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Abstract: In this paper, we derive a new conjugate gradient (CG) direction with random parameters which are
obtained by minimizing the deviation between search direction matrix and self-scaled memoryless Broyden-Fletcher-
Goldfard-Shanno (BFGS) update. We propose a new spectral three-term CG algorithm and establish the global
convergence of new method for uniformly convex functions and general nonlinear functions, respectively. Numerical
experiments show that our method has nice numerical performance on nonconvex functions and supply chain
problems.
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1 Introduction

Many problems of relevance in compressing sensing [1], portfolio selection [2] and image restoration [3, 4] can
be transformed into the following unconstrained optimization problem

i 1

min f(z), M

where,
f+ R™ — Ris continuous differentiable. The spectral conjugate gradient (SCG) method [5] is one of the most
popular class of algorithm for solving problem Eq. (1), due to its simplicity, low memory requirement and strong
convergence performance. Starting from an initial point zo € R", the iterative formula of the SCG method is given

by

Tip+1 = X + agdy, k>0, )

where, stepsize a, > 0 is generated by line search. The search direction dy, is defined by
do = —go, A = —Orgr + Br—1dr—1, k > 1, 3)

where,

g = Vf(zy) is the gradient of f(z) at current point x, 0 is a spectral parameter and [;_; is a scalar
called the conjugate gradient (CG) parameter. There are many choices of 0 and 8;_1, which may lead to different
computational efficiency and convergence properties [5—10].

Babaie-Kafaki and Ghanbari [11] proposed a descent family of the Dai-Liao CG (DDL) method with the search
direction

T T
SkY SESi. .

di+1 = —(I e L )gk+1 = —Qk+19k+1, (4)
S Yk Sk Yk

where,
Q1+1 is called a search direction matrix. They obtained the relationship

Ay ki1 = —Gp 1 Qr+19k+1 = —Gp 11 Akt 19541 Q)
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where,
T
Apey = Qpy1 + Qi1 7 lsky;@-r + YSj . SkSp

k .
2 2 STyk STYk

(6

By letting the smallest eigenvalue of A has a lower bound greater than 0, they determined parameter ¢;. Then
the search direction dj; was descent.
Livieris et al. [12] proposed a descent hybrid CG method with the search direction

drgy. dpy .
diy1 = —(I — Mt (1= ) S )9k+1 = —Pri1Gk+1- @)
dk Yk dk Yk

They obtained the hybrization parameter A\, by minimizing the distance between P, 1 and self-scaled memoryless
Broyden-Fletcher-Goldfard-Shanno (BFGS) update in the Frobenius norm.

Recently, the spectral three-term CG methods have been paid more attention [13—17]. Chen and Yang [14] using
subspace presented a three-term CG algorithm for large-scale unconstrained optimization. Faramarzi and Amini [15]
proposed a spectral three-term Hestenes-Stiefel CG method. Al-Bayati and Abbas [16] gave a robust spectral three-
term CG algorithm for solving unconstrained minimization problems. Eslahchi and Bojari [17] proposed a new
sufficient descent spectral three-term CG class for large-scale optimization.

Motivated by the above works, in order to make better use of the properties of spectral parameter, we consider

the search direction matrix . . o
L skyy, + Yrsg ¢ SkSk

T

Ak+1 = GkI — k
2 S Yk Sgyk

®)

to propose a new spectral three-term CG method, where scaling parameter 6, and ¢; are undetermined parameters.
The corresponding search direction is

Ai41 = —Ap+195+1 = —OkGr+1 + Brsk + VrYk, 9
where,

1y¥ sT 1sT
b= Lubgn _y sboeen g Lobgen
2 Sk Yk Si Yk 2 S Yk

Based on the idea of the study [12], our main work is to give a new choice of parameters t; and 0 to propose a
spectral three-term CG method. The contributions of this article are listed as follows:

¢ A random parameter which leads to our method more relaxed and elastic, is introduced to construct 8, and 6
in the search direction.

¢ The search direction satisfies the sufficient descent condition. Under appropriate assumptions, we give global
convergence of new method for general functions.

¢ The new method has good numerical performance for the objective function with sharp curvature change.

<¢» The new method is applied to the supply chain problem, which shows that the new method is effective.

The motivation and algorithm are analyzed in the next section, we find parameter ¢, including a random parameter
at each iterate, and obtain parameters 35 and ;. Then we state a new spectral three-term CG method. In Section
3, global convergence of our method is proved for uniformly convex functions and general nonlinear functions. In
Section 4, some numerical experiments and application results are reported. Conclusions are made in the last section.

2 Motivation and Algorithm

In this section, our main aim is to discuss how to choose tj, and propose a random spectral three-term CG method.
The search direction is derived by minimizing the deviation between the search direction matrix and a quasi-Newton
update, in conjunction with choices of random parameter. Consider model

min || Dy |lf = [ Akr1 — Biy Il (10)
where,
|| - ||~ denotes the Frobenius norm, Aj_ is determined by Eq. (8), B, _&1 is a self-scaled memoryless BFGS
matrix - r ) -
_ SkYi + YkS k SKS
Byl = 0,1 — 6, Yk Y%k k+(1+9k”?{r” )Tk, (11)
S Yk S Yk /) Sk Yk
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and 6y, is a scaling parameter. From Eq. (8) and Eq. (11), we have

IDkyallF = tr(DiyDisa)
skll* o Iskll®  llsell* AR
= ——=t"+2|(20,—1) — —0 t+ (¢
(sgym s}fyk (sgyk)Q (S;fyk)?’ ’

where,
( is a constant independent of ¢. This is a second-degree polynomial of variable ¢ and the coefficient of 2 is
positive. Therefore, the minimum of problem Eq. (10) is

. 0
tr = arg min {tr(DEJrleJrl)} =1+ %X: + (1 = 260,)/Pr Xk (12)

where,
7 = o) =
number in the interval [m, 7], where 0 < m < ™ < 1. There are many possible ways to choose 6, we prefer to

use
1-m ||8k-|2} l—m  siyk
Hk:max{, or fp =maxq ————, 2" 5. (13)
2(1 —m)’ sty 2(1—m)" |lyel|?

Thus, tx in Eq. (12) can be regarded as random parameters. Substitute Eq. (12) into Eq. (9), then we get the
following new search direction

Instead of the mean value to pj in the study [18], we set p; is a random

1 Yp g1 Ok Xk
djst = —0 = Yk _9 (1 1—20.)v/r ) . 14
k+1 k9k+1 + {2 STy Ve |1+ N + ( )VPEXE ) | Sk + kY (14)

Now, we state a description of the random spectral three-term conjugate gradient algorithm (RSTTCG) as follows.
RSTTCG Algorithm
Step 0. Givenzg e R", e > 0,0 <m <m < % and 0 < p < o < 1. Let fy = f(x0),
go = Vf(l‘o), d() = —4go0 and k£ := 0.
Step 1. If ||gx|| < e, stop and output z.
Step 2. Compute ¢ satisfying the the strong Wolfe line search conditions

f(@p + ady) — f(zr) < pagy d, (15)

gry1di| < —ogp dy. (16)

Step 3. Set x;41 = = + ardy. Calculate fi i1, gr+1, Sk and yy.
Step 4. Compute ¢, by Eq. (12) and the search direction dy; by Eq. (13) and Eq. (14).
Set k := k + 1 and go to Step 1.

The following lemma shows the sufficient descent property of search direction.
Lemma 2.1 Let the sequence {dj+1} be generated by RSTTCG algorithm. There exists a positive constant ¢
satisfying
Gisrdir1 < —cllgrp . (17)

Proof By Eq. (16), we have s} yr, = s (gr+1 — gx) > (0 — 1)s{ gx > 0. Since s{yx = ||si|||lyx|l cos(sk, yi),

then cos(sy, yx) = /Pr > 0. Combined with Eq. (14), we get

Woadirs = Oulgp |+ LI
k1 (Ton?
— |1+ + (1= 20k)v/PrXk | ————
|: \/pk \/7 Sgyk
_ ek”gk ”2 + yggk'i‘lgg-&-lsksgyk
= - +1
(shyr)?
- {1 + i all + (1 — 26;)px Hyle (skgr+1)?
i Tl Toe | 5T
O siyn lyell?] (st grs1)?
< —Ollgrl® - {1 + — ZREE (1~ 20, )pk k
PAEAE Tue | sTon
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1 (g1 sk)*[lyell® + (55 ym) g ||

_i'_f
2 (shyr)?

1 (st grs1)?
= (= 0)|lgps|® —
(2 M gr1ll T

(st grt1)?

05 st 1 2

iUk [pk|5k||2 2/ sty

1 (St gry1)? [y | 1
< (2 = 00)|grsa]? — & 1+ (9k+pk—29kpk—*)
(2 Hgisa styk NI 2
1 1 1—-m m—-—m
< (-6 2|20 — 2_ T 2
< G- tlanlP < |5 - s lowl? = - o= 2l

The second of above inequality is from the fact a™b < %(|lal|* + [|b]|?), in which a = g, skyr and b =

St Ykgr+1. Combining Eq. (13), let ¢ = 5

(1~ the proof is completed. U

3 Convergence Analysis

In this section, to prove the global convergence of RSTTCG algorithm, we give the following assumptions.

Assumption (i). The level set Q@ = {z € R" : f(z) < f(x0)} is bounded, namely, there exists 6 > 0 satisfying
lz]| <90, Vx € Q.

Assumption (ii). The gradient of function f is Lipschitz continuous in some neighborhood N of €2, namely,
there exists L > 0 satisfying

lg(z) — gyl < Lllz —yll, Vz,y €N. (18)

Based on the above assumptions, we know
[skll = @41 — zill < llwpga ]l + el < 26. (19)

Besides, we can easily see that g(x) is bounded, namely, there exists a positive constant L such that ||g(z)|| <
Ly, Vz € Q.
Lemma 3.1 Let the sequence {d } be generated by RSTTCG algorithm. If Assumption (ii) holds, then

(1—0)lgy dil

20
S FAE 20)

Ak

Proof Subtracting ggdk from both sides of the left inequality of Eq. (16) and using the Lipschitz condition, we
get

(0 = Dgird < (grs1 — gx) " di = yi die < |lywlllldw]l < awLl|di]|.

Since 0 < ¢ < 1 and d, is a descent direction, then Eq. (20) holds. The proof is completed. (]
Lemma 3.2 Let the sequence {dy, } be generated by RSTTCG algorithm. If Assumptions (i)-(ii) hold, we have
the following Zoutendijk condition

el T 2
3 (95 d)” | Q1)

2
2 dy]

Proof From the first inequality Eq. (15) of the strong Wolfe conditions, Assumption (ii) and Lemma 3.1, we have

(1 — o) (g di)®

T
% — fr41 = —poggi di > —
[ POk p AEAE

From Assumption (i), we know f () is bounded from below, then Eq. (21) is obtained. The proof is completed.[]
Theorem 3.1 Suppose that Assumptions (i) and (ii) hold. The sequence {xy } is generated by RSTTCG algorithm.
If f is a uniformly convex function on §2, namely, there exists 1 > 0 such that

(Vi) = V) (x —y) > plle—yl*, Yo,y €N, (22)
Then, we have
lim ||gx|| = 0.
k—o00
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Proof From the Lipschitz condition Eq. (18), we have

Iyl = llgr+1 — gell < Liskll- (23)

It follows Eq. (22) and the Cauchy inequality that

sl < vp sk < llyellllskll, (24)
ie.,
skl < llykll- (25)
Then, from Egs. (23)—(25), we get
2 2 2
T dsd o sl sl desl® 1 o6
Lo Llsell = lyellllsell = spye — plsel* p
2 2 T
1
o sl pld? _ sue ol Dl sl 1 o
L2 L|[sk]| Nyl llyll llyll lyell = wllskll = u
Let Oax = max{ %, i}, we have 0, < 0,,.x. From Eq. (26) and Eq. (27), we obtain
0y s¥ 2 L0, TL?
th=1+— kyg+(1_29k)pk”%k” <1+ =+ : (28)
Pk ||kl 5% Yk m 0

Therefore, from the Cauchy inequality, the triangle inequality, Eq. (14), Eq. (23), Eq. (24) and Eq. (28), we
have

ldrsill = || = Okgrr1 + Brsk + veyrll
1|53 grs 1|yt graa
< Ollgrall + = | el + 5 | P sk
loweall 5 | PRt el + 5 | e
St Gh41
Hitwl | | skl
SEYk
1lge+1|L 1 ||grs1]|L
< emaxllngrlH""*”g +1|| _’_7Hg +1H
2 o 2 W
LOp. TL?
(1 Lo, L) L]
m 1Y 1Y
1 L., mL>
= 9max+1+L+W+:| gr+1ll = Mg (29)
s 0 Lot 2 T2 = Mg
(9rr19641)” o SAllgrsal? ~ ~
From Lemma 2.1 and Eq. (29), we have T ?~ 2 e . Combined with Lemma 3.2, we get
(oo}
> llgell® < oo
k=0
The proof is completed. ]

For the general nonlinear functions, we can establish a weaker convergence result

lim inf ||gx|| = 0. (30)
k—o0

Lemma 3.3 Suppose that Assumptions (i) and (ii) hold. Let the sequence {x} be generated by RSTTCG
algorithm, then we have dj # 0 and

oo
Z llurs1 — url® < oo, @D
k=0

whenever inf{]|gx|| : & > 0} > 0, in which u; = HgZH'
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Proof Define 7 = inf{||gx|| : & > 0}, we know ||gx|| > 7 > 0. From the sufficient descent condition Eq. (17),
we have dj, # 0 for each k, so uy is well defined. To prove global convergence, we define B,j = max{[,,0}, where

B = $UR — 14 % it 4 (11— 20,)py L) St From B, (14), we have

2 d}yk pi |15kl sfyr 4 diyk
dey1 —Okge+1 | oo dk Y =Okgkr1 Uk | op lldell  di
doea] -~ Td Ednal el -~ 14 P e Tl
ldesall lldrrall [k 1kt 1kt k1] [l il
namely,
Up+1 = wg + Spuk,
where,
—Okgr+1 + VeYk 1 lldkl
wp = —— & = By >
[k " lldia ]
By using the condition ||ug+1| = ||uk]| = 1, we have ||w|| = ||uk+1 — Exur|l = |€pur+1 — ugl|. Since & > 0,

it follows that
lurr1 — wrll < Q1+ &)urrr — (1 + &)urll < lursr — Epunll + [1€ptntr — url = 2]|wr-
From Eq. (16), we have

_ df grt1
iy

T
Sk 9k+1
T
S Yk

ol g || <1+ 2 [lgrsall (32)

< ﬁ» lyell < llgrsall +

By the definition of wy,, v and Eq. (32), we get

T
1 |SEp9gr+1

|| || || — gk+1 + 'Yk:yk” < ||gk+1|| +3 sTye | Hka
Wl = =
k41l k1]
o L] gkl
< |1+7—=1+— .
{ 2(1—0)( T )] k-1l
If ||gk+1]|| > 7, from Lemma 2.1 and Lemma 3.2, we have
© 2 2 2 2 4 < (T 4 2
ZC T ||9k+;|| < ZC Hgk+1! < Z (9k41 k+;) < 400,
= il = ldeall? T = el
therefore, Eq. (31) holds. U
Property(*) Consider a method of the form Eq. (2) and Eq. (14), and suppose
0<7<lgell <7, k>0 (33)

We call that a method has Property(*) if there exist constants b > 1 and A > 0 such that | ﬂ,;| < b and
Il <X = |8l <&.

Lemma 3.4 Suppose that Assumptions (i)-(ii) hold. Let the sequence {dj, } be generated by RSTTCG algorithm,
then RSTTCG algorithm has Property (*).

Proof From Eq. (15) and Eq. (16), we have

diyr > (0 — g di, > (1 —0)|gr|. G4

By using Assumption (i), Eqs. (32)-(34), we obtain

/ LyLgrs O Stk lyell*\ St gk
B = ‘ — 1 —_— + 1-— 29k Pk
1By 2 dlyy Dk ||sk]? ( ) STyk dFys,
1 yelllgesl ( 0 STy lol2\ llsilllgesal
SRRy () + (1= 20k)px
21— o) gu P PP R S L sl B ey PATE

Llgr+1 — grllllgr+ |l <1 LB max mL2> llsk Il gr+l
- — 4+ |1+ + 5
2 o(l—o)gkll m wo ) e(l—o)llgxll
72 LOy... L2 267
< =+ 1+ +
ce(l—o)r m L

Aoy = b. (35)
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Define
02(1 _ 0)2 4

)
_ a — s
27 [+ (1 Lase 1 L] (14 £ 4 Ll 4 mL2)

if | sk || < A, from Eq. (35) and Eq. (36), we obtain

A

(36)

' 1 Lf|sk][llgr+ LOmax | ML\ [Iskc]lllgrs1l
< o 1
Bl = 2 c(1—-o0)r2 U m + i c(l—o0)72
1 L7 1y Lbmax N mL? 7 ™
2¢(1—o0)72 m p ) e(l—o)rz] "k
1 L7 LOp. TL? T 1
- 1 A= —. g
[2 (1l —o)7r? * ( + m + L ) c(l — 0)72} 2b

We will show that if the gradient sequence is bounded away from zero, then a fraction of the steps cannot be too
small in next lemma. Let N be the set of positive integers, K* := {i € N:i > 1, ||s;|| > A}, for A > 0, namely,
the set of integers corresponding to steps greater than A. Here, we need to discuss groups of A consecutive iterates
andlet K  :={i € N: k <i <k+A—1,[s]| > A}, where | K} 5| denotes the number of elements of K 4.

Lemma 3.5 Suppose that Assumptions (i)-(ii) hold. Let the sequences {x} and {d}. } be generated by RSTTCG
algorithm. When Eq. (33) holds, there exists A > 0 such that

|K2 Al > %, for A €N,

where,

k > ko, in which kg is any index.
A
Proof Suppose on the contrary that there exists A > 0 such that ‘K ,ﬁ‘ A‘ < 5 for A € N and for any k& > k.

By Eq. (32), we have

T
Sk 9k+1

)k‘yk o
k‘yk

o Ly .
< ——(1+ —) |9 = Lol|gr+1]|-
lyrll < = U)( + = Mgrs1ll = Lallgrll
According to the definition of Eq. (14), we have

lldpsr |1

IN

’ 2 /
(Bulldil + 1 = gisr +wmnl) < 282kl + 20 = g + el
262 dull? + 22l gu-1 112 + 2myl?) < 2821kl + 4(1 + 3) g .

the above inequalities are established based on 2ab < a? + b? for any scalars a and b, so (a + b)? < 2a? + 2b. By
induction, we have

IN

ldill? < e1 (142812, + 26212825 + - + 28,2 12a82, - 28.2) (37)

forany givenindex ! > ko+1, where ¢; depends on ||d, 1], not depends on . Next, we consider 2623125232 e QB,?,
where ko < k < [ — 1. We divide the 2(I — k) factors of Eq. (37) into groups of each 2A elements, namely, if
A := (I —k)/A, then Eq. (37) can be divided into A or A + 1 groups

(267 2aB2), -+, (28,7 - 26,3, (38)
and a possible group
(28,241--282), (39)
where,
li=1—-1—-(i—1)Afori=1,2,--- A+ 1,and k; = l;41 + 1 fori =1,2,--- A, Ttis clear that k; > kg
fori =1,2,---, A, from assumption condition, we get ¢; := ‘K ,;\1 A‘ < %. Thus, there are ¢; indices j such that

lsj]| > X and (A — g;) indices j such that ||s;|| < Aon [k;, k; + A —1].

From Eq. (35), we have b > ﬁ > 1,ie, 20> > 1. In conjunction with 2¢; — A < 0, we have
26,2 2aB,2 < 28620 (£)2(A~a) = (2b?)24: A < 1. So every item in Eq. (38) is less than or equal to 1, and so
is their product. In Eq. (39), we have 2,82[%“ e 25;2 < (2b%)2. Then, we get

ldu]|* < e2(l — ko + 2),
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where,

¢z > 0 and independent of {. Furthermore,

condition Eq. (21) and Eq. (33), we have

2 T IIdk\2 =<

k>0

k>0

It leads to a contradiction. The proof is completed.
Theorem 3.2 Suppose that Assumptions (i)-(ii) hold. Let the sequence {x}, } be generated by RSTTCG algorithm,

then Eq. (30) holds.
Proof Suppose on the contrary that we can get a contradiction similarly to Theorem 4.3 in the study [19].

4 Numerical Results

Z Hgk||4
i[> ~

O

O

In this section, the numerical performance of RSTTCG algorithm will be listed. All experiments were done on
a PC with CPU 2.40 GHz and 2.00 GB RAM using Matlab R2015b.

Table 1. List of the test functions, dimensions, and initial points

P. Functions Dim. P. Functions Dim.
1 Freudenstein and Roth 2 41 Chebyquad 1000
2 Powell badly scaled 2 42 Chebyquad 5000
3 Brown badly scaled 2 43 Chebyquad 10000
4 Beale 2 44 Chebyquad 50000
5 Helical valley 3 45 Broyden banded 1000
6 Wood 4 46 Broyden banded 5000
7 Biggs EXP6 6 47 Broyden banded 10000
8 Extended Rosenbrock 1000 48 Broyden banded 50000
9 Extended Rosenbrock 5000 49 Generalized Rosebrock 1000
10 Extended Rosenbrock 10000 50 Generalized Rosebrock 5000
11 Extended Rosenbrock 50000 51 Generalized Rosebrock 10000
12 Extended Powell singular 1000 52  Generalized Rosebrock 50000
13 Extended Powell singular 5000 53 Boundary value 1000
14 Extended Powell singular 10000 54 Boundary value 5000
15 Extended Powell singular 50000 55 Boundary value 10000
16 Penalty function I 1000 56 Boundary value 50000
17 Penalty function I 5000 57 Integral equation 1000
18 Penalty function I 10000 58 Integral equation 5000
19 Penalty function II 1000 59 Integral equation 10000
20 Penalty function II 5000 60 Integral equation 50000
21 Penalty function II 10000 61 Broyden tridiagonal 1000
22 Gaussian 3 62 Broyden tridiagonal 5000
23 Gaussian 3 63 Broyden tridiagonal 10000
24 Box 3 64 Broyden tridiagonal 50000
25 Box 3 65 Separable cubic 1000
26 Variable dimension 1000 66 Separable cubic 5000
27 Variable dimension 5000 67 Separable cubic 10000
28 Variable dimension 10000 68 Separable cubic 50000
29 Variable dimension 50000 69 Nearly separable 1000
30 Watson 1000 70 Nearly separable 5000
31 Watson 5000 71 Nearly separable 10000
32 Watson 10000 72 Nearly separable 50000
33 Watson 50000 73 Yang tridiagonal 1000
34 Brown and Dennis 4 74 Yang tridiagonal 5000
35 Brown and Dennis 4 75 Yang tridiagonal 10000
36 Trigonometric 500 76 Allgower 1000
37 Trigonometric 1000 77 Allgower 5000
38 Trigonometric 5000 78 Allgower 10000
39 Trigonometric 10000 79 Schittkowski 302 5000
40 Trigonometric 50000 80 Schittkowski 302 10000
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4.1 Normal Unconstrained Optimization Problems

Two classes of test problems are selected here which are listed in Table 1. One class is drawn from the CUTEr
library [20], and the other class come from Andrei [13]. A total of twenty-eight test functions with eighty problems
from different dimensions are considered.

1
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Figure 1. The number of iterations
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Figure 2. The number of function evaluations

We compare RSTTCG algorithm against DDL method [11] which possess better numerical performance. When

1—m ||sk||2} { 1—-m sy }
—_—, and 0}, = max § ———,
2(1-m)" spyk 2(1=m)" |lyxl?

are chosen, RSTTCG Algorithm are denoted by “RSTTCG1” and “RSTTCG2”, respectively. All test methods are
terminated when satisfies condition

0, = max{

llgr]l < e or the number of iterations exceeds 1000. (40)

We set parameter as € = 107%, p = 0.1, 0 = 0.6, m = 0.05,7m = 0.45. And we set p = 0.8 and ¢ = 0.1 in
DDL algorithm.

The performance profile of four algorithms, included number of iterations, function evaluations, gradient
evaluations and CPU time, was analyzed using the profiles of Dolan and Moré [21]. In a performance profile
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plot, the horizontal axis gives the percentage (1) of the test problems for which a method is the fastest (efficiency),
while the vertical side gives the percentage (v) of the test problems that are successfully solved by each of the
methods.
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Figures 1-4 plot the performance profiles for the number of iterations, the number of function evaluations,
the number of gradient evaluations, and the CPU time, respectively. As can be observed in Figures 1-4, the
curves corresponding to RSTTCGI stays others curves representing RSTTCG2 and DDL methods. This indicates
that RSTTCG1 outperforms RSTTCG2 and DDL in all aspects. Furthermore, when 7 < 2, the performance of
RSTTCG1 is slightly better than RSTTCG2. Whereas, when 7 > 2, the performance of RSTTCG2 is slightly better
than RSTTCG1. We deem that RSTTCG1 may be more competitive than RSTTCG2.

4.2 Fresh Agricultural Products Supply Chain Optimization Problems

In this section, we use RSTTCG algorithm to study the profit-maximization pricing strategy of supply chain of
fresh agricultural products led by suppliers under centralized decision making. Consider a two-level fresh produce
supply chain in a single-cycle production-sales mode composed of a single fresh produce supplier and a single
retailer. The fresh produce supplier, as the leader of the Stackeblerg game, supplies both ordinary fresh produce
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(ofp) and green fresh produce (gfp) of the same variety to the retailer as the follower. Fresh agricultural products
supply chain (FPSC) system the overall decision-making structure is shown in Figure 5.

Supplier of ~Wholesale prces of ofp and gfp

Retailers  The retail price of ofp

fresh produce
(the leader)  Order quantity of ofp and gfp

SI2UIMSUIOD

(followet)  The retail price of gfp

Stackelberg game

Figure 5. FPSC operation flow chart

Table 2. The optimal solution corresponding to different initial points by RSTTCG1

Initial Point k o D5 ai 7 *
(I;1) 7 45.0265 43.7651 21.2879 26.4818 1.9449x103
(10;10) 6 449792 437150 21.3107 265163 1.9449x103
(30;30) 8 449970 43.7427 21.3177 264825 1.9449x10°
(50;50) 6 45.0255 43.7949 21.3427 264100 1.9449x10°
(100;100) 7 449776 437113 213079 26.5222 1.9449x103
(1000;1000) 6 44.9809 43.7130 21.3033 26.5238 1.9449x10°

Table 3. The optimal solution corresponding to different initial points by RSTTCG2

* 3k

Initial Point P ps* a5 q5" ™
(L;1) 449459 43.6127 212085 26.6981 1.9448x103
(10;10) 449491 437202 21.3907 26.4509 1.9449x103

k
7
5
(30;30) 6 45.0035 43.7488 21.3132 264796 1.9449x103
6
6
5

(50;50) 45.0234 437905 21.3400 26.4165 1.9449x103
(100;100) 45.0273 43.7657 21.2870 26.4818 1.9449x103
(1000;1000) 45.0032 437530 21.3213 26.4692 1.9449x106

Because these two kinds of fresh products are substitutable, there is competition in the demand market, based on
the demand function theory of substitute price competition, the demand function of two fresh agricultural products
is assumed as follows

- Di by . - .
G =a—b—+r—,1=127=3—1, 41
0 0
where,

q1, g2 represent the market demand of gfp and ofp, respectively, a represents the total potential market capacity
of fresh agricultural products, p;, p2 represent the retail price of gfp and ofp, respectively, b is the price sensitivity
coefficient, r is the competitive substitution coefficient of the two products, and satisfy b > r > 0, (0 < 6 < 1)
is the freshness of fresh produce when it arrives at the retailer’s store. In centralized decision-making, we regard
suppliers and retailers as subjects with identical interests, and both sides cooperate to maximize FPSC profits.

Now, under the establishment of centralized decision, the profit function of FPSC is as follows

p1 D2 C2 P2 p1
)(a—bg+rg)+(P2— 1_5)(a—b§+ry), (42)

max ¢ = (p; — a
P1,p2 ! 1-— ﬂ
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where,

B (0 < 8 < 1) represents the quantity loss of fresh produce when it reaches the retailer’s store. c1, co represents
the unit production cost of gfp and ofp, respectively. Obviously, p; > p; > 0 and ¢; > co > 0. We transform Eq.
(42) into the following optimization problem

Ca
1-5

With reference to the setting of the parameters in the relevant literature [22], we set: a = 50, b = 2, ¢; = 4,
co=2,7r=1.5,08=0.2,0 = 0.85. These values satisfy the theoretical proof in reference [22] and can guarantee
that the optimal value has practical significance. We choose different initial points and use RSTTCG algorithm to
solve the optimization problem Eq. (43), the results are shown in Table 2 and Table 3. In Table 2 and Table 3, k
represents the number of iterations.

As can be seen from Table 2 and Table 3, with certain parameters, RSTTCG algorithm can be used to solve
the optimization problem, so as to obtain the optimal pricing strategy with maximum profit in the supply chain led
by suppliers under centralized decision making. In addition, the global convergence and effectiveness of RSTTCG
algorithm are verified according to different initial values and the number of iterations.

)a— b5+ — (o -

P2 P1

min 7¢ = —(p; — a
p1,p2 ! 176

5 Conclusion

In this paper, based on the random technique and a new search direction, a class of spectral three-term spectral
three-term CG methods with random parameters are proposed. The random parameters are introduced to simplify
the derived parameter. This is achieved by minimizing distance between the symmetric matrix A1 and memoryless
BFGS matrix in Frobenius norm. Global convergence of new algorithm is proved for uniformly convex functions
and general nonlinear functions. Some classical test problems are selected for numerical experiments and compared
with other methods to verify the effectiveness of proposed algorithm. Numerical experiments show that our methods
have nice numerical performance, more relaxed and elastic.
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