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ABSTRACT

Velocity-pressure coupling schemes for the solution of incompressible fluid flow problems in Computational Fluid Dynamics (CFD) rely on the formulation of Poisson-like equations through projection methods. The solution of these Poisson-like equations represent the pressure correction and the velocity correction to ensure proper satisfaction of the conservation of mass equation at each step of a time-marching scheme or at each level of an iteration process. Inaccurate solutions of these Poisson-like equations result in meaningless instantaneous or intermediate approximations that do not represent the proper time-accurate behavior of the flow. The fact that these equations must be solved to convergence at every step of the overall solution process introduces a major bottleneck for the efficiency of the method. We present a formulation that achieves high levels of accuracy and efficiency by properly solving the Poisson equations at each step of the solution process by formulating a Localized RBF Collocation Meshless Method (LRC-MM) solution approach for the approximation of the diffusive and convective derivatives while employing the same framework to implement a Dual-Reciprocity Boundary Element Method (DR-BEM) for the solution of the ensuing Poisson equations. The same boundary discretization and point distribution employed in the LRC-MM is used for the DR-BEM. The methodology is implemented and tested in the solution of a backward-facing step problem. 

 Keywords: dual reciprocity boundary element method, incompressible fluid flows, meshless methods, radial basis functions. 

1  INTRODUCTION

Meshless methods are numerical techniques that utilize interpolation, either global or localized, on a set of non-ordered points, see [1, 2]. These are being used to resolve complex problems, such as flow transport problems, see [3]. There are several advantages to them such as accuracy control, since additional nodes made be added where needed, and a more accurate representation of the objects through meshfree discretization, see [4]. The principal reason for such flexibility is that the nodes do not need to conformant to the geometry and since elements are not used to join the nodes, degeneration is a non-issue. This is a direct contrast to meshed techniques, which required that node connectivity follows the boundary contours and thus there is a need to have well-shaped elements, see [5]. Truly meshless methods do not require any mesh or particular node distribution. Global radial-basis function (RBF) interpolation meshless methods are computationally expensive and require special treatment to deal with poor conditioning in the algebraic set of equations. The localized RBF collocation meshless methods (LRC-MM) address the issues that arise from the global RBF approach, see [1, 6]. LRC-MM have been implemented in the solution of incompressible fluid flows effectively adapting upwinding schemes for convective-dominated flows, see 

[1, 3, 5, 6]. However, in decoupling the governing equations for incompressible fluid flows, a Poisson-like equation arises for the solution of the pressure field at each time step. Although 
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 L.A. Bueno, et al., Int. J. Comp. Meth. and Exp. Meas., Vol. 5, No. 3 (2017) LRC-MM have proven to be an accurate solution approach for Poisson equations, issues are still present with their efficiency and their ability to accurately capture the derivative fields, which are crucial to the proper updating of the velocity field for a stable incompressible fluid flow solution scheme. 

To mitigate the issues arising from the solution of a Poisson equation at each step of the time-progressing process of incompressible fluid flows, a Dual Reciprocity Boundary Element Method (DR-BEM) is proposed. In the DR-BEM, the domain integral remaining from the generation term of the Poisson equation is transferred to the boundary via an RBF expansion, see [7–9]. This results in a Boundary-only integral equation which can be numerically implemented in the same point distribution being employed for the LRC-MM. 

Furthermore, the resulting algebraic set of the DR-BEM can be decomposed to be used throughout the time-stepping process in an efficient manner as the boundary discretization and internal point distribution do not change. Moreover, DR-BEM have been shown to produce a very accurate solution and derivative fields, see [7–9], which is of premium importance in updating the velocity field at every step of the time-stepping process of the incompressible fluid flow solution scheme. DR-BEM have been effectively applied to solve diffusion-like and non-linear heat conduction problems through the same approach, see [7–9]. 

2  GOVERNING EQUATIONS FOR INCOMPRESSIBLE FLUID FLOWS

The set of equations that define incompressible fluid flows correspond to mass, momentum and energy conservation in the form of the Navier-Stokes equations as shown below:
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Where ρ is the density [Kg/m3], µ is the dynamic viscosity [N.s/m2],  f  is the body force 

[N/ m3],  c   is the specific heat [kJ/kg K],  k is the thermal conductivity [W/mK], and   u,,, is the p

 g

energy generation [W/m3]. The space and time- dependent field variables are the components of the velocity vector  V ( x,  t) [m/s], the pressure   p( x,  t), and the temperature  T ( x,  t). Note that there is a lack of an explicit equation for the pressure  p( x,  t) which must now be indirectly constrained to advance the solution in time. The solution can be discretized in time such that t
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∆ , and position the different terms at different time steps as shown below (for the mass and momentum equations):
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Expressing the pressure at time step  t  in terms of the pressure at time step  t  and a pressure n+1

 n

correction field   n

φ ( x ) as:
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) + φ ( x ) (3)
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Approximating the time derivative in the momentum equation in eqn (2) with a backward differencing scheme, introducing eqn (3) into eqn (2), and rearranging results in: n+1
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An intermediate velocity field  V *( x ) can be defined as: t
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Leading to the discretized momentum equation for the intermediate velocity field  V *( x ) as:
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Introducing the intermediate velocity field  V *( x ) in eqn (5) to the conservation of mass in eqn (4) leads to:
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Resulting in a Poisson equation for the pressure correction field   n φ ( x )as:
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Equation (8) must be solved at every time-step  t  so that the pressure field  pn ( x ) is corrected n





to   pn+1( x ) through eqn (3) and the intermediate velocity field  V *( x ) is corrected to  V n+1( x ) through eqn (5). 

This particular step imposes a stability concern in the solution process as an accurate approximation of the pressure correction field   n φ ( x ) and its derivatives is imperative to properly advance the pressure and velocity fields to the new time step  t . In order to mitigate n+1

this concern, an accurate Dual-Reciprocity Boundary Element Method (DR-BEM) will be implemented to solve the Poisson equation in (8) for the pressure correction field   n φ ( x ) while 

coupling it with a Localized RBF Collocation Meshless Method (LRC-MM) to approximate the space operators in the explicit form of the discretized momentum equation in (6). The two solution methods will be implemented in the same collocation point distribution eliminating the need to interpolate data. 
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∇ p( x ),  V ( x ) ⋅ ∇ V ( x ), and ∇  V ( x )) will be accomplished by formulating an accurate and efficient meshless method. Radial-Basis Function (RBF) collocation meshless methods use a scattered point distribution on the boundary and in the domain. RBF interpolation is used to expand the field variable(s) over the node distribution so there is no need for meshing or structuring of the point distribution [1]. The expansion of a field variable,  p( x ), in terms of RBFs, χ( x ), is given by:
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Here,  r ( x ) is the Euclidian distance from the  jth collocation point,  x , to any field point,  x, j

 j

while  c  is a shape parameter used to control the flatness or steepness of the RBF. 

Crucially,  N is the total number of collocation points in the domain and on the boundary, which, in the case of global expansion of the field variable, results in a system of equations of the form:
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As such, the size of the resulting collocation matrix [ C] is  N . Since the coefficients, α , are j

found by solving eqn (11), it becomes more computationally intensive to solve as the number of total collocation nodes increases with the complexity of the model [1]. Another issue that contributes to the inefficiency of the method is the need for optimization of the shape parameter  c  in eqn (10). [2, 3]

This is where the Localized RBF Collocation Meshless Method (LRC-MM) can be help-ful. This effective approach relies on an expansion of the field variable over a local area of influence or localized topology, Ω , consisting of a number  N  of influence collocation f

 f

points around the data center  x . The localized expansion of the field variable  p( x ) using c

RBFs can then be expressed as:
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It is important to note that the collocation matrix [ C] is of size  N   and therefore the expansion f
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This would mean a significant reduction in the computational workload when compared to a solution that involves a collocation matrix of size  N . In addition, any differential operator L   applied to the field variable  p( x ) at the topology data center  x  can be expressed with the c

expansion in eqn (12) as:

 N f
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Or in vector-vector form as:
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Introducing the expansion coefficient expression in eqn (14) results in: Lp
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Which can be pre-built and stored prior to the solution process. 

This formulation leads to the simple form for the evaluation of any differential operator  L 

applied to the field variable  p( x ) at the topology data center  x : c
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Notice that the expression in eqn (19) is a simple vector-vector inner product that can be executed very efficiently at each collocation point to evaluate the derivatives of any field variable, such as those necessary to approximate the solution of the explicit momentum equation in (6). I.e. 

2

∇ p( x ),  V ( x ) ⋅ ∇ V ( x ), and ∇  V ( x ). 

4  DUAL-RECIPROCITY BOUNDARY ELEMENT METHOD (DR-BEM) The solution of the Poisson equation in (8) for the pressure correction   n φ ( x ) required at 

every time-step of the solution process will be accomplished by an accurate Dual-Reciprocity Boundary Element Method (DR-BEM) over the same point distribution employed for the LRC-MM. 

Recast the Poisson equation in (8) as:





−

2

ρ

 n

*

∇ φ ( x ) = − B ( x ) ∴  B ( x ) =

∇ ⋅ V ( x ) (20)

 t

∆

Multiplying eqn (20) by a weight function  G( x,ζ ) and integrating over the problem domain Ω  results in:



2  n

∇ φ ( x G

) ( x,ζ  d

) Ω = −

∫

∫  B( x G

) ( x,ζ  d

) Ω  

(21)

Ω

Ω

Applying Green’s second identity on the left-hand side leads to: 2

 G

∂

( x,ζ )

 n

 n

φ ( x )∇  G ( x ,ζ  d

) Ω −

φ ( x )

 d

∫

∫

Γ



Ω

Γ

 n



∂



(22)

 n

φ

∂

( x )

+

 G( x,ζ )

 d Γ =

∫



−∫  B( x G

) ( x,ζ  d

) Ω

Γ

 n

∂

Ω

364  

 L.A. Bueno, et al., Int. J. Comp. Meth. and Exp. Meas., Vol. 5, No. 3 (2017) Now let:



2

∇  G ( x ,ζ ) = −δ ( x ,ζ ) (23)

Where δ ( x,ζ ) is the Dirac delta function with field point  x and source point ζ . Equation (23) can be solved analytically in any dimension for the Green’s Free-space solution. For instance, in 2D:
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The parameter  c(ζ ) is equal to 1 in the interior and is equal to 0 5

.  on smooth boundaries. 

A discretization of the boundary Γ is now introduced to numerically approximate the boundary integrals in eqn (25). For instance, let the boundary Γbe subdivided into  N  con-B

stant boundary elements such that:
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Then, introducing this discretization in the boundary integral eqn (25) results in the boundary integral equation (BIE):
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It is noted that the point distribution for the DR-BEM need not be changed from that of the LRC-MM, therefore the boundary elements ∆Γ  and collocation points   in eqn (30) coin-j

ζ  i

cide with the boundary discretization established for the LRC-MM. The discretized BIE in eqn (29) is rearranged in matrix-vector form as:
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 i = { } depend on the right-hand side of the Poisson equation B( x ). As   B( x ) is explicitly known but non-homogeneous throughout the domain, special care must be taken when evaluating the domain integral for  b  in eqn (30). Let the term  B( x ) be i

expanded in terms of expansion functions  f ( x ) as: k
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Where   N  is the total number of points on the boundary and in the interior of the domain, N =  N +  N . This point distribution corresponds exactly to the one employed for the B
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LRC-MM and the boundary points  N  correspond with the boundary element discretization. 
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Now let the expansion functions be such that:
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As in the LRC-MM, RBFs will be employed as the expansion functions of choice, however, the inverse Multiquadrics RBFs in eqn (10) cannot be employed directly because an analytical solution for  u ( x ) from (33) is not available. Instead, the Polyharmonic RBF will be k
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Applying the Green’s 2nd identity to the right-hand side of eqn (35) results in a transforma-tion to boundary integrals only as:
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Once the boundary value problem for   n

φ  is solved, the discretized BIE in (28) can be employed to evaluate the value of   n
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5  NUMERICAL EXAMPLE

To test the LRC-MM/DR-BEM scheme, a numerical example is configured as a two-dimen-sional incompressible fluid flow problem in a backward-facing step as shown below, where the geometrical and thermophysical parameters are: length   L =  m 1 , height  H = 0  m

1

. 

, step 

 kg

 kg

height  h

−

= 0 0

. 4 m, the fluid is air with densityρ = 1 205

. 

, viscosity µ = 2 ⋅10 5

, ther-

3

 m

 m s

. 

 W

 J

mal conductivity  k = 0 0257

. 

, and specific heat  c

 mK

 p = 1005

. 

 kgK

Three simulations will be executed at three different values of the Reynolds number based on the step size (Re =  Vh

ρ

/

such that: Re

, 

, 

 h

µ )

 h = 10 100 1000 . A third-order upwinding scheme is implemented for the convective derivative on all topologies along the direction where the local Reynolds number  Re = ρ u∆ x / µ, Re

=

(

ρ u∆ y / µ ) exceeds 1. 

∆ x

∆ y

Constant boundary elements equally-spaced at 1 cm are distributed throughout the boundary with a layer of shadow internal points 0 5

.  cm away from each boundary node and an internal point distribution with uniform spacing at 1 cm are used for the LRC-MM and DR-BEM 

solutions as shown below:

The localized influence topologies are setup as a circle of radius  r cm

 f = 3 1

. 

(slightly over 

3 times the average spacing) around each data center to guarantee that at a minimum at least 3 points in each direction are included. A close-up of a topology (on an irregular point distribution) using this criteria is shown below:

Figure 1: Geometric configuration of Backward-Facing step problem. 

Figure 2: Meshless point distribution and boundary element discretization. 

[image: Image 3]
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Figure 3: Typical localized topology of influence. 

Figure 4:  Velocity contours and vectors for Re = 10, Re = 100, and Re = 1000 after 200s of real-time. 

The velocity contours and vectors corresponding to the solution approximation after 200s of real-time are presented in the figure below for Re

, 

 h = 10   Re

, 

 h = 100  and  Re

. 

 h = 1000  The 

reattachment points and recirculation zones can be identified from the figure showing stable numerical results. 

6  CONCLUSIONS

A formulation is presented to implement a Dual-Reciprocity Boundary Element Method (DR-BEM) to accurately solve the pressure-correction Poisson equation that arises at each step of the solution process of incompressible fluid flows while the convective and diffusive derivatives of the Navier-Stokes equations are approximated by implementing a Localized RBF Collocation Meshless Method (LRC-MM). Inverse Multiquadrics RBF are employed for locally expanding the field in the LRC-MM while Polyharmonics RBF are employed for expanding the forcing term of the Poisson equation in the DR-BEM. The same boundary 
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 L.A. Bueno, et al., Int. J. Comp. Meth. and Exp. Meas., Vol. 5, No. 3 (2017) discretization and point distribution employed in the LRC-MM is used for the DR-BEM. The methodology is implemented and tested in the solution of a backward-facing step problem showing accurate and stable results in an efficient and robust framework that can be applied to a wide range of incompressible fluid flow problems. 
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A COUPLED LOCALIZED RBF MESHLESS/DRBEM
FORMULATION FOR ACCURATE MODELING OF
INCOMPRESSIBLE FLUID FLOWS

LEONARDO A BLENO' EDUARDO A DIVO! & ALAN . KASSAR
Dupatmen o Mokl Eapeeio,Eny R At Uiy, D s L USA.
D rmen of aches s Avoc Enpierig s o ConlFor, O F USA

ABsTRACT
Velociy ressre couping schemes o the solution of compresible id flow probls in
Compuatonal F Dyssmcs (CFD) ey o th fomulato of Pos- ke cqutions thrwgh
projecion method. The solaton f thse Ponson ke equaion reprsen he pressure conccion
e ey corection e poper s action o h onse10nof o eution s ¢4
1 o ime. marchin shee or o cach el o an eraion process.Iacevee sauion of e
Ponaon ke aqution sl o mesmngless sstanaois o ermdise pprovaion (hat 6o
oo eeset 1h proper . Accue ebavir of th o The (ot (he.cations st b
v onvcrgene st every s fthe onerl soltion proess iTduces  majo OV o
{helfcieny ofthe mathod. We present  formaltion ht sches ih el of scurcy and i
ency by propery Scvin he PO equsions i ach i of (e Scion prcess B formulaing
S Toculzad RBF Collocation Mechcs Mot (LRC-MAfySoluton apposch (o the Spross
Thon ofthe difsive and comectve deivatvs whiecployin he same fraework to plercat
¥ Das-Reciproiy Bovndary Element Method (DR-BEN)f the solution o e smuine Peon
Cqunons The me boundaey diretstion d piat dtsbotion cpoyed i he LRCMM s
i for te DRUBEM, The methodology s mplemnte snd st 1 he S o 4 b kward
g ep probicn.

Kemvonkt dul lrocy bousdary elwet wethod,incompresible id fows, wesiss wethds,
il s cions.

1 INTRODUCTION
Mestless methods ae numerial techniques tha uiize inerpoltion,ither lobal o local
faed, on st of pon-ondered points, s [1, 2], These ae being used o esolve complex
problems, such 2 flow ranspot problems,see 3], There ae several advantges 10 them
such as accuray contrl, since aditional rodes made be added where neded. and a more
accurte reprscntation ofthe objects through meshire discrtzation. see 4], The principal
reason for such lexibily i that the nodes do ot eed 1o conformant 0 the geomety and
Since clements ars notused 0 join the e, degenertion is 5 non-sse. Thi i @ dirct
contrast 0 meshe techniques, which required that node connecivity follows the boundary
contours and s there s & need 1o have well-shaped clemeats, see [5]. Trly meshless
methods do ot require any mesh oepatcular mod distbution. Giobs radisl-basis uncton
(RBF) inerpolton meshless methods are computationally expensive and reuire special
netment 1 deal with poor condiioning in the agebraic et of equitions. The localized
RBE collocation meshless methods (LRC-MM) addres the sses ha arse from the global
RBF approsch. sce 1. 61. LRC-MM b been implemented n he soltion of incompres

bl i flows effctivly adsping upwindin schemes for consectie-dominated flows, sce
13,5, 61 However, in decouplin the govering equations fo ncompressibe ud lows,
Poisson ke cquaion s for the soution o he pressue ikl ach time sep. Alough
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