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Abstract: The free vibration characteristics of functionally graded porous (FGP) beams were investigated through
the application of hyperbolic shear deformation theory (HSDT). The material properties were described using a
modified rule of mixtures, incorporating the porosity volume fraction to account for various porosity distribution
types, enabling the continuous variation of properties across the beam thickness. The kinematic relations for FGP
beams were formulated within the framework of HSDT, and the governing equations of motion were derived using
Hamilton’s principle. Analytical solutions for free vibration under simply supported boundary conditions were
obtained using Navier’s method. Validation was conducted through comparisons with existing data, demonstrating
the accuracy and reliability of the proposed approach. The effects of porosity distribution patterns, power-law
indices, span-to-depth ratios, and vibrational mode numbers on the natural frequency values of FGP beams were
comprehensively examined. The findings provide critical insights into the influence of porosity and geometric
parameters on the dynamic behavior of functionally graded (FG) beams, offering a robust theoretical foundation for
their design and optimization in advanced engineering applications.
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1 Introduction

FG materials (FGMs) have drawn a lot of attention lately because of their special qualities and possible uses
in a variety of engineering fields, such as mechanical, civil, and aerospace engineering. FG beams combine the
advantageous qualities of several materials to provide better performance, which makes them particularly suitable
for use in load-bearing structures exposed to dynamic loading conditions [1–3].

Porosity may occur due to defects or thermal differences. In other situations, the porosity of FGM is the desired
result of its unique abilities [4, 5]. Imitating nature to possess abilities, FGP materials possess distinct advantages,
enabling their usage in various engineering applications. The unique mechanical properties of porous FGMs,
which are derived from gradation in material composition and porosity, allow them to exhibit superior strength-
to-weight ratios and enhanced energy absorption capabilities. These characteristics are precious in fields such as
aerospace engineering, where reducing weight while maintaining structural integrity is crucial for performance and
fuel efficiency. The ability to tailor material properties, including stiffness and damping characteristics, through
the design of the porosity distribution provides engineers with innovative solutions to address specific operational
demands [6–16].

Additionally, in civil engineering, FGP beams can be employed in lightweight structural components, such as
bridges and high-rise buildings, where controlling vibrations is vital for the safety and comfort of occupants [17–19].
The vibration behavior of beams is an essential part of structural analysis because it provides insights into the stability
and safety of engineering structures. Traditional beam theories often assume idealized conditions that do not account
for shear deformations or variations in material properties. However, as the dimensions of structural elements
decrease—particularly in modern engineering applications—shear deformations become increasingly significant.
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Therefore, it is essential to explore the dynamic behavior of FGP beams with HSDT to design safer and more
effective structural elements [20, 21].

This study presents an analysis of the free vibration characteristics of FGP beams via HSDT. A refined beam
theory that accounts for both shear deformations and the effects of porosity was employed, aiming to provide more
accurate predictions of natural frequencies and mode shapes. This study seeks to enhance the understanding of the
vibrational behavior of these advanced materials and evaluate the influence of various parameters, including material
grading and porosity distribution, on their dynamic performance.

The results of this study can have practical consequences for the design and usage of FGP beams in engineering
practice, in addition to advancing the theoretical understanding of their free vibration.

2 Methodology
2.1 Model of the FGP Beam

A straight functionally graded porous (FGP) beam with a rectangular cross-section, characterized by its length
L, width b, and thickness h, was considered in the present study. The beam is assumed to be simply supported at
both ends. The Cartesian coordinate system O(x, y, z) is located on the left edge of the central axis of the beam,
where x-, y-, and z-axes are taken along the length, width and depth of the beam, as given in Figure 1.

An FG beam is composed of ceramic and metal constituents, where material composition at the upper surface is
assumed to be ceramic-rich and varies continuously to the metal-rich one located in the lower surface. Besides, an
FGP beam is supposed to include porosities spreading across thickness because of the fault during manufacture and
this situation is described with even (IP-I) and uneven (IP-II) porosity models in the study by Wattanasakulpong and
Chaikittiratana [22], as shown in Figure 1.

The modified rule of mixture for an FGP beam with a porosity volume fraction, α(α ≪ 1), can be expressed [22]:

P = Pm

(
Vm − α

2

)
+ Pc

(
Vc −

α

2

)
(1)

where, Pm and Pc are the material properties of metal and the ceramic; and Vm and Vc are their volume fractions,
respectively.

The relation for the total volume fraction of the metal and ceramic constituents is:

Vm + Vc = 1 (2)

(a)

(b) (c)

Figure 1. (a) The geometry; (b) even (IP-I) porosity distribution; (c) uneven (IP-II) porosity distribution of the FG
beam
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Figure 2. Variation of Young’s modulus of the FG beams with IP-I vs IP-II porosity distributions across the
thickness direction

The volume fraction of the ceramic constituents obeys the following power-law function for FGP beams:

Vc =

(
z

h
+

1

2

)p

(3)

where, p denotes the power-law index (0 ≤ p ≤ ∞), and z is the distance from the mid-plane of the FG beam.
The effective material properties of FGP beams with even (IP-I) and uneven (IP-II) porosity models can be

expressed as follows, respectively [22]:

P = (Pc − Pm)

(
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h
+

1

2

)p
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2
(Pc + Pm) (4)

P = (Pc − Pm)

(
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+

1
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2
(Pc + Pm)

(
1− 2|z|

h

)
(5)

It can be noted that, as α = 0, the FG beam becomes the perfect one. In this case, as p=0, the FG beam becomes
a fully ceramic one, while it turns into a fully metal one for p=∞.

In this study, unless otherwise indicated, FG beams are composed of aluminum (Al) as the metal phase and
alumina (Al2O3) as the ceramic phase. The material properties are as follows: Em=70 GPa; ρm=2702 kg/m3;
Ec=380 GPa; and ρc=3960 kg/m3. Figure 2 illustrates the variations of Young’s modulus of FG beams with P, IP-I,
and IP-II models across the thickness direction.

2.2 Governing Equations
2.2.1 Basic assumptions

Bending (wb) and shear (ws) are two of the components that make up the transverse displacements. Only x and
t have any effect on these components.

w(x, z, t) = wb(x, t) + ws(x, t) (6)

The axial displacement is made up of extension, bending, and shear components as follows:

u = u0 + ub + us (7)

The displacements of the bending component, wb, are considered the same as the displacements given by the
classical beam theory. Hence, ub can be described as:

ub = −z
∂wb

∂x
(8)
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In combination with ws, the shear component (us) produces a variation in shear strain (γxz) and hence in shear
stress (τxz) over the thickness of the beam. Therefore, shear stress (τxz) is zero at the top and bottom faces of the
FG beam. As a result, the expression for us may be written as:

us = −f(z)
∂ws

∂x
(9)

where, f(z) is defined as a hyperbolic function [23]:

f(z) = z

⌈
1 +

3π

2
sech2

(
1

2

)]
− 3π

2
h tanh

( z

h

)
(10)

2.2.2 Kinematics and constitutive equations
The field of displacement of the HSDT can be constructed based on the assumptions established in the earlier

section as follows:

u(x, z, t) = u0(x, t)− z
∂wb

∂x
− f(z)

∂ws

∂x
(11)

w(x, z, t) = wh(x, t) + ws(x, t) (12)

The displacements are related to the following strains:

εx = ε0x + zkbx + f(z)ksx (13)

and

γxz = g(z)γs
xz (14)

where,

ε0x =
∂u0

∂x
, kbx = −∂2wb

∂x2
, ksx = −∂2ws

∂x2
(15)

g(z) = 1− df(z)

dz
(16)

According to Hooke’s law,

σx = Q11(z)εx and τxz = Q55(z)γxz (17)

where,

Q11(z) = E(z) and Q55(z) =
E(z)

2(1 + v)
(18)

2.2.3 Equations of motion
Hamilton’s principle was used to develop the equations of motion [24]:

0 =

∫ t

0

(δU − δK)dt (19)

where, t, δU and δK are the time and the virtual variations of the strain kinetic energy.
The variation in the strain energy of the beam may be represented as:

δU =

∫ L

0

∫ h
2

−h
2

(σxδεx + τxzδγxz) dzdx

=

∫ L

0

(
N

dδu0

dx
−Mb

d2δwb

dx2
−Ms

d2δws

dx2
+Qxz

dδws

dx

)
dx

(20)
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where, the stress resultants N , Mb, Ms and Qxz are specified as:

(N,Mb,Ms) =

∫ h
2

−h
2

(1, z, f)σxdz (21)

The variation in kinetic energy may be represented as:

δK =

∫ L

0

∫ h
2

−h
2

ρ(z)[u̇δu̇+ ẇδẇ]dzdx

=
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0
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+
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+
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)
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(
dẇs
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(
dẇb

dx

dδẇs

dx
+

dẇs

dx

dδẇb

dx

)}
dx

(22)

where, the differentiation with respect to the time variable t is indicated by the dot-superscript convention; ρ(z) is
the mass density; and (I0, I1, J1, I2, J2,K2) are the mass inertia and specified as:

(I0, I1, J1, I2, J2,K2) =

∫ h
2

−h
2

(
1, z, f, z2, zf, f2

)
ρ(z)dz (23)

The following equations of motion of the FG beam were found by substituting Eqs. (21) and (23) into Eq. (20),
gathering the coefficients of δu0, δwb, and δws, and integrating by parts vs. both spatial and time variables:

δu0 :
dN

dx
= I0ü0 − I1

dẅb

dx
− J1

dẅs

dx
(24)

δwb :
d2Mb

dx2
= I0 (ẅb + ẅs) + I1

dü0

dx
− I2

d2ẅb

dx2
− J2

d2ẅs

dx2
(25)

δws :
d2Ms

dx2
+

dQ

dx
= I0 (ẅb + ẅs) + J1

dü0

dx
− J2

d2ẅb

dx2
−K2

d2ẅs

dx2
(26)

Eqs. (13)-(16), (17)-(18), and (21) may be used to formulate Eqs. (24)-(26) in terms of displacements (u0, wb, ws)
as follows:

A11
∂2u0

∂x2
−B11

∂3wb

∂x3
−Bs

11

∂3ws

∂x3
= I0ü0 − I1

dẅb

dx
− J1

dẅs

dx
(27)

B11
∂3u0

∂x3
−D11

∂4wb

∂x4
−Ds

11

∂4ws

∂x4
= I0 (ẅb + ẅs) + I1

dü0

dx
− I2

d2ẅb

dx2
− J2

d2ẅs

dx2
(28)

δBs
11

∂3u0

∂x3
−Ds

11

∂4wb

∂x4
−Hs

11

∂4ws

∂x4
+As

55

∂2ws

∂x2
= I0 (ẅb + ẅs) + J1

dü0

dx
− J2

d2ẅb

dx2
−K2

d2ẅs

dx2
(29)

where, A11, D11, etc. are the stiffnesses of the beam, and defined as:

(A11, B11, D11, B
s
11, D

s
11, H

s
11) =

∫ h
2

−h
2

Q11

(
1, z, z2, f(z), zf(z), f2(z)

)
dz (30)

and

As
55 =

∫ h
2

−h
2

Q55[g(z)]
2dz (31)
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2.3 Analytical Solution

In the current research, the FG beam is supposed to have simply supported ends. Therefore, the Navier solution
technique was used, and the displacement variables are provided by: u0

wb

ws

 =

∞∑
m=1

 Um cos(λx)eiωt

Wbm sin(λx)eiωt

Wsm sin(λx)eiωt

 (32)

where, Um, Wbm, and Wsm are arbitrary parameters to be calculated, ω is the natural frequency of the FG beam,
and

√
i=-1 is the imaginary unit.

λ = mπ/L (33)

The following equations were derived by substituting the expansions of u0, wb, and ws from Eq. (32) into the
equations of motion Eqs. (27)-(29). a11 a12 a13

a12 a22 a23
a13 a23 a33

− ω2

 m11 m12 m13

m12 m22 m23

m13 m23 m33

 Um

Wbm

Wsm

 =

 0
0
0

 (34)

where,

a11 = A11λ
2

a12 = −B11λ
3

a13 = −Bs
11λ

3

a22 = D11λ
4

a23 = Ds
11λ

4

a33 = Hs
11λ

4 +As
55λ

2

(35)

and

m11 = I1

m12 = −I2λ

m13 = −I3λ

m22 = I1 + I4λ
2

m23 = I1 + I5λ
2

m33 = I1 + I6λ
2

(36)

3 Numerical Results and Discussions

This section focuses on the current situation using numerical examples. Comparisons were conducted to
demonstrate the existing formulations’ validity, and the following dimensionless parameters were applied:

Ω =
ωL2

h

√
ρm
Em

(37)

where, Ω is the dimensionless natural frequency (DNF).

3.1 Comparison Studies

Table 1 shows the comparison of dimensionless fundamental natural frequencies (DFNFs) of FGP beams versus
p for two different α with those proposed in studies by Avcar et al. [25] and Pandey and Pradyumna [26]. The
material properties were taken from the related studies, and the span-to-depth ratio (L/h=10) was employed.

Table 2 presents the comparison of DFNFs of FG beams versus different L/h with those proposed by sev-
eral researchers [25, 27, 28]. The material properties were taken from the associated studies as Em=70 GPa;
ρm=2700 kg/m3; Ec=380 GPa; ρc=3800 kg/m3; vm=vc=0.23; p=0.3, as well as DNF, which was defined as
Ω=ωL2/h

√
I0/A11. DFNF of FG beams increased with the increase of L/h. Additionally, at the value of

L/h=100, DFNF values were identical with the results of previous works.
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Table 1. Comparison of DFNFs of FGP beams versus p for two different α

α Reference p
0.5 1 2 5

0.1
This study 4.5920 4.0717 3.5990 3.3373

[25] 4.5900 4.0675 3.5917 3.3260
[26] 4.4935 4.0001 3.5647 3.3328

0.2
This study 4.5776 3.9415 3.2858 2.8591

[25] 4.5752 3.9364 3.2769 2.8429
[26] 4.3664 3.8138 3.2914 2.9429

Table 2. Comparison of DFNFs of FG beams versus L/h

BCs Reference L/h = 10 L/h = 30 L/h = 100

S-S

This study 2.703 2.738 2.742
[27] 2.695 2.737 2.742
[28] 2.702 2.738 2.742
[25] 2.702 2.738 2.742

Table 3. Comparison of DFNFs of FG beams versus p

Mode Reference p
0 1 2 5 10 ∞

1

This study 5.1529 4.0030 3.6469 3.4270 3.2993 2.6933
[29] 5.1528 3.9716 3.5979 3.3743 3.26534 2.6773
[30] 5.1542 3.9914 3.6267 3.4000 3.2814 2.6781
[25] 5.1531 3.9907 3.6263 3.3998 3.2811 2.6775

Table 3 compares the DFNFs of FG beams versus p with those proposed by several researchers [25, 29, 30]. The
material properties taken from the related studies, such as L/h=5, and α=0, were considered. DFNFs became lower
with the increase of p. The biggest decrease of DFNF occurred between p values of 0 and 1, as shown in Table 3.

Figure 3 compares the first three modes of the DNFs of all three types of FG beams for L/h=5, p=2, and α=0.2.
It can be concluded that as the Mode Numbers (MNs) increased, the DNFs also increased, and the most significant
increase in DNFs occurred between MNs 1 and 2, followed by a smaller increase between MNs 2 and 3. The DNFs
were highest for P and lowest for IP-I beams in all MNs. Additionally, the largest overall change in DNF was observed
is the P beam.

Figure 4 shows DFNFs of FGP beams versus α for L/h=5, and p=2. According to Figure 4, the DFNFs decrease
with respect to the increase of α, and the difference gets more pronounced for model IP-I than IP-II. Furthermore, at
higher values of α, the difference of DFNFs is higher.

Figure 3. Variation of DNFs of P/ IP-I/ IP-II FG beams versus the first three MNs
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Figure 5 shows the value of DFNFs of all three types of FG beams versus p for L/h=10, and α=0.1. With the
increase of p, DFNF values decreased. The DFNFs of the FG P-type beam were higher than those of the IP-I and
IP-II beams for larger values of p. Additionally, the impact of the change in p on DFNFs is most pronounced for the
IP-I and least for P.

Figure 6 demonstrates DFNFs of all three types of FG beams versus L/h for p=2, and α=0.1. It can be concluded
that with the increase of L/h ratio, DFNFs increased; and the change of DFNFs decreased. DFNFs of IP-I and IP-II
became closer for higher values of L/h.

Figure 4. Variation of DFNFs of IP-I/IP-II FG beams versus α

Figure 5. Variation of DFNFs of P/IP-I/IP-II FG beams versus p

Figure 6. Variation of DFNFs of P/IP-II/IP-II FG beams versus L/h ratio
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4 Conclusion

In this study, the free vibration behavior of FG beams with different porosity distribution types was studied.
HSDT was employed to describe the kinematic relations of shear-deformable FG beams, while Hamilton’s principle
was used to derive the equations of motion. Navier’s method was implemented to obtain a solution for the free
vibration analysis of the FG beam under simply supported boundary conditions. The accuracy of the formulation
was validated through comparison with existing studies.

The results obtained from the current study allow the following conclusions to be made:
a) The fundamental frequencies of FG beams are inversely related to p.
b) The fundamental frequencies of FG beams are inversely related to α.
c) The increase of L/h leads to an increase in the fundamental frequency.
d) The type of porosity becomes less noticeable at higher values of L/h.
e) The effect of change in p on natural frequencies is more pronounced in the porous beams rather than perfect

beams.
Based on the conclusions, porosity holds potential for future works for FGMs.
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[28] M. Şimşek, “Vibration analysis of a functionally graded beam under a moving mass by using different beam
theories,” Compos. Struct., vol. 92, no. 4, pp. 904–917, 2010. https://doi.org/10.1016/j.compstruct.2009.09.030

[29] T. P. Vo, H. T. Thai, T. K. Nguyen, A. Maheri, and J. Lee, “Finite element model for vibration and buckling
of functionally graded sandwich beams based on a refined shear deformation theory,” Eng. Struct., vol. 64, pp.
12–22, 2014. https://doi.org/10.1016/j.engstruct.2014.01.029

[30] A. S. Sayyad and Y. M. Ghugal, “Analytical solutions for bending, buckling, and vibration analyses of
exponential functionally graded higher order beams,” Asian J. Civ. Eng., vol. 19, pp. 607–623, 2018.
https://doi.org/10.1007/s42107-018-0046-z

134

https://doi.org/10.22059/jcamech.2022.342710.719
https://doi.org/10.1016/j.tws.2023.111046
https://doi.org/10.1016/j.tws.2023.111046
https://doi.org/10.1016/j.ast.2013.12.002
https://doi.org/10.1016/j.ast.2013.12.002
https://doi.org/10.1016/j.compstruct.2017.12.013
https://doi.org/10.1016/j.compstruct.2018.05.099
https://doi.org/10.1016/j.compstruct.2018.05.099
https://doi.org/10.1006/jsvi.2001.4161
https://doi.org/10.1006/jsvi.2001.4161
https://doi.org/10.1016/j.apm.2018.02.017
https://doi.org/10.1007/s11012-014-0094-8
https://doi.org/10.1016/j.compstruct.2021.114564
https://doi.org/10.12989/GAE.2022.31.1.099
https://doi.org/10.1080/15397734.2021.1888297
https://doi.org/10.1080/15397734.2021.1888297
https://doi.org/10.1016/J.MATDES.2008.05.015
https://doi.org/10.1016/j.compstruct.2009.09.030
https://doi.org/10.1016/j.engstruct.2014.01.029
https://doi.org/10.1007/s42107-018-0046-z

	1 Introduction
	2 Methodology
	2.1 Model of the FGP Beam
	2.2 Governing Equations
	2.2.1 Basic assumptions
	2.2.2 Kinematics and constitutive equations
	2.2.3 Equations of motion

	2.3 Analytical Solution

	3 Numerical Results and Discussions
	3.1 Comparison Studies

	4 Conclusion

