
  

 V. Scapini & E. Zuñiga, Int. J. Comp. Meth. and Exp. Meas., Vol. 8, No. 4 (2020) 316–325

A MARKOV CHAIN APPROACH TO MODEL 

RECONSTRUCTION

VALERIA SCAPINI1 & EDUARDO ZUÑIGA2

1 Centro de Investigación en Innovación, Desarrollo Económico y Políticas Sociales (CIDEP), Universidad de Valparaíso, Chile. 

2   Complex Engineering Systems Institute (ISCI), Universidad de Chile, Chile. 

ABSTRACT

Motivated by the fact that Chile is one of the most seismically active countries in the world (located over the ‘Pacific Ring of Fire’), we define a methodology for estimating the cost of housing reconstruction by modelling the occurrence of natural disasters as a Markov chain. Specifically, the states of the chain correspond to the different possible conditions of the housing infrastructure and the transition probabilities represent the possibility of change from one condition to another once the disaster has occurred. 

We prove that for the case of the 2010 Chilean earthquake, the matrix representing the process admits a stationary state vector. Using this vector, which we interpreted as the portion of time that the chain spends in each state in the long term, we define a cost function associated with total reconstruction. If this cost function is continuous, then this methodology allows policymakers to make decisions when facing the trade-off between current partial reconstruction and future total reconstruction. 
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1  INTRODUCTION

Earthquakes generate significant losses or damage to housing infrastructure and significant costs associated with the process of rebuilding them. Chile is among the most seismically active places in the world, as the continental territory is located next to the subduction zone of the Nazca plate and next to the Antarctic plate [1] in the southernmost extreme of the country. Thus, it is important to understand the destructive power of this type of disaster, in order to contribute to decision makers and generate appropriate public policies related to reconstruction. These problems are discussed in this document. 

We start with studying the 2010 Chilean earthquake motivated by several reasons. Firstly, Chile is a country where this happens regularly. Secondly, the Chilean earthquake that occurred on February 27, 2010 measured 8.8 on the magnitude scale of the moment, and is considered one of the strongest earthquakes in the history of humanity. It strongly hit six of the country’s 13 regions. The last reason is because we have data at the household level that allows us to calculate the level of damage generated by the earthquake. With an earthquake of these characteristics, constructions suffer damages that go from the category of slight to severe, with even cases of total destruction existing. This type of damage has been seen in both new and old constructions and in the entire area affected by the earthquake. 

Considering all the above-mentioned facts, what we aim to do is to model the housing conditions as a Markov chain. More specifically, we model a chain whose states are the possible different conditions in which a house can be and consider that the transitions of the process occur because of natural disasters such as earthquakes. In the particular case covered in this article, we define and classify the possible states of the households based on a national government criterion, but the method is flexible in the sense that these states could be defined in different ways. In order to compute the transition probabilities, we use data collected in a national survey prior to and after the earthquake. In this setting, it is possible to argue that the states are positive recurrent and aperiodic, and also that the representative matrix is irreducible. Therefore, it is possible to 
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compute the stationary state of the process. We use these stationary probabilities, which can be interpreted as the proportion of time that the chain spends on each state on the long run, to ana-lyse the housing reconstruction cost, and consequently, the trade-off faced by the policymaker between partial reconstruction (before the occurrence) versus full reconstruction (after the event). 

This work constitutes an extension of the work found in Scapini and Zúñiga [2], which is a particular case of the application of the methodology described here. The present document is structured as follows. Section 2 provides a brief description of the Chilean case. Section 3 

describes the data used in the paper. Section 4 explains the mathematical modelling used, calculations made and results obtained. Section 5 shows some extensions of the document and, finally, the conclusions of the study are highlighted in Section 6. 

2  THE 2010 CHILE EARTHQUAKE

Earthquakes occur in areas of the earth’s surface in which some tectonic plates limit with others. These plates move and collide with each other causing deformation of the rocks on both sides, releasing energy that on reaching the surface makes up the earthquake [3, 4]. 

Chile is considered one of the countries with the highest seismic activity in the world because it is located along the southwestern shore of South America. The area is known as the ‘Pacific Ring of Fire’, which corresponds to a zone where the tectonic plates are in permanent friction and concentrates some of the most important subduction zones in the world, where about 90% of the world’s earthquakes and 80% of the largest ones occur [5–7]. For this reason, the Chilean experience is important to consider when we talk about disaster management. 

The earthquake of February 27, 2010 is particularly interesting to study due to its magnitude, extension and number of affected households. It had a magnitude of 8.8 on the Richter scale, making it the second strongest earthquake in the country’s history and the sixth strongest in the world [8]. It began at 3:34 a.m. and lasted nearly 3 min. It affected the central zone of the country over approximately 700 km, where about 80% of the country’s population lives. It caused damage to about 500,000 houses. After the event, local seismic regulations were updated in order to improve construction safety [9]. 

Figures 1 and 2 show some emblematic images of the earthquake that occurred in Chile on February 27, 2010. 

Figure 1: The most emblematic image was the fall of a building in the city of Concepción [10]. 
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3  DATA: THE POST-EARTHQUAKE SURVEY

To carry out the study, we used the panel data from the 2010 National Post-Earthquake Socio-Economic Characterization Survey (EPT), which was conducted between May and June 2010 with the purpose of evaluating the main changes in the living standards of the people who were affected by the earthquake and tsunami. Data was collected from a subset of 22,456 households from the 2009 CASEN survey, making it a longitudinal survey that is both nationally and regionally representative. This survey was conducted by applying a questionnaire for each household, and the information was provided by the same person who responded to the 2009 CASEN survey or by another adult in the household if the former was not available. The questionnaire was completed through a direct interview which favours trust between the interviewer and the respondent and allows the interviewer to guide or explain to the respondent in case the questions are not understood. 

The data panel contains information about the conditions of the households at two different points in time, approximately 3 months before and 3 months after the earthquake. Prelimi-nary analysis of the data shows that before the earthquake, 78.8% of the homes were in good condition. This means that the floor, walls and roof were in good condition. On the other hand, we can see that 21.2% of the houses were in regular condition, which means that at least one of the structures referred to (floor, roof or walls) was in bad condition. Table 1 

shows the number and percentage of houses according to the level of damage in the period prior to the occurrence of the disaster. It should be noted that in this period, the state of housing was good or regular and there were no destroyed houses. 

The state of conservation of the housing in the period prior to the earthquake was determined according to the state of conservation of the walls, floors or roof of the housing obtained from the survey in 2009. If at least one of the three structures was found to be in poor condition, the house was considered to be in a regular state. Figure 3 shows the survey questions. 

The state of conservation of the house in the subsequent period was determined based on a direct question, in which the state in which the house was left as a result of the earthquake was answered: no damage or minor damage, major damage or destroyed. Figure 4 shows the survey questions. 
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Table 1: Number and percentage with respect to the level of damage before the earthquake. 

No. of households

Percentage (%)

Good condition

17,441

78.8

Regular condition

4,693

21.2

Bad condition

0

0

Total

22,134

100

Figure 3: 2009 CASEN survey housing module questions. 

Figure 4: 2010 Post-earthquake survey housing module question. 

The data shows that, after the earthquake, 66.8% of the houses were in good condition, while 30% were in regular condition and 3.2% were in bad condition. It should be noted that after an earthquake occurs, the state of housing can be good, regular or bad, with the latter category being the destruction of housing as a result of the earthquake. Table 2 shows the number and percentage of dwellings according to the level of damage in the period following the occurrence of the disaster. 

The percentage of houses by the level of damage shown in Tables 1 and 2 can be summa-rized in Fig. 5, in which the level of damage to homes is measured on the ordinate axis as a percentage and the columns show the period of time referred to, with the one on the left being the period before the earthquake and the one on the right the period after it. The graph shows that, after the disaster, the proportion of homes in regular condition and destroyed to the det-riment of homes in good condition increases. 
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No. of houses

Percentage (%)

Good condition

14,625

66.8

Regular condition

6,565

30.0

Bad condition

709

3.2

Total

21,899

100

Figure 5: Percentage of homes by the level of damage at both points in time. 

4  MATHEMATICAL MODELLING: MARKOV CHAIN APPROACH

As we have said before, we model the transition of one household condition to another as a Markov chain. Therefore, it is essential to properly characterize the chain, in order to define the states space and the transition probabilities. The set of states consists of the possible conditions in which the house can be found after the occurrence of the event. It is given by:

 E = {good, regular, bad}. 

The specific definitions of each state are the following:

•  Good: not affected or minor damages



• Regular: major damages

•  Bad: destroyed or in need to be demolished

This classification comes from the information obtained by the CASEN survey. Specifically, in one of the questions, people were asked to declare in which condition their house was. 

We model the realizations of the chain as occurrences of the events, particularly an earthquake in the case covered in this article. Each realization of the chain corresponds to the occurrence of an event, in this case an earthquake. As it is well known, to fully characterize the process, we need to specify the transition probabilities between states. Given the realization definition that we are considering, we will define those probabilities using the data from the CASEN survey. This will be explained in the next subsection. Once we have these probabilities, we will be ready to compute the stationary distribution of the chain, which represents 
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the percentage of time that the chain spends in each state in the long term and will be used to estimate the reconstruction cost in different settings. 

4.1  Transition probabilities

We compute the transition probabilities between states using the Bayes’ rule. In particular, we consider the state of the household before and after the earthquake and then apply a favoura-ble over total cases rule. Formally, let  N  the number of households that went from state  i to i,j

state  j,  N   the number of households in state  i prior to the event and  N the total number of i

households in the sample. This is, 



∑ i E =

∈
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 i,  j ∈  E, which is the representative matrix of this Markov chain. Note that this is a stochastic matrix since, for every row  i, we have that:
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After some computations, it is possible to show that the transition probabilities are as indicated in Table 3. 

Summarizing Table 4, the transition probabilities are as follows: p
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Table 3: Number of houses with respect to the level of damage after the earthquake. 

After earthquake

Good

Regular 

Bad

Total

Before earthquake

Good

12,125

4,697

435

17,257

Regular

2,500

1,868

274

4,642

Total

14,625

6,565

709

21,899

Table 4: Percentage of houses with respect to the level of damage after the earthquake. 

After earthquake

Good

Regular 

Bad

Total

Before earthquake

Good

70.26

27.22

2.52

100

Regular

53.86

40.24

5.90

100

Total

66.78

29.98

3.24

100
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 0.70 0.27 0.03

 A =  0.54 0.40 0.06





 0.01 0.00 0.99

In general terms, it can be seen that the highest probability of occurrence observed in transitions is from a state to itself (self-lapse), which indicates that the state of conservation of a house is more likely to remain than to move to another state. The only exception occurs in the regular state, where there is a greater probability of moving from the regular state to a good state than of remaining the same ( p

>  p

1,0

1 1

, ). 

Note that the earthquake only admits transitions between the same state or to a lower condition (the earthquake cannot improve the state of conservation, it can only leave it the same or make it worse), so transitions to better states are due only to the effort of people. 

It should be noted that we set  p

> 

2 1

0

, 

because we have the underlying assumption that in case of personal effort of reconstruction, this is fully achieved. We base this assumption on the fact that this case corresponds mostly to families with higher monetary resources, and it is, therefore, possible for them to fully reconstruct their houses. Also note that  p  > 0, which 2,0

can appear counterintuitive at the first sight. The reason behind this fact is that we are considering that a small portion of the houses are repaired by their owners after the event. We will go deeper into this assumption in Section 5. In the next section, we tackle the problem of computing the stationary state of the chain, which will be the major tool for cost analysis. 

4.2  Stationary state

In this subsection, we compute the stationary distribution of the process. In particular, we aim to find a vector  p ∈ R E , such that [11]: Figure 6:  Representative graph of the states of conservation of homes and the probabilities of transition between each of them. 
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A p = . 

 p  (5)

where  A is the transition matrix. One could simply try to solve this linear system in order to find this vector  π, but we prefer to go deeper into the theory since it has interesting interpretations in the context we are considering. In particular, to ensure the existence of this vector π, we consider the following well-known result from probability theory. 

Theorem.  If the Markov chain is irreducible and aperiodic, then there is a unique stationary distribution  π. 

Therefore, in order to properly look for this vector in our particular case, we need to argue why these conditions in the theorem are met:

•  Matrix  being irreducible means that all the states are communicated, and we assume this since a house can deteriorate or improve with the passage of time. 

•  Every state in E is positive recurrent and aperiodic, since it is always possible to come back to every state with no regularity in the number of steps (aperiodic). 

In summary, we can assume that our chain satisfies these two conditions, and therefore, a unique vector  π of stationary probabilities exists. Using the transition probabilities found previously, we can define the following linear system to find the stationary state vector: 0 2

. 7 p + 0 03

.  p = 0.3 p

2

3

1
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1

3

2
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. 3 . 

Solving for  π, we find the stationary state probabilities: As we have said previously in the article, we subscribe the interpretation of these probabilities as the proportion of time that the chain spends in each state on the long run. 

5  EXTENSIONS

5.1  Cost of reconstruction

In this section, we aim to exhibit how the previous development, related to the stationary probabilities of the process, might be useful for policymakers. In particular, we believe that this methodology could be useful to define and subsequently perform cost–benefit analysis based on the reconstruction cost as a function of these stationary probabilities. As we have said before, it is possible to interpret these probabilities as the proportion of time that the chain spends in each state on the long run, and therefore, they are useful to express a unit long-term cost of reconstruction. Let us suppose that the process is represented by a matrix A

 N N

∈

×



and admits the existence of a stationary vector  A N

∈ . We define the long-term cost 

of reconstruction as:

 C

 N

⋅() : → 



+ , (6)

 p →  C ( p). 
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where  C( π) is defined as:

 N
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 i=1
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This  vi might differ when considering different applied problems. For instance, in our previous article [2], we defined  vi as the average reconstruction cost (in dollars), obtained from the 2010 EPT CASEN survey. 

Since natural disasters differ in their frequency (e.g. destructive earthquakes occur very distant in time, while hurricanes might happen every year), a policymaker could use this cost definition to perform cost–benefit analysis to face the trade-off between maintenance invest-ments versus the reconstruction cost after the disaster. That is, sometimes it could be cheaper for the government to fully reconstruct the house after the disaster has occurred, while in other occasions, the best option could be to periodically maintain the households to prevent total destruction. 

To be more precise about this latter case, let us suppose state  N is that of the total destruction, and in a given time,  C  is the maintenance cost needed to avoid total destruction in the occurrence of a disaster. If the cost of reconstruction after total destruction is considerably greater than that of the other states, this is given as: v >>  v ∀ i ≠  N

 N

 i

. 

Then,  C ( p) could be big enough, so that  C ( p) >>  C, leading the policymaker to avoid this situation in any circumstance, of course provided that the probability  pN  is positive. 

5.2  Extensions and sensitivity

As can be seen from the previous developments, the value of  C ⋅() is extremely sensitive with respect to the stationary probabilities and the value  vi. In fact, in the previous subsection, we defined the cost function thinking of  vi as exogenously given, but, in general,  C ⋅() could depend on both variables and not necessarily be linear. That is, C

 N × N

⋅() : 

→

, 

(8)



+

( p,  v) →  C( p,  v) (9)



When using this methodology, one could face the fact that  π and  v could be, at the same time, functions of some other relevant variable  x. Therefore, in order to make a sensitivity analysis of how the cost changes, it would be necessary to consider both the direct and indirect effects: dC ( p,  v)

∂ C
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 i

 i

A future work path that we would like to explore is related to understanding which type of variables  x are important when studying natural disasters and also how  π and  v depend on these variables. For instance,  x could be the level of private investment made by the families to maintain their houses, and in that case, would be natural to consider  π and  v as decreasing functions of  x. On the other hand,  x could be the level of a ‘nature’-related variable that makes the total destruction easier, in which case  π and  v would be increasing functions. 

6  CONCLUSIONS

In this work, a methodology to model the effect of a natural disaster on the conservation sta-tus of a house is presented. In particular, we model the occurrence of a disaster as a Markov 
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process whose states correspond to the different conditions of the housing. In this setting, we interpret the transition probabilities as the probability of worsening, maintaining or improv-ing the condition of the housing after the occurrence of the disaster. We proved that when the chain defined in this way admits a stationary state vector, this can be used to define a cost associated with housing reconstruction. This cost function can be useful for policymakers when deciding whether to perform partial reconstructions before the event or total reconstructions after it, assuming that the cost function is continuous. In particular, it will always be beneficial for the policymaker to intervene before the event, as long as the intervention cost is lower than the expected cost of full reconstruction. This methodology can be extended to different types of disasters with a good understanding of what are the underlying variables that determine the probabilities of transition and the costs of reconstruction. This last point is essentially important when making sensitivity analysis. 
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ABSTRACT

Motivated by the fact that Chile is one of the most seismically active countries in the world (located over
the *Pacific Ring of Fire’), we define a methodology for estimating the cost of housing reconstruction
by modelling the occurrence of natural disasters as a Markov chain. Specifically, the states of the chain
correspond to the different possible conditions of the housing infrastructure and the transition probabili-
ties represent the possibility of change from one condition to another once the disaster has occurred.
We prove that for the case of the 2010 Chilean earthquake, the matrix representing the process admits
a stationary state vector. Using this vector, which we interpreted as the portion of time that the chain
spends in each state in the long term, we define a cost function associated with total reconstruction. If
this cost function is continuous, then this methodology allows policymakers to make decisions when
facing the trade-off between current partial reconstruction and future total reconstruction.

Keywords: earthquake, Markov chain, natural disasters, reconstruction cost.

1 INTRODUCTION

Earthquakes generate significant losses or damage to housing infrastructure and significant
costs associated with the process of rebuilding them. Chile is among the most seismically
active places in the world, as the continental territory is located next to the subduction zone
of the Nazca plate and next to the Antarctic plate [1] in the southernmost extreme of the
country. Thus, it is important to understand the destructive power of this type of disaster, in
order to contribute to decision makers and generate appropriate public policies related to
reconstruction. These problems are discussed in this document.

We start with studying the 2010 Chilean earthquake motivated by several reasons. Firstly,
Chile is a country where this happens regularly. Secondly, the Chilean earthquake that
occurred on February 27, 2010 measured 8.8 on the magnitude scale of the moment, and is
considered one of the strongest earthquakes in the history of humanity. It strongly hit six of
the country’s 13 regions. The last reason is because we have data at the household level that
allows us to calculate the level of damage generated by the earthquake. With an earthquake
of these characteristics, constructions suffer damages that go from the category of slight to
severe, with even cases of total destruction existing. This type of damage has been seen in
both new and old constructions and in the entire area affected by the earthquake.

Considering all the above-mentioned facts, what we aim to do is to model the housing condi-
tions as a Markov chain. More specifically, we model a chain whose states are the possible
different conditions in which a house can be and consider that the transitions of the process occur
because of natural disasters such as earthquakes. In the particular case covered in this article, we
define and classify the possible states of the households based on a national government criterion,
but the method is flexible in the sense that these states could be defined in different ways. In order
to compute the transition probabilities, we use data collected in a national survey prior to and
after the earthquake. In this setting, it is possible to argue that the states are positive recurrent and
aperiodic, and also that the representative matrix is irreducible. Therefore, it is possible to
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