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Abstract: This study presents a vibrational analysis of an elastic bar, a fundamental element in continuous systems.
The primary objective is to evaluate the vibrational response of a uniform elastic bar under various boundary
conditions, including Dirichlet, Neumann, and mixed types. Both numerical and analytical techniques—specifically
the finite element method (FEM) and the method of separation of variables—are employed to determine the
eigenfrequencies and mode shapes of the bar. The governing equation for a uniform torsional bar, along with
its natural boundary conditions, is formulated and solved using separation of variables, leading to coupled equations.
Solutions are derived for multiple end conditions, and dispersion (frequency) equations are obtained to compute the
eigenvalues. Root-finding methods are used to extract natural frequencies and corresponding eigenfunctions. The
vibrational response is visualized for different cases and compared with existing results in the literature. Findings
reveal that the natural frequencies of torsional bars are affected by additional elements such as attached masses,
springs, and dampers. This investigation enhances the understanding of elastic bar dynamics and provides useful
insights for the design and optimization of structural systems involving torsional bars.

Keywords: Elastic bar; Natural frequencies; Frequency equation; Eigen functions; Dispersive relations; Finite
element method (FEM)

1 Introduction
The vibration issues pertinent to the high-speed formations and the development at large scales, for instance,

mechanical and structural systems, aerospace, medical machines, underwater vehicles, etc., must be critically
examined and treated for the proper working of such structures and machinery. Moreover, intricate surrounding
loads and environmental impacts may also lead to arising vibration challenges. Consequently, various fields require an
all-inclusive investigation of vibrating bars, such as industrial automation and manufacturing, transport engineering,
measurement and sensor devices, ultrasonics, mechanical engineering, structural development, and so forth. In
addition, researchers are also focused on vibration amplitude controlling techniques and methods to efficaciously
cope with any odd challenges.

The profound contributions of Newton’s second law of motion, Hooke’s fundamental law of elasticity, and
Leibniz’s concepts of differential calculus are all intricately linked to the study of vibration in continuous systems. In
modern vibration literature, the equations of motion for vibrating bodies are typically derived using Newton’s second
law of motion. Vibration is one of the most interesting phenomena in the universe that plays an important role in
many real-world problems [1, 2]. It is defined as a repetitive motion around an equilibrium point. It is imperative to
understand vibratory motion for safe designs, construction, and various other operations of machines [3]. Vibration
has numerous applications in every field of life, such as sound navigation, acoustics, biomedical, automotive, and
musical fields. Dynamical imbalance of structures may cause excessive vibration which further yields multiple
types of failures in components [4]. It is worthwhile to have a theoretical study of how bars, strings, beams, plates,
membranes, and other continuous structures vibrate. Also, the vibration of a continuous system is an ideal subject for
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discussing partial differential equations and eigenvalue problems [5]. This article discusses the vibration phenomena
of elastic bars. Bars are the fundamental component of continuous systems that can deform both longitudinally
(where the bar acts like a rod) and torsionally. It is essential to use continuous elastic bars while investigating
structural vibrations. The study of elastic bars helps in evaluating the stability of structures under different loading
conditions. This is particularly important in ensuring that buildings and bridges remain safe under various stress
conditions such as earthquakes and heavy traffic loads [6, 7].

Torsional dynamics of the bar are significantly considered in the case of curved bridges. It is essential to examine
it as the angular bar vibrations highly impact the safety, functioning, and overall potential of the systems. In the case,
where structures are composed of rotating components, the torsional dynamics become crucial [8]. To avoid over
bending in pipelines and risers that are mostly used in industry, models of elastic flexible bars based on stress-strain
relationships, are used [9]. Torsional vibrations in elastic bars have many applications in vehicles like modern cars
and other military vehicles. Due to the rotational effect, it enables them to absorb road shocks and helps to detect
cracks in machinery. Some critical analyses of torsional vibrations in transportation engineering can be observed in
the studies [10, 11]. Apart from this, torsional vibrations also play a vital role in high-speed machinery and help
them to transmit power [12]. Various reports have been included in the data about the torsional vibration and its
significance with respect to practical functioning. Chen et al. [13] explicated different techniques to suppress the
torsional vibrations because it might seriously damage or affect the safety, reliability, and efficient working of hybrid
vehicles. They proposed several controllers for limiting the torsional vibrations. An analytic model for explicating
the torsional fluctuations was computed by Chen and Hu [14]. They made analytic calculations and suggested a
method to control the torsional fluctuations. Resultantly, they achieved a method, that is of extreme significance for
suppressing rotational fluctuations in electric vehicles. Tariq et al. [15] introduced machine learning and semi-exact
strategies for studying the viscoelastic nanotubes. They derived frequencies utilizing elestic conditions and evaluated
behaviors under torsional vibrations. Sharma et al. [16] made the drilling vibrations their topic of discussion and
chewed over several techniques that could be helpful in diminishing such vibrations. Otherwise, they could result in
elevated drilling costs and machine dysfunctions, and there may arise productivity issues and safety concerns. Sharma
et al. [16] reviewed all types of possible vibrations during drilling and proposed some vital controlling tools and
mitigating techniques.Ledezma-Ramírez et al. [17] reviewed multiple recent advancements and future possibilities
of shock vibrations. Some new observations about torsional vibration can be studied from the studies [18–25].

The longitudinal properties of the bar are also of extreme significance regarding several applications, for instance,
designing engineering systems, uses of ultrasonic waves for the detection of internal flaws, mechanical systems,
acoustics, material science, and many others. The precise anticipation of these vibrations improves the understanding
of consequences eventuated by behavioral shifts, which assists in forecasting the influences of various loading
conditions on the response of structures and materials. The foundational work in the field of vibrations is on the
credit of Newton and Galileo. However, the noteworthy development in this regard took place because of the general
elasticity theory, propounded by Claude-Louis Navier. It opened the possibility of inspecting elastic bodies in order
to analyze vibrations. The mathematical setting formulated by Navier enabled the description of elastic solids’
movement, which holds a significant contribution in comprehending longitudinal vibrations. To date, researchers
have focused on multiple aspects of longitudinal vibrations and made important reports. Coulomb studied the torsion
balance while investigating the torsion of circular cylinders, and after integrating it, he found that the oscillation
period is independent of the angle of twist. The groundbreaking work of Poisson’s on wave propagation and elasticity
is considered one of the foundational works. It provided a necessary ground for further advancements of the research
domain. Love [26] utilized Poisson idea of longitudinal vibration of the rod by including inertial effects and also
incorporating warping effects in torsional dynamics. The studies [27, 28] have made detailed studies about the
vibrations of bars. An exclusive analysis of free vibrations was carried out by Ke et al. [29]. They conducted
exhaustive work explaining several key parameters, for example, aspect ratio, size effect parameter, and length-to-
thickness ratio. Akgöz and Civalek [30] employed Hamilton’s theory to derive an equation of motion for scrutinizing
several mechanisms influencing the vibrational response of a micro-scale bar. Dimosthenis [31] assessed multiple
factors, including BCs, attachments, the bar’s length and the parameter indicating internal length, and modes, for
observing vibrational changes. A few more discussions on this subject are recorded in the researches [32–39].

According to the references discussed so far, numerous authors have worked on approaches similar to this one,
but some gaps remain, such as their failure to address the effects of mass, springs, and dampers on the ends of the
bar. The underlying study describes how to analyze the behavior of an elastic bar subject to classical boundary
conditions using the separation of variables method and the finite element method (FEM). A modal analysis of
the bar with attached masses, springs, and dampers at one or both ends is included in the study. Moreover, non-
classical boundary conditions—as opposed to the well-researched classical boundary conditions—are considered in
the suggested models. It is important to note that the underlying research is novel in that it looks for more accurate and
efficient ways to solve the underlying problem, as well as using non-classical boundary conditions. Without taking
into account any external forces, it is demonstrated that the FEM converges efficiently to the exact solution. The
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study also shows that natural frequencies rise in the presence of masses, springs, dampers, and foundation constants.
While previous studies have focused on numerical solutions for the impacts of dampers, masses, and springs on a
bar’s mode shapes, this work stands out for taking into account the effects of multiple foundations as well as torsional
bars, each of which has non-classical limitations. It differs from earlier efforts in that it takes a complete approach.
Establishing a productive interaction between several components is the main goal. Notably, the natural frequency
of the bars is significantly influenced by the type of foundation that is chosen—mass, springs, or dampers—with
the relative stiffness of the foundation and the bar acting as a key factor in this decision. The unique focus of this
study on these features advances our knowledge of structural behavior under various settings and makes a significant
contribution to the discipline. Consequently, the research provides a significant understanding of bar behavior under
different foundation conditions, paving the way for further studies on higher bar theories and improved models, and
investigating the impact of different boundary conditions and foundations. These results advance our knowledge of
bar analysis and its uses in structural optimization and design. The novelty of this analysis is highlighted by listing
below the key points of this investigation:

• The acquisition of exact expressions is aimed at exercising the separation of variables method.
• The comparison evaluations are conducted by solving the system by dint of the FEM.
• The response of the bar based on several types of attached materials is noted.
• The behavioral shifts are reported for one end attachment as well as both end attachments.
• The solutions subject to non-classical constraints are equated with those secured via classical conditions.
• Natural frequencies are elucidated by computing the eigenfunctions.
This is how the rest of the article is structured. Section 2 presents the governing problem. A working method

for determining eigenvalues, eigenmodes, and eigenfrequencies is provided in Section 3. Section 4 presents and
discusses the findings, while Section 5 offers the conclusion.

2 Statement of Problem
Consider the torsional vibrations of a bar with length l consisting of each cross section along the longitudinal

axis passing through the centroid of the cross section as shown in Figure 1.

Figure 1. Configuration of elastic bar

The equation of motion for a uniform torsional bar in the absence of external torsional moments is given by

kϕGx
∂2ϕ

∂x2
= ρPI

∂2ϕ

∂t2
(1)

where, ϕ(x, t) represents the displacement of transverse vibrations of bar from the equilibrium position, and
kϕ, Gx, ρ, PI are torsion stiffness coefficient, shear modulus for the material, mass per unit volume, and polar area
moment of inertia of cross section, respectively. In this article, we will discuss the vibrations of the torsional bar
under different sets of boundary conditions given as follows:

Fixed ends:

ϕ(0, t) = ϕ(L, t) = 0 (2)
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Fixed-free ends:

ϕ(0, t) = ϕ′(L, t) = 0 (3)

Free ends:

ϕ′(0, t) = ϕ′(L, t) = 0 (4)

Vibrations of bar with left end fixed and attached mass at right end:

ϕ(0, t) = 0

kϕGx
∂ϕ(L, t)

∂x
= −M ∂2ϕ(L, t)

∂t2

(5)

Vibrations of bar with right end fixed and attached mass at left end:

kϕGx
∂ϕ(0, t)

∂x
=M

∂2ϕ(0, t)

∂t2

ϕ(L, t) = 0

(6)

Vibrations of bar with left end free and attached mass at right end:

∂ϕ(0, t)

∂x
= 0

kϕGx
∂ϕ(L, t)

∂x
= −M ∂2ϕ(L, t)

∂t2

(7)

Vibrations of bar with right end free and attached mass at left end:

kϕGx
∂ϕ(0, t)

∂x
=M

∂2ϕ(0, t)

∂t2

∂ϕ(L, t)

∂x
= 0

(8)

Vibrations of bar with attached mass at both ends:

kϕGx
∂ϕ(0, t)

∂x
=M1

∂2ϕ(0, t)

∂t2

kϕGx
∂ϕ(L, t)

∂x
= −M2

∂2ϕ(L, t)

∂t2

(9)

Vibrations of bar with left end fixed and attached mass and springs at right end:

ϕ(0, t) = 0

kϕGx
∂ϕ(L, t)

∂x
= −M ∂2ϕ(L, t)

∂t2
− ktϕ(L, t)

(10)

Vibrations of bar with left end free and attached mass and springs at right end:

∂ϕ(0, t)

∂x
= 0

kϕGx
∂ϕ(L, t)

∂x
= −M ∂2ϕ(L, t)

∂t2
− ktϕ(L, t)

(11)

Vibrations of bar with attached mass and springs at both ends:

kϕGx
∂ϕ(0, t)

∂x
=M1

∂2ϕ(0, t)

∂t2
+ k1tϕ(0, t)

kϕGx
∂ϕ(L, t)

∂x
= −M2

∂2ϕ(L, t)

∂t2
− k2tϕ(L, t)

(12)

Vibrations of bar with attached mass, springs, and dampers at both ends:

kϕGx
∂ϕ(0, t)

∂x
=M1

∂2ϕ(0, t)

∂t2
+ d1

∂ϕ(0, t)

∂t
+ k1tϕ(0, t)

kϕGx
∂ϕ(L, t)

∂x
= −M2

∂2ϕ(L, t)

∂t2
− d2

∂ϕ(L, t)

∂t
− k2tϕ(L, t)

(13)
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Here, L is the length of an elastic bar. Also, it is important to mention here that Eqs. (2)-(4) represent classical
boundary conditions of a bar subject to fixed, fixed-free, and free ends. Eqs. (5)-(8) represent boundary conditions
of the torsional bar, whose one end is fixed or free, and mass M is attached at the other end, and Eq. (9) represents
vibrations of the bar with attached masses on both ends. Similarly, Eq. (10) and Eq. (11) represent the vibration
of a torsional bar with one end fixed or free with both mass and spring are attached at the other end, and Eq.
(12) represents the vibration of a torsional bar with both mass and spring attached at both ends. Now, Eq. (13)
represents boundary conditions of the bar having certain masses M1 and M2, supported by linear springs having
stiffness coefficients k1t and k2t along with linear damping d1 and d2, respectively. The method for calculating
eigenfrequencies and eigen modes is explained analytically and numerically in the next section.

3 Determination of Eigen Modes and Natural Frequencies
Torsional vibrations have a wide range of importance in industrial-scale because many machines used in industry

are rotational in nature. These vibrations are more complex as they are harder to detect. So, it is most important to
determine the natural frequencies of a system because the amplitude of vibration rises significantly when the speed
of the system gets closer to its natural frequency.

The foremost important task in any vibrating system is to determine its natural frequencies and mode shapes.
Natural frequencies allow the system to vibrate when it is subject to certain disturbances. The deformed shape of
any structure at specific natural frequencies is known as the mode shape. The determination of natural frequencies
and mode shapes depends on the choice of boundary conditions and structural properties. In this section, we are
going to analyse mode shapes and natural frequencies of uniform bar subjects under different end conditions.

3.1 Analytic Solution
If a body is given torque, and when this torque is released, it performs vibration, which is known as torsional

vibration. Free vibrations occur due to some initial disturbance that causes the system to oscillate under the action
of forces acting on a system, and when the externally applied forces are absent. Here, we will discuss the problem in
the absence of external moments or free vibrations of the bar. The technique that we intend to use in order to solve
the problem is the separation of a variable [40].

With the help of the method of separation of variables, Eq. (1) can be solved by letting:

ϕ(x, t) = S(x)R(t) (14)

The following expressions can be conveniently acquired from Eq. (14):

∂2ϕ(x, t)

∂x2
= R(t)S′′(x) and

∂2ϕ(x, t)

∂t2
= R′′(t)

Putting the above expressions in Eq. (1) yields:

(kϕGx)S
′′(x)R(t) = (ρPI)S(x)R

′′(t) (15)

On combining the terms with the same independent variables, Eq. (15) takes the following shape:

S′′(x)

S(x)
= E2R

′′(t)

R(t)
= −β2 (16)

Here, E2 = ρPI

kϕGx
and β is some arbitrary constant. ρ and PI are mass per unit volume and polar area moment

of inertia of the cross section, and their product defines mass distribution, which occurs in dynamical torsional
systems. kϕ describes the material stiffness, and Gϕ indicates the torsional resistance. Their product characterizes
the torsional restoring force, which will be dominant for a high product value.

Eq. (16) can be converted into the form of two ODEs as:

S′′(x) + β2S(x) = 0 (17)

R′′(t) + γ2R(t) = 0 (18)

where,

γ2 =
kϕGxβ

2

ρPI
(19)

The corresponding solutions of the spatial variable and time-dependent Eq. (17) and Eq. (18) are given as:
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S(x) = A cos(βx) +B sin(βx) (20)

R(t) = C cos(γt) +D sin(γt) (21)

Here, the coefficients A and B are obtained through boundary conditions. Eq. (20) is known as the fundamental
equation for the torsional bar, as it contains the information of natural frequencies and mode shapes. The coefficients
C andD are obtained through initial conditions. It involves harmonic motion at the corresponding natural frequency,
which is

γm =

√
kϕGx
ρPI

βm,m = 0, 1, 2, 3, ... (22)

where, γm is known as the eigenfrequency or natural frequency of a bar. The complete vibrational response is given
by:

ϕn(x, t) =

∞∑
n=0

[
Cn cos(γt) +Dn sin(γt)

]
Sn(x) (23)

The unknown coefficientsCn andDn are obtained through initial conditions, and coefficients of spatial variables
are determined through boundary conditions. Now, we will use the different boundary conditions mentioned before
to find solutions.

Eigenvalues and eigenfunctions of fixed-fixed bars:
Using Eq. (2) in Eq. (20) with the help of Eq. (14) yields the corresponding frequency equation or characteristic

equation of a system and eigenvalues of a fixed-fixed bar [41]:

B sinβ(L) = 0, βm =
mπ

L
,m = 0, 1, 2, 3, . . . (24)

Using Eq. (24) in Eq. (22) yields eigenfrequencies of the form:

γm =
mπ

L

√
kϕGx
ρPI

(25)

and the corresponding eigenfunction is of the form:

Sm(x) = Bm sinβmx (26)

Eigenvalues and eigenfunctions of fixed-free bar:
Now, using the boundary condition given in Eq. (3) yields the characteristic equation or frequency equation with

an eigenfrequency of the form:

cosβ(L) = 0 (27)

βm =

(
m− 1

2

)
π

L
,m = 1, 2, 3, ... (28)

and eigenfunction for the fixed-free bar is:

Sm(x) = Bm sinβmx,m = 1, 2, 3, ... (29)

Eigenvalues and eigenfunctions of free bar:
Now, the corresponding characteristic equation and eigenfunctions for the free ends of the torsional bar is given

as:

sinβ(L) = 0 (30)
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Sm(x) = Am cosβmx,m = 0, 1, 2, 3, ... (31)

The corresponding eigenfunctions and frequency equations for the fixed torsional bar having attached masses at
either end are given as:

Attached mass at right end:
Eigenfunctions and frequency equations for boundary conditions given in Eq. (5) are referred to as:

S(x) = B sin(βx) (32)

tanα− λ

α
= 0 (33)

where,
α = βL, λ =

ρPIL

M

Attached mass at left end:
Eigenfunctions and frequency equations for boundary conditions given in Eq. (6) are referred to as:

Sn(x) = B[−τn cos(βnx) + sin(βnx)] (34)

and the frequency equation is the same as given in Eq. (33), where, the characteristic parameter τn is defined as:

τn = tanαn

Eigen functions and frequency equations for the free torsional bar having attached masses at either end are given
as:

Attached mass at right end:
Eigen functions and frequency equations for boundary conditions given in Eq. (7) are referred to as:

S(x) = A cos(βx) (35)

tanα+
α

λ
= 0 (36)

Attached mass at left end:
Eigenfunctions and frequency equations for boundary conditions given in Eq. (8) are referred to as:

Sn(x) = A[cos(βx) + τnα sin(βx)] (37)

and frequency equation is as given in Eq. (36).
Torsional bar with attached mass at both ends:
Eigen functions and frequency equations for boundary conditions given in Eq. (9) are referred to as:

Sn(x) = An[cos(βnx)− τn sin(βnx)] (38)

and the dispersive relation of a torsional bar having masses is attached at both ends, is of the form:

tanα =

[
αλ1 + αλ2
α2 − λ1λ2

]
(39)

where,
λ1 =

ρP1L

M1
, λ2 =

ρP1L

M2

Since there exists an eigenfunction corresponding to each eigenvalue. So, eigenvalues are obtained through the
root-finding process.

Now, Eq. (10) and Eq. (11) represent boundary conditions for a torsional bar having one end fixed or free, and a
certain mass M and stiffness of spring kt are attached at its other end at x = L, respectively. The zero displacement
at the first end and a certain mass M and spring are attached to the other end of a bar because of which, the rigidity
occurs, and the slope of a bar, inertial forces, and displacement are said to be equal. So, corresponding eigenfunctions
and dispersive relations are given as:

Vibrations of fixed torsional bar at left end:
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S(x) = B sin(βx)

α cotα =
α2

λ
− kt
k0

(40)

Vibrations of free torsional bar at left end:
S(x) = A cos(βx)

α tanα =
kt
k0

− α2

λ

(41)

Since eigenvalues are not determined explicitly, we use root-finding techniques to evaluate them.
Now Eq. (12) represents boundary conditions of the torsional bar with certain masses and linear springs attached

at both of its ends. We consider transverse displacement ϕ(x, t) and acceleration ∂2ϕ(x,t)
∂t2 to be positive. The inertial

force M1ϕtt(0, t) and spring force k1t(0, t) act upward. At x = 0, the positive slope of the bar is equal to positive
spring forces and inertia. While at x = L, the inertial force M2ϕtt(L, t) and spring force k2t(L, t) acts downward.
Also, at x = L, the positive slope of the bar is equal to the negative of the forces of spring and inertia. Now, the
corresponding characteristic eigenfunction and dispersive relation of a bar in this case is given as:

Sn(x) = Bn

(
τn cos(βnx) + sin(βnx)

)
(42)

α3

λ1
− α2

λ1
tanα

(
α2

λ2
− k2t
k0

)
− α

k2t
k0

+
k1t
k0

tanα

(
α2

λ2
− k2t
k0

)
+ α2 tanα+ α

(
α2

λ2
− k2t
k0

)
= 0

(43)

and the characteristic parameter is given as:

τn =

[
αn cosαn − sinαn

(
α2

n

λ2
− k2t

k0

)]
[
cosαn

(
α2

n

λ2
− k2t

k0

)
+ αn sinαn

]
Now, we aim to determine torsional vibrations of a bar having certain masses M1 and M2, supported by linear

springs having stiffness coefficients k1t and k2t along with linear damping d1 and d2, respectively and corresponding
boundary conditions are given in Eq. (13). Since viscous damping is involved in our model, assume the solution is
of the form:

ϕ(x, t) = S(x)eξt (44)

Here, ξ is an eigenvalue, which is complex in general. Now, using Eq. (44) in Eq. (1), and after certain
simplifications, we get:

S(x) = A cos(ωx) +B sin(ωx) (45)

Here, ξn is the complex eigenvalue, so corresponding to this complex eigenvalue, we have complex eigen
frequency ωn of the form:

ωn = ι

√
kϕGx
ρPI

ξn (46)

Also, the corresponding frequency equation of the torsional bar having masses, springs, and dampers attached at
each end, is of the form:

ψ2

λ1λ2
tanψ +

d2ψ

µλ1
ι tanψ +

k2t
k0λ1

tanψ − ψ

λ1

− d1ψ

µλ2
ι tanψ +

d1d2
µ2

tanψ − k2td1
k0ψµ

ι tanψ − d1
µ
ι

− k1t
k0λ2

tanψ − k1td2
k0ψµ

ι tanψ − k21t
k20ψ

2
tanψ − k1t

k0ψ

+ tanψ − ψ

λ2
− d2

µ
ι+

k2t
k0ψ

= 0

(47)
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Also, we have an eigenfunction of the form:

S(x) = B

[ ψ
λ2

sinψ + d2ι
µ sinψ + k2t

k0ψ
sinψ + cosψ

sinψ − ψ
λ2

cosψ − d2ι
µ cosψ − k2t

k0ψ
cosψ

cos(βx) + sin(βx)

]
(48)

The complex characteristic parameter is defined as:

ηn =

ψ
λ2

sinψ + d2ι
µ sinψ + k2t

k0ψ
sinψ + cosψ

sinψ − ψ
λ2

cosψ − d2ι
µ cosψ − k2t

k0ψ
cosψ

Now, in the next section, we will analyse numerical solutions of transcendental equations, also the graphical and
tabular representation of mode shapes will be discussed.

4 Results and Discussion
The main goal of this section is to illustrate the modal analysis of torsional bars that are elastically limited by

connected mass, linear springs, and viscous dampers. The cross-sectional dimensions of the bars under examination
are consistent. This section’s main goal is to demonstrate how these torsional bars behave modally and how they
react to outside forces under different foundation conditions. Eq. (1), which represents torsional dynamics, was
utilized for this purpose. For distinct model analyses, a variety of parameters were employed, and each behavior is
listed below.

4.1 Graphical and Tabular Representation
Here, Table 1 and Table 2 given below present corresponding eigenvalues and natural frequencies of a bar subject

to fixed and fixed-free ends with L = 1, Kϕ = 0.1, Gx = 0.2, ρ = 1, and PI = 0.9, respectively.

Table 1. Eigenvalues and natural frequencies of fixed bar

m βm = mπ
L

γm

1 π 0.46808
2 2π 0.936
3 3π 1.4043
4 4π 1.87239
5 5π 2.3404
6 6π 2.808
7 7π 3.2766
8 8π 3.7447
9 9π 4.2128
10 10π 4.6809

Table 2. Eigenvalues and natural frequencies of fixed-free bar

m βm = (2m−1)π
2L

γm

1 π
2 0.2342

2 3π
2 0.7025

3 5π
2 1.1708

4 7π
2 1.6391

5 9π
2 2.1074

6 11π
2 2.5757

7 13π
2 3.044

8 15π
2 3.5124

9 17π
2 3.9807

10 19π
2 4.4490

Now, Table 1 and Table 2 represent the first few eigenvalues and natural frequencies of fixed-fixed and fixed-
free bars, also Table 3 shows that the eigenvalues and natural frequencies of free-free bars are similar to those of
fixed-fixed bars. Now, the below graphs represent the mode shapes of the fixed, fixed-free, and free ends of a bar.
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We obtained an explicitly defined eigenvalue, and corresponding to each eigenvalue, we get an eigenfunction and
mode shapes. Here, the graphical behavior of the first four mode shapes of the torsional bar subject to different ends
is given in Figure 2. The angular frequency is γm and amplitude becomes symmetric for odd modes (m = 1, 3, 5, ...)
and anti-symmetric for even modes (m = 2, 4, 6, ...). Also, the free-free torsional bar represents vertical shifting in
the plot. The distance between two successive crests of a wave is known as the wavelength. By increasing the number
of modes, the wavelength of the wave decreases, and by relation f ∝ 1

λ , the frequency increases. The amplitude of
the wave is defined as the corresponding distance from crest to crest or trough, and from these mode shapes, it is clear
that amplitude and frequency are directly related to each other. Thus, in these graphs, the frequency is increasing.
Consequently, the amplitude of a wave is also increasing.

Now, we will apply the root-finding technique to determine the dimensionless eigenvalue α for boundary
conditions given in Eqs. (5)-(11).

Table 3. Eigenvalues and natural frequencies of free bar

m βm = mπ
L

γm

1 π 0.46808
2 2π 0.936
3 3π 1.4043
4 4π 1.87239
5 5π 2.3404
6 6π 2.808
7 7π 3.2766
8 8π 3.7447
9 9π 4.2128
10 10π 4.6809
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Figure 2. First four mode shapes of a bar

Here in Figure 3, red dots represent the zeros of the frequency equation, which are the desired eigenvalues. Due
to the development of the dispersive relation, we are unable to determine eigenvalues explicitly. For this purpose,
we will find these eigenvalues numerically. Now, eigenvalues and natural frequencies of the bar with kϕ = 0.1,
Gx = 0.2, r = 1, PI = 0.9, and L = 1 are presented here in the form of figures of dispersive relations. Whereas,
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eigenvalues, eigenfrequencies, and characteristic parameters are computed in Tables 4–6.
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Figure 3. Dispersive relation of a bar

Table 4. Eigenvalues and natural frequencies of fixed bar with mass attached at either end

m αm γm

1 1.35 0.20
2 4.11 0.6126
3 6.99 1.04186
4 9.97 1.4850
5 12.998 1.9368
6 16.0654 2.3937
7 19.1531 2.8538
8 22.2545 3.3159
9 25.365 3.779
10 28.482 4.2438

Table 5. Eigenvalues and natural frequencies of free torsional bar having attached mass at either end

m αm γm

1 0 0
2 2.88509 0.43008
3 5.79809 0.8643
4 8.75267 1.3047
5 11.74281 21.751
6 14.7771 2.2028
7 17.8315 2.658
8 20.9047 3.116
9 23.9918 3.576
10 27.0893 4.0328
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Table 6. Eigenvalues and natural frequencies of free torsional bar having attached mass at both ends

m αm γm τm

1 0 0 0
2 2.16879 0.3233 0.361465
3 4.63008 0.69021 0.77168
4 7.354 1.09638 1.2258
5 10.2398 1.5265 1.77063
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Figure 4. Dispersive relation of a bar

Table 7. Eigenvalues and natural frequencies of fixed torsional bar having attached mass and spring

m αm γm

1 1.9112 0.2849
2 4.31395 0.643080
3 7.07032 1.0539
4 10.0012 1.4908
5 13.0163 1.9403

Table 8. Eigenvalues and natural frequencies of free torsional bar having attached mass and spring

m αm γm

1 0.904234 0.134795
2 3.05386 0.45524
3 5.66148 0.84396
4 8.52125 1.27027
5 11.5015 1.71454
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Table 9. Eigenvalues, natural frequencies and characteristics parameter of torsional bar having attached rigid
masses and springs at both ends

m αm γm

1 0 0
2 0.968 0.14431
3 1.5708 0.2342
4 2.46569 0.36756
5 4.67063 0.69625

Here, Tables 4–6 represent eigenvalues and natural frequencies of a bar at different ends that were calculated
on the first five modes. If we compare all these values at different ends, all these values are almost equal. Also, in
case one end of the bar is fixed or free, and the other end is attached with mass and springs, dispersive relations
are generated and already presented in tables. In Figure 4, red dots represent roots of the frequency equation by
considering parametric values kt = 9, kϕ = 7, λ = 6, and L = 5, respectively. Also, the corresponding eigenvalues
and natural frequencies for these figures are presented here in Tables 7–9, respectively.

As we already discussed, for the linear algebraic system of equations obtained due to attached masses and
springs, we obtained a highly transcendental frequency equation. We will apply numerical techniques to obtain non-
dimensionalized eigenvalues by using the well-known software Mathematica, and corresponding to each eigenvalue,
we have a mode shape. A few of these mode shapes are plotted against different parameters. Tables 7–9 represent
values of different parameters, by carefully considering eigenvalues and natural frequencies of a bar representing
different values at different ends. Now, the upcoming figures represent the first four mode shapes of a torsional bar
having certain attached masses and springs. Figures 5–7 represent the first four mode shapes of a bar at different
ends. These graphs are plotted against displacement x and vibrational displacement S(x). By closely observing
these graphs, the first four mode shapes of a free bar with mass attached at the left end, and a rigid mass at both ends,
show approximately the same behavior.
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Figure 5. First four mode shapes of a fixed torsional bar with rigid masses
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Figure 6. First four mode shapes of a free torsional bar with rigid masses
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Figure 7. First four mode shapes of a torsional bar having rigid mass M at both ends

(a)

Mode1

Mode2

Mode3

Mode4

0.0 0.2 0.4 0.6 0.8 1.0

-1.0

-0.5

0.0

0.5

1.0

x

V
ib
ra
tio
na
lD
isp
la
ce
m
en
tS

(x)

(a) Fixed end

(b)

Mode1

Mode2

Mode3

Mode4

0.0 0.2 0.4 0.6 0.8 1.0

-1.0

-0.5

0.0

0.5

1.0

x

V
ib
ra
tio
na
lD
isp
la
ce
m
en
tS

(x)

(b) free end

Figure 8. First four mode shapes of a torsional bar with rigid masses and springs
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Figure 9. First four mode shapes of a torsional bar having attached mass M and spring

Figure 8 and Figure 9 represent symmetric and non-symmetric behaviour of mode shapes. Wavelength is the
distance between two consecutive crests of a wave. So, from the above graphs, it is witnessed that by increasing the

78



number of modes, the wavelength decreases, and by relation f ∝ 1
λ , corresponding frequencies increase. Also, the

amplitude of the wave is defined as the distance from the rest position to the crest or trough, and the amplitude of the
wave increases with an increase in frequency and vice versa.

From the boundary conditions given in Eq. (13), it is observed that when dampers are connected along with
mass and spring, complexity occurs in the bar, which produces an infinite number of complex eigenvalues and
eigenfunctions. Some of them are presented below in tabular form and also, the graphical behavior of the dispersive
relation of bar and complex roots is presented below. These complex roots are basically our eigenvalues.

Figure 10 represents the dispersive relation of a bar with attached mass, springs, and dampers. Due to dampers,
the complexity arises. and both complex and real roots get generated. Here, red dotted lines represent complex roots,
and green dotted lines correspond to real roots. The eigenvalues and the characteristics parameter of the torsional
bar having attached rigid masses, springs, and dampers at both ends are listed in Table 10.

Now, complex roots are generated due to viscous damping on the bar. Corresponding to these complex roots,
which are our eigenvalues, complex eigenfunctions are also generated. The graphical behavior of the first four mode
shapes of the torsional bar is presented here in the figures below, respectively. Here, every point on a real line
represents a real number, similarly, every point on a complex plane represents a complex number. In Figure 11,
graphs are plotted against displacement x and vibrational displacement ω(x). The blue line shows the real part and
the yellow line represents the imaginary part of each mode shape. We observed that the complex root gets generated
due to the attached viscous dampers at the end of the bar. Each real number can be represented by a point in the real
line, and each point in the real line is a real number. Likewise, each complex number can be represented by a point
in the complex plane, and each point in the complex plane is a complex number.

A complex plane has two perpendicular axes, the real and the imaginary one. Here, we observed that both real
and imaginary parts represent symmetric and antisymmetric behavior. In the above Figure 11, the first and third
modes are symmetric while the second and fourth modes are antisymmetric. We noticed that in the case of a real
wave, there is a decrease in the wavelength, and inversely related frequency increases, and so does the amplitude.
An opposing behavior occurred for the imaginary wave as we move with distance, the wavelength increases, such
that frequency and amplitude get diminished.

Figure 10. Dispersive relation of a torsional bar with mass, springs, and dampers on both ends

Table 10. Eigenvalues and characteristics parameter of torsional bar having attached rigid masses, springs, and
dampers at both ends

m ψ η

1 2.3× 10−17 + 1.21ι 4.55× 10−15

2 3 + 0.7ι 0.68 + 0.07ι
3 6.3 + 0.5ι 0.42− 0.22ι
4 9.5 + 0.4ι 0.255− 0.23788ι
5 12.7 + 0.36ι 0.16− 0.22ι
6 15.9 + 0.30ι 0.09− 0.19ι
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Figure 11. First four mode shapes of a free torsional bar with rigid masses, springs, and dampers

5 Conclusion
We examined how the various models’ eigenfrequencies and characteristic equations were affected by their

geometrical and physical characteristics. Because it is impossible to find explicitly generated eigenvalues, the FEM
method was used to calculate the fixed and free ends’ eigenfrequencies, which were found to be similar. Dispersive
relations are also generated when masses and springs are attached to either or both ends of the bar.

An exact and direct modeling method is suggested in this article. For an elastic torsional bar with varying
foundations, including masses, linear springs, and viscous dampers, one can easily determine its natural frequencies
and mode shapes by using the FEM as presented in this paper.

It was discovered that, for the first four eigenmodes and eigenfrequencies, the results demonstrated remarkable
agreement with the finite element results. This implies that for similar issues, the finite element scheme is a great
method for generating precise eigenmodes and mode shapes.

When dampers are attached along with mass and springs at both ends of the elastic bar, complexity arises due to
viscous damping that produces both real and complex roots, resulting in complex eigenvalues that were impossible
to determine numerically. For this reason, Mathematica was used to analyze the graphical behavior of mode shapes
subject to various considerations. Nevertheless, viscous damping had a greater influence on the eigenfrequencies
than attached masses and springs.

Future Direction: A possible direction for future work is to consider the aerodynamic damping, which basically
involves the non-linearity in governing equations that can be handled through numerical techniques like FEM.
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