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Abstract: In this investigation, the exact formulas for geometric-harmonic (GH), neighborhood geometric-harmonic (NGH), harmonic-geometric (HG), and neighborhood harmonic-geometric (NHG) indices were systematically evaluated for hyaluronic acid-curcumin (HAC) and hyaluronic acid-paclitaxel (HAP) conjugates. Through this evaluation, a comprehensive quantitative assessment was conducted to elucidate the structural characteristics of these conjugates, highlighting the intricate geometric and harmonic relationships present within their molecular graphs. The study leveraged these indices to illuminate the complex interplay between geometric and harmonic properties, providing a novel perspective on the molecular architecture of HAC and HAP conjugates. This analytical approach not only sheds light on the structural nuances of these compounds but also offers a unique lens through which their potential in drug delivery applications can be assessed. 

Graphical analyses of the results further

enhance the understanding of these molecular properties, presenting a detailed visualization that complements the quantitative findings. The integration of these topological descriptors into the study of HAC and HAP conjugates represents a significant advance in the field of medicinal chemistry, offering valuable insights for researchers engaged in the development of innovative drug delivery systems. The findings underscore the utility of these descriptors in characterizing the molecular topology of complex conjugates, setting the stage for further exploration of their applications in therapeutic contexts. 

Keywords: Topological descriptor; Connected graphs; Harmonic index; Geometric index; Molecular graph; Drug delivery; Medicinal chemistry

1 Introduction

In this era of exponential technological advancement, the fields of pharmaceutical and chemical technologies have undergone rapid growth. Graph theory plays a pivotal role in guiding chemical investigations. Chemists commonly employ quantitative structure-property relationship (QSPR) and quantitative structure-activity relationship (QSAR) methodologies [1–4] to streamline the evaluation of the biological, physical, and chemical properties of myriad newly developed nanomaterials, crystalline substances, and drugs. Topological indices (TIs), or numerical invariants, constitute a crucial tool within QSPR and QSAR analyses [5–9]. These indices are usually described as numbers that are linked to the chemical structure. They make it easier to connect the shape of a chemical with its different properties [10–14]. Topological indices (TIs), which are numeric invariants describing the properties of specific molecular systems, play a pivotal role as an essential tool in both QSPR and QSAR. 

The exploration of topological indices dates back several decades, with seminal contributions by Randic [15], 

Wiener [16], and Balaban [17]. Randic’s work laid the foundation for understanding molecular branching, while Wiener introduced the concept of a distance-based index. Balaban’s contributions expanded the scope of topological indices, paving the way for subsequent developments. The literature on topological indices has witnessed a surge in recent years, driven by advancements in computational methods and an increased understanding of molecular properties. Notable recent contributions include studies by Taherpour and Shafiei [18], exploring novel topological indices for improved drug design, and Chen et al. [19], who applied machine learning techniques to enhance the predictive power of topological indices. Recent advances in topological indices include the development of
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indices tailored for specific applications, such as predicting toxicity [20] and assessing environmental impact [21]. 

Researchers have also looked into how to combine topological indices with other molecular descriptors to make hybrid models that give a fuller picture of how molecules behave [22]. 

Beyond their role in drug design, 

isomer discrimination, chemical documentation, and biological characterization, TIs find special applications in mathematical chemistry [23–26]. This diverse range of applications underscores the versatility and importance of TIs in understanding and manipulating molecular structures, making them indispensable tools in various scientific and industrial pursuits. As researchers delve into the nuanced behaviors of TIs, it not only enhances our understanding of molecular systems but also contributes to the ongoing advancements in the interdisciplinary fields of chemistry and computational sciences [27, 28]. 

Figure 1. The molecular structure of HAC

Figure 2. The molecular structure of HAP

Hyaluronic acid (HA) conjugates, such as HAC and HAP conjugates represented in Figures 1 and 2, have emerged as promising platforms for drug delivery owing to their unique properties. HA, a natural biopolymer, exhibits excellent biocompatibility and biodegradability. The anti-inflammatory and antioxidant properties of curcumin are combined with the targeted drug delivery potential of HA in HAC. This creates a more effective way to fight diseases. Adding HA to curcumin not only makes it more stable and easy to dissolve, but it also makes it easier for cells that have lots of HA receptors to get the curcumin. In the same way, HAP uses the chemotherapy drug paclitaxel to deliver drugs specifically to cancer cells by increasing the number of HA receptors. These HA conjugates have shown promising results in preclinical studies, demonstrating improved therapeutic efficacy and reduced side effects compared to conventional drug formulations. Recent research has focused on optimizing the synthesis methods of HAC and HAP to enhance their drug-loading capacities and stability during circulation. According to Lee et al. [29], they looked into new ways to efficiently couple curcumin to HA. Zhu et al. [30], on the other hand, studied the therapeutic potential of HAC in living animals. Additionally, the work of Saravanakumar et al. [31] highlights advancements in the development of HAP, showcasing its targeted delivery and enhanced antitumor effects. The utilization of 33
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HA conjugates in drug delivery continues to be an active area of research, with ongoing efforts to translate these innovative formulations into clinically viable therapies. 

The concept of neighborhood degrees, initially proposed by Chellali et al. [32], has been elaborated in numerous articles [33–35]. Recently, Usha et al. [36] introduced the geometric-harmonic (GHI) index , combining geometric and harmonic indices, inspired by the work of Vukicevic and Furtula [37] in designing the GHI index. 
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Shanmukha et al. [38] introduced three degree and neighborhood degree based novel indices, namely, harmonic-geometric (HGI), neighborhood harmonic-geometric (N HGI) and neighborhood geometric-harmonic (N GHI) indices motivated by the above work. They are defined as follows:
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2 Methodology

Table 1 illustrates the various types of edges within the molecular graph of hyaluronic acid-curcumin conjugates, categorized by their vertex degrees and corresponding frequencies. Each edge set underwent the application of the GHI formula, and the resultant value was determined by multiplying it with the respective frequency. For the computation of the extensive summations, Maple was employed. In Table 2, edges are classified based on the neighborhood degrees of the corresponding vertices. The N GHI formula, integrating both neighborhood degrees and the edge count for each edge set, was utilized to calculate precise index values. Likewise, HGI and N HGI were computed using a similar methodology. Employing a consistent format, identical calculations were conducted for hyaluronic acid-paclitaxel conjugates. Section 4 presents all results in an explanatory manner, while in Section 3, results are depicted in a concise format due to their similarity. The evaluation of results is graphically represented in Section 5 to scrutinize the behavior of the newly introduced indices. 

3 Results for HAC

Utilizing edges partition strategies, degree and ev-degree based frequencies of different edges for two dimensional molecular structure of HAC are analyzed in Tables 1 and 2. Whereas, Figure 3 describes unit molecular cell and SiC3-III[3,1] having 1 row and 3 unit molecules in each row. 

Table 1. Degree based partition of edges of HAC

(d(u), d(v))

Edge Frequency

(1, 2)

3n + 1

(1, 3)

13n + 1

(2, 2)

13n + 1

(2, 3)

29n − 1

(3, 3)

11n − 1

Figure 3. The unit cell and HAC[3,1], respectively
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Table 2. Neighborhood degree based partition of edges of HAC

((λu) , (λv))

Edge Frequency

(2, 4)

3n + 1

(3, 5)(3, 6)(3, 4)

2n

(3, 7)(4, 7)

3n

(5, 5)

6n + 1

(4, 8)

1

(6, 7)

9n − 2

(6, 8)

5n − 2

(5, 7)

n + 2

(4, 6)

n

(6, 6)(7, 8)

3n

(5, 6)

7n

(8, 8)

2n − 1

(7, 7)

4n

By using the definition of EV-degree based geometric harmonic index, harmonic geometric index, and edges frequency of HAC given in Table 1, we compute following outcomes:
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By using the definition of EV-degree based geometric harmonic index, harmonic geometric index, and edges frequency of HAC given in Table 2, we compute following outcomes: 35
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4 Results for HAP

Utilizing edges partition strategies, degree and ev-degree based frequencies of different edges for two dimensional molecular structure of HAC are analyzed in Tables 3 and 4. Whereas, Figure 3 describes unit molecular cell and HAC having 1 row and 3 unit molecules in each row. 
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Table 3. Degree based partition of edges of HAP

(d(u), d(v))

Edge Frequency

(1, 2)

n + 1

(1, 3)

29n + 1

(2, 2)

29n + 1

(1, 4)

36n − 1

(2, 3)

36n − 1

(2, 4)

22n − 1

(3, 3)

22n − 1

(3, 4)

7n

(4, 4)

n

Table 4. Neighborhood degree based partition of edges of HAP

((λu) , (λv))

Edge Frequency

(2, 4)

n + 1

(3, 4)

6n

(3, 6)(6, 6)

4n

(3, 7)

5n

(3, 8)(5, 6)

n

(4, 4)
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n
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9n − 2

(6, 8)

10n − 2

(6, 9)(6, 10)

n

(7, 7)

5n

(7, 8)(7, 10)

4n

(8, 8)

4n − 1

(8, 10)(9, 10)

3n

(10, 11)

2n

Using the definition of EV-degree based geometric harmonic index, harmonic geometric index, and edges frequency of HAC given in Table 3, we compute following outcomes:
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Using the definition of EV-degree based geometric harmonic index, harmonic geometric index, and edges frequency of HAC given in Table 4, we compute following results:
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5 Discussion and Graphical Analysis

In addition to providing a visual understanding of the computed formulas for various indices through graphical representations in Figures 4 and 5, the insights derived from this section hold particular significance in the realm of drug design. The correlation observed between these indices and intricate molecular structures serves as a valuable guide for designing more effective and targeted pharmaceutical compounds. The nuanced interpretation of the impact of molecular-scale variations on the calculated indices contributes to the rational design of molecules with optimized pharmacological properties. The fact that the index values go up proportionally as the number of molecules we look at goes up shows that these results can be applied to a larger scale. This opens up exciting possibilities for making new drugs that work better and more specifically. Thus, the applications of these insights extend beyond theoretical understanding, playing a pivotal role in shaping the future landscape of drug discovery and design. 

Figure 4. Variations of GHI and HGI for HAC and HAP

Figure 5. Variations of N GHI and N HGI for HAC and HAP

6 Conclusions

A contemporary trend in the field of mathematical and computational chemistry revolves around the assessment of diverse properties in molecular structures using numerical graph descriptors. These mathematical invariants have proven to be invaluable in various applications, such as QSAR and QSPR studies, contributing significantly to advancements in molecular design, drug discovery, and the hazard assessment of chemicals. We present a new set of indices, the geometric-harmonic index, the harmonic-geometric index, the neighborhood geometric-harmonic index, and the neighborhood harmonic-geometric index. These indices were specifically designed for the molecular graphs of hyaluronic acid-curcumin and paclitaxel conjugates and are based on numbers. Our numerical findings 39

are visually presented, highlighting the potential correlation of the evaluated results with the structural aspects of the mentioned molecular structures. 

Data Availability

Not applicable. 

Conflicts of Interest

The authors declare no conflict of interest. 

References

[1] A. T. Balaban, “Topological indices and their uses: A new approach for the coding of alkanes,”  J. Mol. Struct. 

 Theochem, vol. 165, no. 3-4, pp. 243–253, 1988. https://doi.org/10.1016/0166-1280(88)87023-4

[2] E. Estrada, “Edge adjacency relationships and a novel topological index related to molecular volume,”  J. Chem. 

 Inf. Comput. Sci. , vol. 35, no. 1, pp. 31–33, 1995. https://doi.org/10.1021/ci00023a004

[3] D. Sarkarai and K. Desikan, “QSPR/QSAR analysis of some eccentricity based topological descriptors of antiviral drugs used in COVID-19 treatment via Dε - polynomials,”  Math. Biosci. Eng. , vol. 20, no. 9, pp. 

17 272–17 295, 2023. https://doi.org/10.3934/mbe.2023769

[4] X. J. Yao, B. Fan, J. P. Doucet, A. Panaye, M. Liu, R. Zhang, X. Zhang, and Z. Hu, “Quantitative structure property relationship models for the prediction of liquid heat capacity,”  QSAR Comb. Sci. , vol. 22, no. 1, pp. 

29–48, 2003. https://doi.org/10.1002/qsar.200390003

[5] S. Hayat, S. Wang, and J. Liu, “Valency-based topological descriptors of chemical networks and their applications,”  Appl. Math. Modell. , vol. 60, pp. 164–178, 2018. https://doi.org/10.1016/j.apm.2018.03.016

[6] W. Gao, W. F. Wang, and M. R. Farahani, “Topological indices study of molecular structure in anticancer drugs,”  J. Chem. , pp. 1–8, 2016. https://doi.org/10.1155/2016/3216327

[7] A. R. Katritzky, R. Jain, A. Lomaka, R. Petrukhin, U. Maran, and M. Karelson, “Perspective on the relationship between melting points and chemical structure,”  Cryst. Growth Des. , vol. 1, no. 4, pp. 261–265, 2001. 

https://doi.org/10.1021/cg010009s

[8] J. Zhang, A. Fahad, M. Mukhtar, and A. Raza, “Characterizing interconnection networks in terms of complexity via entropy measures,”  Symmetry, vol. 15, no. 10, p. 1868, 2023. https://doi.org/10.3390/sym15101868

[9] L. Yan, W. Gao, and J. S. Li, “General harmonic index and general sum connectivity index of polyomino chains and nanotubes,”  J. Comput. Theor. Nanosci. , vol. 12, no. 10, pp. 3940–3944, 2015. https://doi.org/10.1166/jc

tn.2015.4308

[10] G. G. Cash, “Correlation of physicochemical properties of alkylphenols with their graph-theoretical ϵ

parameter,”  Chemosphere, vol. 31, no. 10, pp. 4307–4315, 1995. https://doi.org/10.1016/0045-6535(95)0

0295-j

[11] E. Estrada, O. Ivanciuc, I. Gutman, A. Gutierrez, and L. Rodr´ıguez, “Extended Wiener indices. A new set of descriptors for quantitative structure-property studies,”  New J. Chem. , vol. 22, no. 2, pp. 819–823, 1998. 

[12] S. P. Gupta and P. Singh, “The relationship of π-binding energy with molecular connectivity in hydrocarbons,” 

 Bull. Chem. Soc. Jpn. , vol. 52, no. 9, pp. 2745–2746, 1979. https://doi.org/10.1246/bcsj.52.2745

[13] I. Gutman and N. Trinajstić, “Graph theory and molecular orbitals. Total φ-electron energy of alternant hydrocarbons,”  Chem. Phys. Lett. , vol. 17, no. 4, pp. 535–538, 1972. https://doi.org/10.1016/0009-2614(72)8

5099-1

[14] H. Hosseini and F. Shafiei, “Entropy prodection of benzene derivatives using topological indices,”  Stud. UBB

 Chem. LXII, vol. 62, no. 2, pp. 297–310, 2017. https://doi.org/10.24193/subbchem.2017.2.23

[15] M. Randic, “Characterization of molecular branching,”  J. Am. Chem. Soc. , vol. 97, no. 23, pp. 6609–6615, 1975. https://doi.org/10.1021/ja00856a001

[16] H. Wiener, “Structural determination of paraffin boiling points,”  J. Am. Chem. Soc. , vol. 69, no. 1, pp. 17–20, 1947. https://doi.org/10.1021/ja01193a005

[17] A. T. Balaban, “Topological indices based on topological distances in molecular graphs,”  Pure Appl. Chem. , vol. 55, no. 2, pp. 199–206, 1983. https://doi.org/10.1351/pac198855020199

[18] A. Taherpour and F. Shafiei, “The structural relationship between Randić indices, adjacency matrixes, distance matrixes and maximum wave length of linear simple conjugated polyene compounds,”  J. Mol. Struct. Theochem, vol. 726, no. 1-3, pp. 183–188, 2005. https://doi.org/10.1016/j.theochem.2005.03.053

[19] Y. H. Chen, L. T. Qin, L. Y. Mo, D. N. Zhao, H. H. Zeng, and Y. P. Liang, “Synergetic effects of novel aromatic brominated and chlorinated disinfection byproducts on Vibrio qinghaiensis sp.-Q67,”  Environ. Pollut. , vol. 

250, pp. 375–385, 2019. https://doi.org/10.1016/j.envpol.2019.04.009

40

[20] X. Zhang, H. G. Govardhana Reddy, A. Usha, M. C. Shanmukha, M. R. Farahani, and M. Alaeiyan, “A study on anti-malaria drugs using degree-based topological indices through QSPR analysis,”  Math. Biosci. Eng. , vol. 20, no. 2, pp. 3594–3609, 2022. https://doi.org/10.3934/mbe.2023167

[21] X. Zhang, A. Rauf, M. Ishtiaq, M. K. Siddiqui, and M. H. Muhammad, “On degree based topological properties of two carbon nanotubes,”  Polycyclic Aromat. Compd. , vol. 42, no. 3, pp. 866–884, 2020. https:

//doi.org/10.1080/10406638.2020.1753221

[22] F. Deng, X. Zhang, M. Alaeiyan, A. Mehboob, and M. R. Farahani, “Topological indices of the pent-heptagonal nanosheets VC5C7 and HC5C7,”  Adv. Mater. Sci. Eng. , vol. 2019, 2019. https://doi.org/10.1155/2019/9594549

[23] J. Wei, A. Fahad, A. Raza, P. Shabir, and A. Alameri, “On distance dependent entropy measures of poly propylene imine and zinc porphyrin dendrimers,”  Int. J. Quantum Chem. , vol. 124, no. 1, p. e27322, 2024. 

https://doi.org/10.1002/qua.27322

[24] A. Raza and M. M. Munir, “Insights into network properties: Spectrum-based analysis with Laplacian and signless Laplacian spectra,”  Eur. Phys. J. Plus, vol. 138, 2023. https://doi.org/10.1140/epjp/s13360-023-0444

1-z

[25] A. Raza, M. Munir, T. Abbas, S. M. Eldin, and I. Khan, “Spectrum of prism graph and relation with network related quantities,”  AIMS Math. , vol. 8, no. 2, pp. 2634–2647, 2023. https://doi.org/10.3934/math.2023137

[26] J. R. Lee, A. Hussain, A. Fahad, A. Raza, M. I. Qureshi, A. Mahboob, and C. Park, “On ev and ve-degree based topological indices of silicon carbides,”  Comput. Model. Eng. Sci. , vol. 130, no. 2, pp. 871–885, 2022. 

https://doi.org/10.32604/cmes.2022.016836

[27] X. Zhang, A. Raza, A. Fahad, M. K. Jamil, M. A. Chaudhry, and Z. Iqbal, “On face index of silicon carbides,” 

 Discrete Dyn. Nat. Soc. , vol. 2020, 2020. https://doi.org/10.1155/2020/6048438

[28] D. Alghazzawi, A. Raza, U. Munir, and Md. Shajib Ali, “Chemical applicability of newly introduced topological invariants and their relation with polycyclic compounds,”  J. Math. , vol. 2022, 2022. https://doi.org/10.1155/20

22/5867040

[29] H. Lee, H. Mok, S. Lee, Y. Oh, and T. G. Park, “Target-specific intracellular delivery of siRNA using degradable hyaluronic acid nanogels,”  J. Controlled Release, vol. 119, no. 2, pp. 245–252, 2007. https:

//doi.org/10.1016/j.jconrel.2007.02.011

[30] W. Zhu, S. Liu, L. Wu, H. Xu, J. Wang, G. Ni, and Q. Zeng, “Delivery of curcumin by directed self-assembled micelles enhances therapeutic treatment of non-small-cell lung cancer,”  Int. J. Nanomed. , vol. 12, pp. 2621–

2634, 2017. https://doi.org/10.2147/ijn.s128921

[31] G. Saravanakumar, V. G. Deepagan, R. Jayakumar, and J. H. Park, “Hyaluronic acidbased conjugates for tumortargeted drug delivery and imagin,”  J. Biomed. Nanotechnol. , vol. 10, no. 1, pp. 17–31, 2014. https:

//doi.org/10.1166/jbn.2014.1761

[32] M. Chellali, T. W. Haynes, S. T. Hedetniemi, and T. M. Lewis, “On ve-degrees and ev-degrees in graphs,” 

 Discrete Math. , vol. 340, no. 2, pp. 31–38, 2017. https://doi.org/10.1016/j.disc.2016.07.008

[33] S. Ediz, “A new tool for QSPR researches: Ev-degree randić index,”  Celal Bayar Univ. J. Sci. , vol. 13, no. 3, pp. 615–618, 2017. https://doi.org/10.18466/cbayarfbe.339313

[34] B. Sahin and S. Ediz, “On ev-degree and ve-degree topological indices,”  Iranian J. Math. Chem. , vol. 9, no. 4, 2018. https://doi.org/10.22052/ijmc.2017.72666.1265

[35] S. Ediz, “On ve-degree molecular topological properties of silicate and oxygen networks,”  Int. J. Comput. Sci. 

 Math. , vol. 9, no. 1, 2018. https://doi.org/10.1504/ijcsm.2018.090730

[36] A. Usha, M. C. Shanmukha, K. N. Anil Kumar, and K. C. Shilpa, “Comparison of novel index with geometric-arithmetic and sum-connectivity indices,”  J. Math. Comput. Sci. , vol. 11, pp. 5344–5360, 2021. https://doi.or

g/10.28919/jmcs/5969

[37] D. Vukicevic and B. Furtula, “Topological index based on the ratios of geometrical and arithmetical means of end-vertex degrees of edges,”  J. Math. Chem. , vol. 46, no. 4, pp. 1369–1376, 2009. https://doi.org/10.1007/s1

0910-009-9520-x

[38] M. C. Shanmukha, A. Usha, M. K. Siddiqui, K. C. Shilpa, and A. Asare-Tuah, “Novel degree-based topological descriptors of carbon nanotubes,”  J. Chem. , vol. 2021, 2021. https://doi.org/10.1155/2021/3734185

41





Document Outline


	1 Introduction

	2 Methodology

	3 Results for HAC

	4 Results for HAP

	5 Discussion and Graphical Analysis

	6 Conclusions




cover.jpeg
A % /, Acadlore Transactions on Applied Mathematics and Statistics k lmlnm

https://www.acadlore.com/journals/ ATAMS

Exploring Novel Topological Descriptors: Geometric-Harmonic and
Harmonic-Geometric Descriptors for HAC and HAP Conjugates =y

Ali Raza'*®, Fikadu Tesgera Tolasa>®

! Department of Mathematics, University of Punjab Lahore, 54590 Lahore, Pakistan
2 Department of Mathematics, Dambidollo University, 57555 Oromia, Ethiopia

- Correspondence: Ali Raza (alleerazza786 @gmail.com)
Received: 12-16-2023 Revised: 01-14-2024 Accepted: 01-25-2024

Citation: A. Raza and F. T. Tolasa, “Exploring novel topological descriptors: Geometric-harmonic and harmonic-
geometric descriptors for HAC and HAP conjugates,” Acadlore Trans. Appl Math. Stat., vol. 2, no. 1, pp. 32-41,
2024. https://doi.org/10.56578/atams020103.

© 2024 by the author(s). Published by Acadlore Publishing Services Limited, Hong Kong. This article is available for free
download and can be reused and cited, provided that the original published version is credited, under the CC BY 4.0 license.

Abstract: In this investigation, the exact formulas for geometric-harmonic (GH), neighborhood geometric-harmonic
(NGH), harmonic-geometric (HG), and neighborhood harmonic-geometric (NHG) indices were systematically
evaluated for hyaluronic acid-curcumin (HAC) and hyaluronic acid-paclitaxel (HAP) conjugates. Through this
evaluation, a comprehensive quantitative assessment was conducted to elucidate the structural characteristics of
these conjugates, highlighting the intricate geometric and harmonic relationships present within their molecular
graphs. The study leveraged these indices to illuminate the complex interplay between geometric and harmonic
properties, providing a novel perspective on the molecular architecture of HAC and HAP conjugates. This analytical
approach not only sheds light on the structural nuances of these compounds but also offers a unique lens through
which their potential in drug delivery applications can be assessed. Graphical analyses of the results further
enhance the understanding of these molecular properties, presenting a detailed visualization that complements the
quantitative findings. The integration of these topological descriptors into the study of HAC and HAP conjugates
represents a significant advance in the field of medicinal chemistry, offering valuable insights for researchers engaged
in the development of innovative drug delivery systems. The findings underscore the utility of these descriptors
in characterizing the molecular topology of complex conjugates, setting the stage for further exploration of their
applications in therapeutic contexts.

Keywords: Topological descriptor; Connected graphs; Harmonic index; Geometric index; Molecular graph; Drug
delivery; Medicinal chemistry

1 Introduction

In this era of exponential technological advancement, the fields of pharmaceutical and chemical technologies have
undergone rapid growth. Graph theory plays a pivotal role in guiding chemical investigations. Chemists commonly
employ quantitative structure-property relationship (QSPR) and quantitative structure-activity relationship (QSAR)
methodologies [1-4] to streamline the evaluation of the biological, physical, and chemical properties of myriad
newly developed nanomaterials, crystalline substances, and drugs. Topological indices (TIs), or numerical invariants,
constitute a crucial tool within QSPR and QSAR analyses [5-9]. These indices are usually described as numbers
that are linked to the chemical structure. They make it easier to connect the shape of a chemical with its different
properties [10-14]. Topological indices (TIs), which are numeric invariants describing the properties of specific
molecular systems, play a pivotal role as an essential tool in both QSPR and QSAR.

The exploration of topological indices dates back several decades, with seminal contributions by Randic [15],
Wiener [16], and Balaban [17]. Randic’s work laid the foundation for understanding molecular branching, while
Wiener introduced the concept of a distance-based index. Balaban’s contributions expanded the scope of topological
indices, paving the way for subsequent developments. The literature on topological indices has witnessed a surge
in recent years, driven by advancements in computational methods and an increased understanding of molecular
properties. Notable recent contributions include studies by Taherpour and Shafiei [18], exploring novel topological
indices for improved drug design, and Chen et al. [19], who applied machine learning techniques to enhance
the predictive power of topological indices. Recent advances in topological indices include the development of
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