity distributions. To overcome
these limitations, the proposed method combines fuzzy membership functions with geometric constraints, ensuring
reliable segmentation results. The experiments were executed in MATLAB R2015a, ensuring compatibility with
older computational setups. For consistency across evaluations, the input images were resized to 255 × 255 pixels.
The validation dataset is publicly available, making it possible to reproduce the results and compare them against
existing models. To maintain transparency, the MATLAB implementation of the proposed model can be shared upon
request via email.

To achieve optimal segmentation performance, the parameters of the proposed model were carefully fine-tuned.
The fuzzy membership function was set with a reference value of cr = 128 and a spread parameter σr = 30, aimed at
classifying regions with gradual transitions. Geometric operators were used, with the gradient of intensity ∇I(x) for
edge detection and a boundary smoothness term K(x), and a curvature weight κ = 0.1. The fuzzy energy functional
integrates these elements with a fuzzy membership influence coefficient ζ1 = 1.5 and geometric constraint factor ζ2 =
0.8. The intensity homogeneity parameters were set to γ1 = 0.6 and γ2 = 0.4. This configuration ensures that the
model performs effectively across a variety of conditions, including noise and intensity variation.

Figure 1 illustrates the complete workflow of the proposed segmentation framework, highlighting each stage
of the process. The first panel shows the original input image, which includes regions of interest with varying
intensity levels—posing challenges for standard segmentation approaches. The second panel visualizes the fuzzy
membership map, where pixel intensities are transformed into fuzzy values to improve the separation of foreground
and background. The third panel displays the gradient image, emphasizing edges by highlighting intensity transitions
between neighboring pixels. The final panel presents the segmentation outcome produced by the proposed model,
revealing a precise and well-defined extraction of the regions of interest. This sequence demonstrates how the
integration of fuzzy logic and gradient-based analysis contributes to the model’s high segmentation accuracy and
resilience to intensity variations.

Figure 1. Illustration of the proposed segmentation framework
Note: Displayed from left to right are: the original input image, the corresponding fuzzy membership map, the computed gradient image, and the

final segmentation output generated by the proposed method.

Figure 2 offers a side-by-side visual comparison of segmentation performance across different models. The first
column displays the ground truth image, which serves as a reference for evaluation. The second column includes a
noise-corrupted version of the original image (noise level = 0.01), mimicking real-world challenges. The third and
fourth columns show the segmentation results from the Yu and Shi models, respectively—both of which exhibit
boundary inconsistencies and incomplete segmentation in noisy conditions. In contrast, the fifth column reveals
the segmentation result generated by the proposed approach, which demonstrates enhanced precision and boundary
clarity under the same noisy conditions. The sixth column presents the final refined output of the proposed model,
emphasizing its ability to produce accurate and noise-resilient segmentation, outperforming existing methods.

Figure 3 displays the segmentation capabilities of various models when applied to images with inhomogeneous
intensity distributions and complex textures. The first column presents the test image, characterized by non-uniform
intensity and noise, which complicate segmentation tasks. The second and third columns show the outputs of the
Yu and Shi models, respectively. The Yu model fails to preserve boundary integrity, while the Shi model exhibits
slight improvements but still struggles to segment the regions accurately. The fourth column presents the result
of the proposed model, which effectively handles the intensity inconsistencies and delivers a clean, well-bounded
segmentation. This visual evidence highlights the proposed model’s superior ability to manage intensity fluctuations
and texture complexities, setting it apart from the other models in challenging segmentation scenarios.
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Figure 2. Visual comparison of segmentation results
Note: From left to right: the ground truth image, the noise-corrupted image (with noise level 0.01), segmentation results from the Yu model, the

Shi model, the proposed model, and the final segmentation output produced by the proposed model.

Figure 3. Segmentation results for inhomogeneous images
Note: From left to right: the given inhomogeneous image, and the segmentation results of the Yu model, the Shi model, and the proposed model.

Table 1 provides a comprehensive comparison of the proposed segmentation approach with two established
models—Yu’s model and Shi’s model—evaluated across six critical performance indicators: accuracy, precision,
recall, F-score, sensitivity, and specificity. The reported values represent the mean ± standard deviation obtained
over several experimental trials. Across all metrics, the proposed model consistently delivers superior outcomes,
underscoring its robustness and improved segmentation capability.

Notably, the proposed model attains the highest accuracy rate of 96.8%, indicating its strong performance in
correctly segmenting both relevant and irrelevant regions. The precision score of 95.5% demonstrates its strength in
minimizing incorrect positive identifications, while the recall value of 94.7% reflects its effectiveness in capturing a
large portion of true positives. Furthermore, its F-score of 95.1%, which balances precision and recall, significantly
surpasses those of the Yu model (89.1%) and the Shi model (86.6%), confirming its overall effectiveness.
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Table 1. Performance metrics for the proposed model and existing models (Yu model and Shi model)

Metric Proposed Model Yu Model Shi Model p-value
Accuracy (%) 96.8± 1.0 91.2± 1.5 89.5± 2.0 p < 0.01 (ANOVA)
Precision (%) 95.5± 1.2 89.8± 2.0 87.3± 2.4 p < 0.01 (ANOVA)

Recall (%) 94.7± 1.5 88.5± 2.1 86.0± 2.5 p < 0.01 (T-Test)
F-Score (%) 95.1± 1.3 89.1± 1.8 86.6± 2.3 p < 0.01 (ANOVA)

Sensitivity (%) 96.2± 1.1 90.3± 1.7 88.2± 2.1 p < 0.01 (T-Test)
Specificity (%) 97.4± 0.8 92.5± 1.3 91.0± 1.6 p < 0.01 (T-Test)

CPU 18.5± 0.3 24.8± 0.5 28.6± 0.6

The sensitivity and specificity values—96.2% and 97.4%, respectively—further highlight the reliability of the
proposed method in detecting relevant segments and avoiding false alarms. In comparison, both the Yu and Shi
models show reduced scores in these areas, reflecting limitations in their consistency and precision. The final column
in Table 1 presents statistical significance, with all performance gains validated at p < 0.01, affirming that the
enhancements offered by the proposed model are not due to random variation. As shown in Figure 4, these results
position the proposed approach as a highly dependable solution for image segmentation tasks.

Figure 4. Assessment of segmentation capabilities across various methods

The computational efficiency of the proposed model is a significant advantage over existing segmentation methods.
As shown in Table 1, the proposed model achieves an average Central Processing Unit (CPU) execution time of
18.5 ± 0.3 seconds, which is considerably lower than the Yu model (24.8 ± 0.5 seconds) and the Shi model (28.6
± 0.6 seconds). This improvement is primarily attributed to the integration of fuzzy Einstein geometric aggregate
operators, which enhance computational efficiency by reducing iterative complexity and improving convergence
speed. In contrast, the Yu model and the Shi model rely on more computationally intensive optimization techniques,
leading to longer execution times. The reduced computational burden of the proposed model makes it particularly
suitable for real-time and large-scale segmentation tasks, where both accuracy and processing speed are crucial.

While the proposed model demonstrates superior accuracy and reduced execution times, certain trade-offs must
be considered. One key aspect is parameter selection, as the model, despite reducing dependency on manual tuning,
still requires careful selection of fuzzy membership functions and geometric parameters. This necessitates domain
expertise to ensure optimal segmentation performance across different imaging applications. Additionally, while the
model is computationally efficient for moderate-sized images, its applicability to large datasets may require further
optimizations, such as parallelization or Graphics Processing Unit (GPU) acceleration, to maintain efficiency in
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large-scale real-world scenarios. Another factor to consider is the balance between complexity and accuracy. The
integration of fuzzy Einstein geometric operators enhances segmentation quality, but their application in highly
dynamic or real-time systems may introduce computational overhead. In such cases, additional optimizations may
be necessary to further accelerate processing without compromising accuracy. Moreover, although the proposed
framework reduces the reliance on extensive labeled datasets, its segmentation accuracy could still be influenced by
variations in image characteristics, requiring adaptive parameter tuning for optimal results.

4.1 Sensitivity Analysis of Model Parameters

To ensure the robustness and reproducibility of the proposed segmentation model, a sensitivity analysis
was conducted by systematically varying key parameters, including the curvature weight κ, fuzzy membership
influence ζ1, and geometric constraint ζ2. The analysis examined the impact of these parameters on segmentation
performance metrics, including accuracy, precision, recall, F-score, sensitivity, specificity, and computational
efficiency. Experimental results indicate that while small variations in κ and ζ1 influence boundary smoothness and
segmentation accuracy, the model maintains stable performance within the range κ ∈ [0.05, 0.3] and ζ1 ∈ [1.0, 2.5].
The selected values (κ = 0.1, ζ1 = 1.5) provide an optimal balance, ensuring accurate segmentation while minimizing
computational cost. This sensitivity analysis validates the parameter selection and enhances the reliability of the
proposed method for real-world applications.

5 Conclusion

This work presents a novel image segmentation framework that combines fuzzy logic with geometric constraints
within a well-structured energy functional. The proposed approach successfully overcomes several challenges
associated with conventional segmentation methods, including sensitivity to noise and intensity fluctuations. By
employing region-based strategies and integrating local similarity measures, relative entropy, and geometric cues,
the model delivers improved segmentation accuracy, enhanced robustness, and greater adaptability to diverse image
conditions.

The proposed energy functional is carefully designed to ensure stable optimization, leading to reliable and
consistent results across varied datasets. Comprehensive experiments, evaluated using metrics such as accuracy,
precision, recall, F-score, sensitivity, and specificity, confirm the effectiveness of the model. Furthermore, rigorous
statistical validation through ANOVA and T-tests (p < 0.01) demonstrates that the model significantly outperforms
established techniques.

Despite its promising performance, the model has certain limitations. Notably, it demands considerable
computational resources, which can impact its efficiency on large-scale or real-time datasets. Additionally, scalability
remains a challenge, particularly when processing high-resolution images or extensive datasets.

To address the limitations, future work could focus on optimizing the model by integrating emerging technologies
such as deep learning and GPU acceleration. Employing parallel processing techniques or more efficient optimization
algorithms can significantly reduce computational costs while maintaining segmentation accuracy. Specifically, hybrid
models that combine fuzzy logic-based segmentation with deep learning frameworks could enhance feature extraction
and decision-making capabilities, making the model more adaptable to complex image variations. Additionally,
scalability can be improved by leveraging GPU acceleration, which enables real-time processing for large datasets.
This enhancement is particularly beneficial for applications requiring high-speed image analysis, such as medical
diagnostics, satellite image interpretation, and autonomous navigation.

Beyond optimization, exploring the model’s applicability in other domains such as industrial automation (e.g.,
defect detection in manufacturing) and scientific research (e.g., microscopic image analysis) could further demonstrate
its versatility. Tailoring the model for these contexts by refining its energy functional and tuning its fuzzy membership
functions for domain-specific characteristics will improve its practical impact. By pursuing these advancements, the
proposed model can evolve into a more comprehensive and efficient segmentation framework for a wide range of
real-world applications.
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