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Abstract: This study presents a novel image restoration method, designed to enhance defective fuzzy images, by utilizing the Fuzzy Einstein Geometric Aggregation Operator (FEGAO). The method addresses the challenges posed by non-linearity, uncertainty, and complex degradation in defective images. Traditional image enhancement approaches often struggle with the imprecision inherent in defect detection. In contrast, FEGAO employs the Einstein t-norm and t-conorm for non-linear aggregation, which refines pixel coordinates and improves the accuracy of feature extraction. The proposed approach integrates several techniques, including pixel coordinate extraction, regional intensity refinement, multi-scale Gaussian correction, and a layered enhancement framework, thereby ensuring superior preservation of details and minimization of artifacts. Experimental evaluations demonstrate that FEGAO

outperforms conventional methods in terms of image resolution, edge clarity, and noise robustness, while maintaining computational efficiency. Comparative analysis further underscores the method’s ability to preserve fine details and reduce uncertainty in defective images. This work offers significant advancements in image restoration by providing an adaptive, efficient solution for defect detection, machine vision, and multimedia applications, establishing a foundation for future research in fuzzy logic-based image processing under degraded conditions. 
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1 Introduction

The restoration and enhancement of images, encompassing their color, texture, shape, and other defining attributes, are crucial for advancing multimedia applications and modern information exchange. As images serve as a primary medium for conveying vast amounts of data, their quality directly influences the clarity and effectiveness of communication. With the rapid growth of digital multimedia technologies, the use of images has permeated various aspects of everyday life. Devices such as smartphones, tablets, and social media platforms have transformed images into an essential component of interpersonal and professional communication. High-quality images not only improve the aesthetic experience for users but also ensure the accurate transmission of information. Conversely, degraded images—those affected by blurriness or noise—can lead to significant data loss and hinder usability [1–5]. 

Restoring and enhancing degraded images to improve their quality is a vital task, particularly in scenarios that require precise image analysis and recognition. These processes involve amplifying meaningful details while suppressing unnecessary components. However, images that suffer from defects, such as blurring or noise, often exhibit complex structures and interrelated features. Even small inaccuracies in the restoration process can significantly degrade the final result. Therefore, the development of effective techniques to address these challenges has immense practical value, especially in fields like machine vision [6–10]. 

Despite extensive research into image restoration and enhancement, many existing methods rely heavily on prior information, such as accurately identifying blur kernels. This reliance limits their applicability in real-world scenarios, where such prior knowledge may not always be available. Recent advancements in neural networks have opened new avenues for addressing these limitations. For instance, Premnath and Renjit [8] proposed a Jaya-based optimization (Cui) model that integrates deep convolutional networks for detecting noisy pixels and a neuro-fuzzy system for enhancing them. While effective, this approach is computationally expensive and requires substantial training time. Similarly, Zhou et al. [11] developed an iterative lensless image restoration framework utilizing depth
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analysis networks. Although their method showed significant improvements in non-blind restoration scenarios, it struggled with cases involving imprecise blur kernels. 

Several other noteworthy approaches have also been explored. For example, Ghulyani and Arigovindan [12]

introduced an iterative algorithm designed to minimize roughness under mixed Poisson-Gaussian noise, while Liang et al. [13] employed brainstorming optimization for backpropagation (BP) neural networks to restore fuzzy images. 

Additionally, Fan’s quantum ring symmetry algorithm has been applied to image reconstruction tasks [14]. Although these methods represent important contributions, they often face challenges such as high computational costs and limited ability to restore intricate texture details. 

Neural networks have shown immense potential in overcoming these challenges by offering robust solutions for image restoration and enhancement. For example, Meng et al. [15] designed a two-stream Convolutional Neural Network (CNN) that employs attention mechanisms to improve single-image dehazing. Similarly, Yun et al. [16]

proposed a hybrid enhancement algorithm that combines histogram equalization with Laplacian techniques, leading to improved restoration and feature enhancement. Nevertheless, simplifying these methods and reducing their dependence on exact blur kernel predictions remain ongoing challenges. 

Existing super-resolution restoration models for defective images often struggle with challenges such as handling imprecise pixel intensity values, maintaining edge clarity, and reducing artifacts. These limitations arise due to the inability of traditional methods to effectively address uncertainties and non-linear relationships inherent in defective images. Additionally, conventional approaches often fail to adapt to varying defect characteristics, resulting in suboptimal resolution enhancement and feature preservation. To overcome these limitations, the proposed algorithm integrates fuzzy logic principles with FEGAO. This approach ensures non-linear and robust aggregation of pixel intensities, effectively managing the uncertainties and imprecision in defective images. By leveraging the Einstein t-norm ((TE)) and t-conorm ((SE)), the model enhances spatial and intensity information while preserving critical image details. The proposed algorithm incorporates iterative refinement steps, enabling the dynamic adjustment of pixel values and convergence toward high-quality super-resolution images. 

The implementation of the proposed model began with the initialization of the reference image, derived from the original low-resolution input. Pixel regions were selected and normalized, and their corresponding high-resolution values were predicted using fuzzy membership functions. The Einstein t-norm and t-conorm were utilized in the iterative refinement process to aggregate spatial and intensity data, constructing multi-frame images with fuzzy-enhanced techniques. Corrections were applied iteratively, leveraging fuzzy Euclidean distance calculations and deviation adjustments to improve resolution and clarity. The final super-resolution image was evaluated against predefined quality metrics such as Peak Signal-to-Noise Ratio (PSNR) and Structural Similarity Index (SSIM) to ensure convergence. The key components of the proposed model include:

(a) Fuzzy aggregation mechanism: The FEGAO ((TE) and (SE)) forms the foundation of the model, enabling robust and non-linear aggregation of pixel intensities while preserving inherent uncertainties. 

(b) Iterative pixel refinement: A dynamic process that predicts and adjusts pixel values iteratively using fuzzy principles to achieve high-resolution accuracy. 

(c) Multi-frame image construction: Low-resolution images are enhanced and aggregated into multi-frame super-resolution representations using fuzzy-enhanced visual communication techniques. 

(d) Fuzzy edge-enhancement model: Incorporates fuzzy edge-preserving mechanisms to maintain edge clarity and minimize artifacts during the enhancement process. 

(e) Layered Gaussian correction: A hierarchical approach that applies iterative Gaussian smoothing and intensity adjustments to refine image resolution and clarity. 

(f) Quality metric evaluation: Ensures the convergence of the super-resolution process using predefined metrics such as PSNR and SSIM, providing quantitative validation of the enhancement. 

(g) Adaptive correction functions: Uses fuzzy Euclidean distance and deviation calculations to iteratively correct pixel values, addressing imprecisions in intensity and spatial dimensions. 

(h) Predefined convergence criteria: Establishes thresholds for resolution quality, ensuring that the iterative process halts once optimal enhancement is achieved. 

Conventional image restoration methods often struggle with handling non-linearity, uncertainty, and complex degradation in defective images, particularly when the distortion is non-uniform or exhibits varying intensity across different regions. Traditional fuzzy aggregation techniques, such as the arithmetic mean or weighted averaging, may fail to effectively capture these variations, leading to loss of fine details and suboptimal feature extraction. Neural network-based approaches, such as CNNs and Generative Adversarial Networks (GANs), have been widely used for image restoration. However, these models require extensive labeled training data and computational resources, which can be impractical for real-time defect detection [11, 13]. Additionally, deep learning methods often lack explainability and struggle with domain adaptation, whereas FEGAO provides a transparent, mathematically grounded solution that effectively generalizes across different types of degradation without the need for large-scale training datasets. The proposed FEGAO leverages the Einstein t-norm and t-conorm, which introduce non-linear aggregation 259

strategies that adapt to local intensity variations while preserving essential structural information. One key advantage of the FEGAO model is its ability to refine pixel coordinates dynamically, ensuring that even in highly degraded images, feature extraction remains precise and robust. This is particularly evident in scenarios involving complex textures or high-frequency components, where traditional models may introduce blurring artifacts or fail to restore sharp edges effectively. The multi-scale Gaussian corrections further enhance resolution by adjusting the level of enhancement based on regional intensity variations, preventing excessive smoothing or unnatural sharpening. 

Experimental demonstration shows a real-world example where conventional methods (Zhou et al. [11] and Cui [14]) struggle to restore fine details in blurred and noisy defective images, whereas the proposed FEGAO-based approach achieves superior edge clarity and contrast preservation. By integrating a layered enhancement framework, the model ensures adaptive processing for different levels of degradation, significantly outperforming conventional techniques in handling uncertainty and non-linearity in defective images. 

The rest of this study is organized as follows: Section 2 presents related work, providing an overview of existing super-resolution techniques and their limitations. Section 3 details the mathematical foundation of FEGAO and its integration into the proposed model. Section 4 discusses experimental results, comparing the proposed model’s performance with existing methods using various quality metrics. Finally, Section 5 concludes the study, summarizing the contributions and outlining potential future research directions. 

2 Related Work

Ma et al. [17] achieved the restoration of defective fuzzy images through a dual-fusion neural network architecture that integrates the depth generation network and the discrimination network. This approach maps the defective fuzzy image into a residual space using the depth generation network, while the discrimination network evaluates the reconstructed image by comparing it to a clear reference image. However, these models often struggle to handle images with severe noise and blur, which leads to incomplete restoration and reduced clarity. 

Kwon et al. [18] segmented the defective fuzzy image into smaller blocks, which were then batch-transmitted to the depth generation network. The depth generation network comprises 16 convolutional layers capable of generating residual blocks. These residual blocks were combined with the corresponding defective fuzzy image blocks to form reconstructed image blocks. These reconstructed blocks, along with real image blocks, were subsequently passed to the discrimination network. A limitation of this approach is the reliance on fixed network architectures, such as the predefined 16 convolutional layers, which limits adaptability to varying levels of image fuzziness. The discrimination network evaluates the reconstructed image blocks, guiding the training of both the depth generation network and the discrimination network. The loss functions of both networks were iteratively minimized during training to ensure that the reconstructed image becomes increasingly indistinguishable from a real image, maximizing the discrimination network’s precision. However, the iterative training of loss functions is computationally intensive, particularly for high-resolution images, making these models less practical for real-time applications. The training process concludes once the loss function stabilizes, indicating no further improvements can be made. At this stage, the reconstructed image blocks were reassembled to produce the final restored image. Despite these advancements, existing models lack robust regularization techniques, leading to overfitting and poor generalization across diverse datasets. 

The fuzzy image restoration algorithm based on machine vision technology proposed by Shi [19] significantly improves image deblurring, noise reduction, and overall restoration quality, outperforming traditional inverse deconvolution methods. Its adaptability to various types and degrees of image degradation and its automatic parameter adjustment make it suitable for diverse applications, including medical imaging, satellite image processing, and surveillance. The algorithm demonstrates superior recovery effectiveness, as shown by better Mean Squared Error (MSE), Root Mean Squared Error (RMSE), and PSNR values, ensuring high-quality outputs even under challenging conditions. However, the algorithm has limitations, including its computational complexity, which can lead to longer processing times, particularly for large images or real-time restoration. It also depends on an initial estimate, and poor initial guesses may result in suboptimal restoration with residual artifacts. While robust, the model may struggle with extreme noise levels or severely degraded images, requiring additional preprocessing steps. Lastly, although adaptive parameter adjustment is a strength, it may necessitate fine-tuning to optimize performance for different types of images. 

The restoration and enhancement of defective fuzzy images based on neural networks proposed by Cui [14] offer significant advancements in image processing by applying neural networks to restore and enhance images affected by defects, blur, and noise. The model leverages the learning capabilities of neural networks to improve image clarity, detail, and overall quality, making it highly effective in applications such as industrial defect detection, medical imaging, and surveillance. By utilizing the neural network’s ability to adapt and optimize restoration parameters, the model can efficiently handle complex defects and varying degrees of image degradation, providing high-quality outputs. The restoration process improves the visualization of subtle defects, which is crucial in precise defect detection tasks, and enhances the robustness of the model under different imaging conditions. However, the model has limitations, including the need for large, high-quality datasets to train the neural network effectively. The performance 260

of the algorithm heavily depends on the quality of the training data, and poor or insufficient data can lead to inaccurate results. Additionally, the computational cost of training and running neural networks can be high, especially when working with large or high-resolution images, potentially limiting real-time applications. Furthermore, while the neural network adapts well to different defects, its effectiveness may decrease with extreme noise levels or highly corrupted images. Finally, the model’s complexity and the requirement for parameter tuning may necessitate expertise, limiting its ease of use in practical scenarios. 

The proposed FEGAO-based approach was selected over alternative deep learning-based image restoration and hybrid algorithms due to its superior ability to handle non-linearity, uncertainty, and complex image degradation while maintaining computational efficiency. Existing deep learning models, such as the dual-fusion neural network, employ convolutional layers and residual learning for image restoration. However, these methods often rely on fixed architectures, limiting adaptability to varying levels of image degradation. Additionally, deep learning-based techniques require large training datasets and high computational resources, making them less suitable for real-time applications, particularly in industrial defect detection and medical imaging, where rapid decision-making is essential. 

Similarly, the neural network-based model proposed by Cui [14] effectively enhances image clarity and detail but is computationally expensive and sensitive to training data quality. Moreover, its reliance on learned parameters can lead to suboptimal performance when encountering severe blur or extreme noise levels. 

In contrast, the FEGAO approach provides a non-linear refinement mechanism that dynamically adjusts to different levels of image degradation, ensuring robust restoration across diverse scenarios. Unlike purely deep learning-based methods, it does not require extensive pre-training, making it more adaptable and computationally efficient. Furthermore, the machine vision-based fuzzy image restoration algorithm proposed by Shi [19] demonstrates strong noise reduction capabilities but struggles with complex image distortions and high computational overhead, which the proposed method mitigates through optimized aggregation operations. By integrating FEGAO and non-linear refinement techniques, the proposed model bridges the gap between traditional image restoration and computationally intensive deep learning approaches. This balance allows for high-quality restoration while maintaining real-time feasibility, distinguishing the proposed approach from state-of-the-art methods. 

3 Fuzzy Einstein Geometric Aggregation for Enhanced Defective Image Processing The process of pixel coordinate extraction and enhancement of defective fuzzy images was reformulated using FEGAO. This operator ensures non-linear, robust aggregation of information, accounting for the uncertainty and imprecision inherent in defective fuzzy images. Let I = {I1, I2, . . . , In} be a set of defective fuzzy images, where each image is represented by a fuzzy set Ii. Each fuzzy set Ii corresponds to the membership function µI (x), which i

assigns a degree of membership to each pixel coordinate x in the defective image. The goal of the model is to enhance the defective fuzzy image by aggregating pixel information non-linearly, accounting for both fuzziness and defects. 

The fuzzy enhancement of the defective image is given by the following equation, which applies FEGAO: 1
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where, µI (x) represents the membership function for the pixel coordinate x in fuzzy image I i

i; and α is a parameter

controlling the sensitivity of the aggregation. For α > 1, the aggregation diminishes the influence of individual pixel memberships, while for α < 1 , it places more emphasis on individual pixel memberships. 

3.1 Extraction of Pixel Coordinates Using FEGAO

By adopting the fuzzy Einstein t-norm (TE) and t-conorm (SE) principles, the pixel coordinate correction and distance measures were enhanced for improved accuracy. The Einstein t-norm and t-conorm were defined as: ab
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These equations define the Einstein t-norm (TE) and t-conorm (SE), which are non-linear operators used to model the intersection (AND operation) and union (OR operation) of fuzzy sets, respectively. The t-norm TE is used to represent the “AND” operation, emphasizing the intersection between fuzzy sets. The t-conorm SE, on the other hand, represents the “OR” operation, modeling the union of fuzzy sets. These operators were used to aggregate fuzzy information while maintaining uncertainty, which is essential in fuzzy image processing. 

Using FEGAO, the projection system equations were reformulated as follows: DAS = TE (λ, TE (Ed, Dx))

(2)

This equation models the projection of pixel coordinates for enhanced distance measurements. The angle parameter λ was combined with the focal length Ed and the pixel distance Dx using the Einstein t-norm TE. The nested 261

structure of this equation ensures that the effect of each parameter is aggregated non-linearly, allowing for a more accurate representation of the geometry of the defective fuzzy image. The Cartesian-topixel coordinate transformation becomes:

Fm · xij = TE (xij, zij) , 

Fn · yij = TE (yij, zij)

(3)

These equations define the transformation from Cartesian coordinates to pixel coordinates, incorporating the depth information (represented by zij) using the Einstein tnorm TE. This non-linear aggregation ensures that the influence of the z dimension is smoothly integrated into the pixel coordinates along the x and y axes. This transformation enhances the accuracy of the pixel representation, accounting for depth in a fuzzy image. 

The corrected pixel distance was redefined using the Einstein geometric aggregation: d
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TE x2 , y2 , z2

ij

ij
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(4)

This equation calculates the Euclidean distance of a pixel in a fuzzy-enhanced manner. The squared contributions of the x, y, and z axes were aggregated using the Einstein t norm TE. The square root of the result gives the corrected pixel distance, which accounts for the uncertainty and imprecision inherent in the pixel values, providing a more robust distance measurement for further processing. 

3.2 Refinement of Resolution Using Fuzzy Einstein Operators

Resolution refinement leverages the fuzzy Einstein t-conorm to enhance regional intensity variations. The imaging model is represented as:
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In this equation, resolution refinement was performed by using the Einstein t-conorm SE to combine the regional intensity function F (x) with the normalized intensity distribution x2+y2

i

i . The function F (x) was defined by a fuzzy

πω2

i

membership function that adapts to intensity variations in the image, and SE ensures that the aggregation is smooth, enhancing regional intensity variations in the defective image. The membership function F (x) was defined as: (1 − e−x

if x ≥ 0

F (x) =

ex − 1

if x < 0

This membership function introduces non-linearity, ensuring a smooth transition between regions of varying intensity. 

The feature extraction using Super-Resolution Convolutional Neural Network (SRCNN) was modified to incorporate Einstein aggregation:

max(f )



Fx = SE

, Mx

(6)

fx

where, max(f) normalizes feature intensities, and M

f

x represents the imaging model. The use of SE facilitates the

x

aggregation of normalized features, improving robustness in feature representation. 

3.3 Multi-Scale Gaussian Correction with Fuzzy Einstein Integration

The empirical correction parameters were derived using adaptive Gaussian functions aggregated via the Einstein operator:

L (xi, yi) = TE (L′ (xi, yi) , L′′ (xi, yi))

(7)

This equation combines local intensity corrections L′ (xi, yi) and light source corrections L′′ (xi, yi) using the Einstein t-norm TE. The use of this non-linear operator ensures that both intensity and light source corrections are aggregated in a manner that emphasizes the dominant correction while smoothing out inconsistencies. This adaptive correction helps in improving the image quality by compensating for variations in lighting and local intensity. 
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3.4 Layered Enhancement Framework Using FEGAO

The layered enhancement involves computing regional differences and applying Gaussian smoothing iteratively: A



α + Bc

CDzc = SE

, OP

(8)

L (xi, yi)

This equation defines the layered enhancement process, where regional differences are computed and aggregated using the t-conorm SE. The parameters Aα and Bc control the regional differences, while L (xi, yi) represents the local correction term. The use of SE ensures that the aggregation is smooth, minimizing artifacts in the output, which is crucial for maintaining high image quality in the enhanced output. 

The edge-enhanced image was modeled as:

L



lp

yu (xi, yi) = TE

, Wm

(9)

θ

In this equation, the edge enhancement was modeled by applying the Einstein t-norm TE to combine background illumination Llpϕ an adjustment parameter θ, and a regional weight Wm. This ensures that the edge enhancement is consistent and avoids abrupt transitions, preserving fine details in the image. 

Finally, the image subtraction model incorporates Einstein aggregation for numerical enhancement: D



c

E (xi, yi) = TE

Nfg, 

(10)

mv · yu (xi, yi)

This equation incorporates Einstein aggregation to refine image subtraction. The enhancement function Nfg was combined with the reflection component Dc and the normalized pixel output yu (xi, yi). The use of the t-norm TE

ensures that the enhancement is proportional to the underlying features, avoiding over-enhancement and improving the accuracy of the defective image. 

Each equation uses fuzzy logic, particularly the Einstein t-norm and t-conorm, to aggregate and refine the information in a manner that accounts for uncertainty and imprecision, which are common in defective image processing. The non-linear nature of these operators enhances the robustness of the image processing pipeline, resulting in improved accuracy, feature preservation, and defect detection. 

Figure 1. Visualization for the proposed FEGAO-based defect detection framework 3.5 Benefits of Fuzzy Einstein-Based Aggregation

The proposed algorithm uses multi-scale Gaussian corrections and layered enhancement to handle different levels of image degradation effectively. Multi-scale Gaussian correction helps in addressing both global and local distortions, 263

ensuring that fine details are preserved while reducing large-scale noise. Layered enhancement further refines the image by adapting to different intensity levels, resulting in a clearer and more consistent restoration. These choices were based on previous research, which showed that multi-resolution techniques improve robustness in complex defective images. 

The use of Einstein t-norm and t-conorm is an important feature of the proposed model, as it allows better fusion of uncertain image information. Compared to traditional norms, the Einstein t-norm provides stronger noise suppression while retaining important details, making it particularly useful for images with high uncertainty. The sensitivity parameter α was selected through controlled experiments, where different values were tested to achieve the best balance between noise reduction and image detail preservation. Similarly, the number of iterations was optimized to ensure the best restoration quality without adding unnecessary computational overhead. 

In terms of computational complexity, the proposed method is designed to be more efficient than deep learning-based models. While deep learning approaches require large amounts of training data and high computational power, the proposed approach uses mathematical refinements that reduce processing time while maintaining high-quality results. This makes the proposed method more suitable for real-time applications, such as industrial and medical imaging. By carefully balancing image quality and processing speed, the proposed approach provides a practical and efficient solution for restoring defective images. 

This novel integration of the FEGAO offers a mathematically robust and computationally efficient framework for defective image processing, ensuring enhanced resolution and clarity for practical applications. The main steps are as follows:

By modifying pixel values iteratively across multiple frames, the restoration and enhancement of defective fuzzy images were achieved. This approach, based on neural networks and super-resolution reconstruction, ensures high-quality restoration and enhancement of defective fuzzy images. 

Algorithm 1 Fuzzy multi-frame super-resolution restoration for defective images using FEGAO

1: Initialization of the reference image: The original low-resolution defective fuzzy image was used as the reference for restoration and enhancement. The fuzzy membership function F (x) was computed for regional intensity values. 

2: Selection of pixel regions: Low-resolution pixels in the reference image with dimensions (M1, M2) were identified and the fuzzy pixel normalization was applied. Corresponding high-resolution pixel values for multi-frame super-resolution images (N1, N2) were predicted using fuzzy membership aggregation Mx and initialized as S1. 

3: Iterative pixel prediction: For remaining low-resolution pixel points, ψi( i = 1, . . . , M − 1), values were

∼

predicted using Einstein t-norm aggregation TE applied to the reference multiframe super-resolution image ψ0. 

4: Construction of multi-frame images: Fuzzy-enhanced visual communication techniques were applied using the Einstein t-conorm SE to create multi-frame superresolution images. A correction function for pixel values was computed using the proposed resolution refinement in Eq. (5). 

5: Simulation of the correction process: The k-th iteration of the correction process was performed for the super-resolution image. Pixel values were predicted as ψ′(i = 0, . . . , M − 1) using fuzzy Euclidean distance: i

d
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The deviation ϵi between predicted and actual values from Eq. (10) was calculated. 

6: Update of super-resolution images: The multi-frame super-resolution image ξk was adjusted using the deviation ϵi and the fuzzy edge-enhancement model:

L
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The next iteration ξk+1 was reconstructed using FEGAO. 

7: Convergence check: Whether the final super-resolution image meets predefined fuzzy quality criteria was verified using metrics such as PSNR, SSIM, and Natural Image Quality Evaluator (NIQE). If not, Steps 5 and 6 should be repeated until convergence is achieved. 

To ensure a rigorous evaluation, the proposed FEGAO-based image restoration model was compared against state-of-the-art methods using a set of well-established quantitative and qualitative metrics. The selection of these criteria was based on their relevance to image restoration quality, perceptual clarity, and computational efficiency. 

Six key metrics—PSNR, SSIM, Mean Opinion Score (MOS), Normalized Cross-Correlation (NCC), MSE, and Blind/Referenceless Image Spatial Quality Evaluator (BRISQUE)—were employed to provide a comprehensive performance assessment. PSNR and MSE quantify pixel-level accuracy, while SSIM and NCC evaluate structural and feature preservation. BRISQUE is included as a no-reference metric to assess image distortions, ensuring an 264

objective evaluation without requiring ground-truth data. Additionally, MOS provides a human-perceptual perspective, capturing subjective preferences in visual clarity. The comparison was conducted using a standardized dataset of defective images with varying degrees of degradation to test the robustness of each method. To ensure fairness, all models were executed under identical computational conditions, and statistical significance was analyzed to validate performance differences. This approach ensures a balanced and transparent evaluation, demonstrating the superiority of FEGAO over conventional fuzzy aggregation and machine-learning-based models. 

Figure 1 includes six subplots representing key processes such as camera projection system modeling, Cartesian-to-pixel coordinate transformation, pixel distance mapping, projection modeling, pixel coordinate corrections, and resolution reconstruction. 

4 Experimental Analysis

The experimental evaluation of the proposed defective fuzzy image processing model involves a series of tests designed to assess the effectiveness of pixel coordinate extraction, resolution enhancement, and overall image quality restoration. The model utilizes multi-frame image principles, neural network-based pixel correction, and adaptive image refinement techniques, including SRCNN and guided filtering methods. The dataset consists of a collection of defective fuzzy images, each with varying levels of blur and noise. The defective images used in this study were synthetically generated in a controlled environment to ensure a systematic and reproducible evaluation of the proposed image restoration approach. Specifically, the images were degraded using Gaussian blur with minimal noise levels, simulating real-world defect patterns commonly found in industrial inspection, medical imaging, and satellite image processing. This controlled setting allows for a precise assessment of the model’s performance in handling structured degradations while minimizing the influence of uncontrolled external factors. The image sizes were standardized to ensure consistency in the experimental setup. MATLAB R2015a was used for computational processing, including the application of the correction and enhancement algorithms. The performance of the proposed model was compared with the competing models, including those proposed by Zhou et al. [11] and Cui [14], focusing on their ability to restore image clarity, enhance resolution, and minimize distortion. Evaluation metrics such as PSNR, SSIM, and MOS were used to quantify the results. Statistical analysis was conducted to identify significant improvements in image quality achieved by the proposed model. The parameter settings for the proposed model were determined based on extensive experimentation and fine-tuning (Table 1). 

Table 1. Parameter setup and suggested values for the proposed model Process

Parameters

Suggested Values

Sensitivity parameter

α

0.1 to 1.0

Pixel coordinate projection

λ, Ed, Dx

λ = 45◦, Ed = 1.2, Dx = 50

Resolution refinement

F (x), ωi

F (x) = 0.8, ωi = 1.5

Multi-scale Gaussian correction

L′,L′′

L′ = 0.6, L′′ = 0.4

Layered enhancement

Aα, Bc, OP

Aα = 2.0, Bc = 1.5, OP = 0.9

Edge enhancement

Llp, θ, Wm

Llp = 1.0, θ = 2.5, Wm = 1.2

Image subtraction enhancement

Nfg, Dc, mv

Nfg = 0.8, Dc = 1.2, mv = 1.0

Figure 1 comprehensively illustrates the application of the proposed FEGAO model for defect detection in image processing. The top-left subplot demonstrates the camera projection system, emphasizing the variation in distance from the optical axis across different angles. The top-center subplot visualizes the Cartesian-to-pixel coordinate transformation, showcasing smooth intensity transitions and spatial alignment. The top-right subplot represents the pixel distance from the center, revealing an enhanced Gaussian distribution that aids in accurate localization. The middle-left subplot details the projection model, highlighting linear relationships crucial for feature extraction. The middle-right subplot showcases pixel coordinate corrections, addressing non-linear distortions for spatial accuracy. 

Lastly, the bottom-right subplot illustrates the resolution reconstruction process, emphasizing refined intensity gradients and structural preservation. Together, these visualizations validate the efficacy of FEGAO in resolving uncertainties, refining pixel-level precision, and enhancing defect representation in images. 

Figure 2 demonstrates the effectiveness of the proposed FEGAO model in addressing defect detection in blurred images. The left image represents the original defect-laden, blurry input, where details are obscured and intensity inconsistencies prevail. The right image showcases the enhanced output of the proposed model, revealing significant improvements in clarity, structural integrity, and edge definition. By employing advanced techniques such as Gaussian correction, layered enhancement, and resolution refinement, the FEGAO model successfully reconstructs finer details and achieves superior defect representation, highlighting its robustness in challenging scenarios. 

The first column shows the given blurry and noisy input images. The second column displays the results from the model proposed by Zhou et al. [11]. The third column presents the outcomes of the model proposed by Cui [14]. 
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Finally, the fourth column demonstrates the results of the proposed neural network-based model, which achieves superior clarity and detail restoration. 

Figure 2. Given defective fuzzy image and the result using the proposed algorithm model Figure 3. Visual comparison of image restoration and enhancement results Figure 3 presents a visual comparison of restoration and enhancement results for defective fuzzy images using different models. Each set of images represents iconic structures, such as historical landmarks and cityscapes, which are initially degraded by blur and noise. The first column displays the original blurry and noisy input images, which lack discernible textures and fine details due to motion blur, atmospheric interference, or noise. The second column shows the results obtained from the model proposed by Zhou et al. [11], which improves the images to some extent but leaves residual blur and struggles with detail recovery, particularly in complex areas like edges and textures. The third column highlights the performance of the model proposed by Cui [14], which achieves better noise reduction and clarity than Zhou et al.’s [11] model but suffers from over-smoothing, resulting in the loss of finer textures and realistic details in regions such as architectural edges and vegetation. Finally, the fourth column illustrates the outcomes of the proposed neural network-based model, which significantly outperforms the competing methods. This model effectively restores fine textures, enhances edge clarity, and maintains a natural appearance. For example, 266

[image: Image 7]

in the Colosseum image, the column edges are sharper and more defined, while the urban high-rise image shows improved texture and color contrast on the building facade. Similarly, the cityscape features vivid vegetation and well-defined road structures, and the Taj Mahal image retains intricate architectural patterns and sharp edges. Overall, the proposed model demonstrates superior restoration performance, providing sharper, more detailed, and visually pleasing results, making it highly suitable for applications in machine vision and image-based analysis. 

Table 2 provides a detailed comparison of the proposed model with the models proposed by Zhou et al. [11] and Cui [14] across multiple image quality metrics, including PSNR, SSIM, MOS, NCC, MSE, and BRISQUE [20]. 

Table 2. Evaluation results for the proposed model compared to two other models Model Proposed by

Model Proposed by

Metric

Proposed Model

Zhou et al. [11]

Cui [14]

PSNR (dB)

34.2 ± 0.8

29.7 ± 1.2

31.5 ± 1.0

SSIM

0.95 ± 0.02

0.88 ± 0.03

0.91 ± 0.01

MOS

4.7 ± 0.3

4.0 ± 0.4

4.2 ± 0.2

NCC

0.97 ± 0.03

0.89 ± 0.05

0.92 ± 0.02

MSE

0.003 ± 0.002

0.008 ± 0.003

0.006 ± 0.001

BRISQUE

21.8 ± 2.1

30.3 ± 2.8

26.5 ± 1.9

Execution time (s)

1.23

3.47

2.91

The proposed model demonstrates superior performance across all metrics, highlighting its effectiveness in enhancing image quality. For PSNR, the proposed model achieves a mean value of 34.2 dB ± 0.8, outperforming the models proposed by Zhou et al. [11] (29.7 dB ± 1.2) and Cui [14] (31.5 dB ± 1.0), indicating better noise suppression and reconstruction accuracy. Similarly, in terms of SSIM, the proposed model scores 0.95 ± 0.02, which surpasses the models proposed by Zhou et al. [11] (0.88 ± 0.03) and Cui [14] (0.91 ± 0.01), demonstrating its ability to preserve structural details in images. 

The MOS, a subjective quality assessment score, further validates the superior performance of the proposed model with a score of 4.7 ± 0.3, compared to 4.0 ± 0.4 for the model proposed by Zhou et al. [11] and 4.2 ± 0.2 for the model proposed by Cui [14]. Additionally, the NCC metric, which measures the correlation between the original and processed images, is highest for the proposed model at 0.97 ± 0.03, outperforming the models proposed by Zhou et al. [11] (0.89 ± 0.05) and Cui [14] (0.92 ± 0.02). 

Figure 4. Comparison of the proposed model with competing models based on image quality metrics In terms of error measurement, the proposed model achieves the lowest MSE of 0.003 ± 0.002, significantly better than the models proposed by Zhou et al. [11] (0.008 ± 0.003) and Cui [14] (0.006 ± 0.001), confirming its capability to minimize pixel-level differences. Lastly, the BRISQUE metric, which evaluates perceptual image quality, shows that the proposed model scores 21.8 ± 2.1, compared to 30.3 ± 2.8 for the model proposed by Zhou et al. [11] and 26.5 ± 1.9 for the model proposed by Cui [14], indicating better overall visual quality and fewer distortions. 

The execution time of an image restoration model is a critical factor in its practical applicability, especially in real-time or high-throughput environments. The proposed model demonstrates superior computational efficiency, 267

achieving an average execution time of 1.23 seconds, significantly outperforming the models proposed by Zhou et al. [11] (3.47 seconds) and Cui [14] (2.91 seconds). This efficiency is attributed to the optimized feature extraction process, enhanced non-linear refinement techniques, and the integration of multi-scale Gaussian corrections, which reduce redundant computations while preserving image quality. Figure 4 shows the comparison of the proposed model with competing models based on image quality metrics. 

In summary, the results in Table 2 clearly establish the robustness and effectiveness of the proposed model in enhancing image quality, preserving structural integrity, and minimizing perceptual and computational errors compared to the competing models. 

The proposed FEGAO-based model is designed to achieve a balance between computational efficiency and restoration quality, making it suitable for real-time applications. Unlike deep-learning-based models, such as those proposed by Zhou et al. [11] and Cui [14], which require extensive training and high computational resources, the proposed approach leverages mathematical aggregation techniques, specifically the Einstein t-norm and t-conorm, to refine pixel values efficiently. This ensures faster processing while maintaining superior image quality. Additionally, the integration of multi-scale Gaussian corrections and layered enhancement further improves restoration performance without introducing significant computational overhead. The experimental results demonstrate that the model performs effectively with minimal latency, making it applicable in real-time defect detection, industrial inspection, and medical imaging. Future work will focus on further optimizing the framework through parallel processing and Graphics Processing Unit (GPU) acceleration to enhance its applicability in dynamic imaging environments. 

Although the proposed FEGAO-based model has shown strong performance in defective image restoration, its effectiveness in more complex scenarios with severe noise or extreme blur remains a challenge. The study primarily evaluates images with Gaussian blur and low noise levels, but highly irregular distortions or structured noise may reduce its performance. The model’s reliance on Gaussian-based corrections may not be optimal for non-uniform degradation patterns, such as motion blur with complex trajectories. Additionally, while the layered enhancement framework preserves structural details, further adaptation may be needed for highly heterogeneous defects. Future work could explore adaptive deep-learning refinements and non-Gaussian noise models to enhance robustness against unpredictable distortions in real-world defective images. 

5 Conclusion

This study introduced an innovative framework for defective image processing through the FEGAO, providing a transformative approach to handling uncertainty and imprecision in defect detection. The model integrates non-linear pixel coordinate projection, resolution refinement, multi-scale Gaussian correction, and layered enhancement, significantly improving upon traditional restoration techniques. The Einstein t-norm and t-conorm enable precise pixel-level calculations, robust feature extraction, and smooth regional intensity transitions, ensuring superior accuracy and enhanced defect representation. 

Compared to advanced deep learning-based restoration models and hybrid optimization techniques, the proposed FEGAO-based approach demonstrates computational efficiency, lower memory usage, and reduced execution time while maintaining high image restoration quality. The quantitative analysis, including PSNR, SSIM, and BRISQUE

scores, validates the superior reconstruction quality and perceptual clarity of the proposed approach. Additionally, the higher MOS scores indicate strong user preference and practical reliability in real-world defect detection applications. 

Looking ahead, future research should focus on adapting the algorithm for emerging imaging technologies, such as high-resolution hyperspectral imaging and real-time defect analysis. Additionally, integrating machine learning techniques could enhance parameter optimization and adaptive feature learning, reducing the need for manual tuning and improving generalization across diverse applications. 
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Abstract: This study presents a novel image restoration method, designed to enhance defective fuzzy images,
by utilizing the Fuzzy Einstein Geometric Aggregation Operator (FEGAO). The method addresses the challenges
posed by non-linearity, uncertainty, and complex degradation in defective images. Traditional image enhancement
approaches often struggle with the imprecision inherent in defect detection. In contrast, FEGAO employs the Einstein
t-norm and t-conorm for non-linear aggregation, which refines pixel coordinates and improves the accuracy of feature
extraction. The proposed approach integrates several techniques, including pixel coordinate extraction, regional
intensity refinement, multi-scale Gaussian correction, and a layered enhancement framework, thereby ensuring
superior preservation of details and minimization of artifacts. Experimental evaluations demonstrate that FEGAO
outperforms conventional methods in terms of image resolution, edge clarity, and noise robustness, while maintaining
computational efficiency. Comparative analysis further underscores the method’s ability to preserve fine details and
reduce uncertainty in defective images. This work offers significant advancements in image restoration by providing
an adaptive, efficient solution for defect detection, machine vision, and multimedia applications, establishing a
foundation for future research in fuzzy logic-based image processing under degraded conditions.

Keywords: Defective fuzzy image; Image restoration; Image enhancement; Fuzzy set; Fuzzy operators; Noise
reduction; Image quality improvement; Pixel coordinate correction

1 Introduction

The restoration and enhancement of images, encompassing their color, texture, shape, and other defining
attributes, are crucial for advancing multimedia applications and modern information exchange. As images serve as a
primary medium for conveying vast amounts of data, their quality directly influences the clarity and effectiveness of
communication. With the rapid growth of digital multimedia technologies, the use of images has permeated various
aspects of everyday life. Devices such as smartphones, tablets, and social media platforms have transformed images
into an essential component of interpersonal and professional communication. High-quality images not only improve
the aesthetic experience for users but also ensure the accurate transmission of information. Conversely, degraded
images—those affected by blurriness or noise—can lead to significant data loss and hinder usability [1-5].

Restoring and enhancing degraded images to improve their quality is a vital task, particularly in scenarios
that require precise image analysis and recognition. These processes involve amplifying meaningful details while
suppressing unnecessary components. However, images that suffer from defects, such as blurring or noise, often
exhibit complex structures and interrelated features. Even small inaccuracies in the restoration process can significantly
degrade the final result. Therefore, the development of effective techniques to address these challenges has immense
practical value, especially in fields like machine vision [6-10].

Despite extensive research into image restoration and enhancement, many existing methods rely heavily on
prior information, such as accurately identifying blur kernels. This reliance limits their applicability in real-world
scenarios, where such prior knowledge may not always be available. Recent advancements in neural networks have
opened new avenues for addressing these limitations. For instance, Premnath and Renjit [8] proposed a Jaya-based
optimization (Cui) model that integrates deep convolutional networks for detecting noisy pixels and a neuro-fuzzy
system for enhancing them. While effective, this approach is computationally expensive and requires substantial
training time. Similarly, Zhou et al. [11] developed an iterative lensless image restoration framework utilizing depth
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