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ABSTRACT

A novel multi-scale theoretical model for coalescence rate of droplets induced by turbulence has been developed. This model proposed two kinds of interaction mechanisms between the underly-ing turbulent flow and droplets and can be a kernel function required for population balance model (PBM). Most previous models only considered the contribution of the eddies of size equal to the droplets to the coalescence since the velocity of droplet was assumed to be equal to that of eddies of same size; the sizes of droplets was usually assumed to fall in the inertial sub-range of turbulent energy spectrum and only considered the eddies in this sub-range to coalescence. But the distribution of the sizes of droplets may be quite wide in the device, considering the entire energy spectrum (i.e. 

containing the dissipation sub-range, the inertial sub-range and the energy-containing sub-range) may be more reasonable. The above assumptions in the previous models are no more needed in this work. A novel model based on the entire energy spectrum and the collisions between two droplets and between eddy and droplet has been derived. The contribution of eddies of different sizes to the coalescence has been considered. The results predicted by coupling novel model with PBM agree with experimental data. 

 Keywords: coalescence rate, droplet, entire energy spectrum, multiscale turbulent eddies, turbulence 1  INTRODUCTION

The droplet coalescence usually determines size distribution and interfacial area, and thus, has a significant effect on momentum, mass and energy transfer in turbulent multiphase flow. 

The size distributions and interfacial area can be predicted by coupling population balance model with coalescence model. However, the predicted results depend on the accuracy of coalescence model. Hence, it is meaningful to study droplet coalescence dynamics. 

The coalescence of fluid particles (droplets or bubbles) due to turbulence is very complex. 

For simplification, the coalescence rate of fluid particles of sizes  d  and  d ,  C( d ,  d ), was usu-i

 j

 i

 j

ally estimated from the product of collision rate  ω( d ,  d ) and coalescence efficiency  P ( d ,  d ). 

 i

 j

 C

 i

 j

 ω( d ,  d ) can be expressed as ( π/4)( d + d )2  n n . Here,  n  and  n  denote number density of fluid i

 j

 i

 j U r i j

 i

 j

particles  i and  j, respectively. The mean relative velocity of fluid particles,  U r, is proportional 2

2

to the square root of ( U i + U j ). In the expression of  ω( d ,  d ), the mean velocity of fluid pari

 j

ticle   d  (e.g.  U

in inertial 

 i

 i ) was usually taken as the mean velocity of eddies of size  di sub-range. 

The following effects were not considered in above collision rate model. (1) Eddies of sizes larger than the longitudinal integral length scale  L may not be able to effectively move fluid particles [1]. (2) The reduction of free space for fluid particle movement due to the existence of dispersed phase [2–4]. (3) The collision events should not be counted when the distance between fluid particles is larger than the moving distance of a fluid particle due to turbulence [3, 4]. (4) Contribution of eddies in the entire energy spectrum to fluid particle coalescence should be considered since the sizes of fluid particles may not always fall in the inertial sub-range [5, 6]. Many collision rate models were proposed to consider above four aspects. However, the mean velocity of fluid particles in these models is still assumed to be equal to the velocity of eddies of the length scale of fluid particles. 
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 S. Gong, et al., Int. J. Comp. Meth. and Exp. Meas., Vol. 6, No. 2 (2018) The other important part of coalescence rate model is coalescence efficiency. To our knowl-edge, three kinds of coalescence efficiency model were presented in the literature. That is, the energy, the critical approach velocity and the film-drainage models. The energy and the critical approach velocity models were estimated on the basis of experimental results, and the applica-tion scope of them will be restricted by the experimental conditions. The film-drainage model is associated with contact time and drainage time between fluid particles. Since it was proposed by Coulaloglou and Tavlarides [7], the film-drainage model has received wide attention. Many works focused on the contact time and the drainage time, and many expressions have been proposed to estimate those two time scales [8–10]. 

The above review showed that  U i was usually taken as the mean velocity of eddies of size d . It may imply that these coalescence models only considered the contribution of eddies of i

sizes equal to the fluid particle size. Since the motion of droplet  d  may be driven by eddies i

of various sizes, the collision between droplets could be caused by both small eddies (less than and equal to the size of droplets) and large eddies (larger than the size of droplets). 

Therefore, the contribution of eddies of various sizes to the coalescence of droplets of given sizes should be considered. Furthermore, the interactions between eddies and droplets are the prerequisite for the collision between droplets, but it was not reflected in the previous models. 

Finally most of existing coalescence models only considered the contribution of eddies in inertial sub-range, and the droplet coalescence should be simulated in the entire energy spectrum since the droplet size may not always fall in inertial sub-range. Hence, considering the above aspects, a novel coalescence model will be developed in this work. 

2  MODEL DEVELOPMENT

This work aims to study the droplet coalescence caused by turbulence. Two different mechanisms, which can lead to the coalescence, are proposed (please see Fig. 1). 

For the double-eddy mechanism depicted in Fig. 1, the collision between droplets  d  and  d i

 j

is caused by eddies  λ  and  λ . Three events contribute to the final collision between droplets in i

 j

double-eddy mechanism. On the one hand eddy  λ  interacts with droplet  d  (i.e. event  A), and i

 i

on the other hand eddy  λ  interacts with droplet  d  (i.e. event  B), then droplet  d  and droplet  d j

 j

 i

 j

collide with each other at a certain velocity (i.e. event  C) after the two droplets obtain the kinetic energy from these eddies. Note that, the volume of large eddy will expand if the droplet is entrained by the eddy. 

Figure 1: Two different interaction mechanisms between eddies and droplets. 

  

 S. Gong, et al., Int. J. Comp. Meth. and Exp. Meas., Vol. 6, No. 2 (2018) 271

The collision between droplets  d  and  d  is caused by an eddy of size  λ in single-eddy mecha-i

 j

nism. Take the case V in Fig. 1 as an example, and the collision between droplets in single-eddy mechanism also includes three events. Firstly eddy  λ interacts with droplet  d  (i.e. event  A), meani

while the size of eddy  λ will become  λ  defined by ( d  3+ λ  3)1/3 after droplet  d  is entrained by eddy new 

 i

 i

 i

 λ. Then eddy  λ  interacts with droplet  d  (i.e. event  B). Finally the collision between droplets new

 j

occurs after eddies transfer their energy to droplets (i.e. event  C). 

According to above description, events  A and  B are independent of each other, and the collision/coalescence rate between droplets essentially depends on the probability of occurrence of the event  C,  P( C). Set  D is defined here to determine  P( C). Set  D represents the set of collisions between droplet  d  and droplet  d  with arbitrary velocities, and the probability of i

 j

occurrence of set  D is  P( D). Obviously, event  C is one of events in set  D. The probabilities of occurrence of events  A and  B are  P( A) and  P( B), respectively. The joint probability of occurrence of events  A and  B,  P( A∩ B), could be expressed as the product of  P( A) and  P( B) . Since event  C is induced by events  A and  B, the probability of occurrence of event  C in the set  D 

can be expressed as the product of  P( A∩ B) and  P( D). That is,  P( C) =  P( A) P( B) P( D). 

Following above method, the collision probability between droplets (i.e.  P( D)) as well as the collision probability between eddies and droplets (i.e.  P( A) or  P( B)) should be given first. 

Then, collision rate between droplets can be obtained by using the collision probability between droplets caused by eddies of given sizes (i.e.  P( C)). Finally, the coalescence rate between droplets can be determined by combining collision rate and coalescence efficiency. 


2.1  Collision Probability between Droplets

The collision process between two nano-particles was studied by Peev [11], and collision probability of two nano-particles was also obtained according to the definition of solid angle. The collision between droplets can be analogous to the collision between nano-particles. Following Peev's method, when the initial distance between the surfaces of droplets in the direction of the connecting line of two mass centers is  s, the collision probability between droplets of sizes  d   i and  d  could be expressed as

 j

[(

  s +  R ) − ( s 2 +  sR )1/2

2

] / [2( s +  R )]            Foor 0 ≤  s ≤  s*





 ij

 ij

 ij

 P( s,  d ,  d ) =

(1)

 i

 j

 2

2

[ R − ( s +  R −  L

) ] / [4 L

( s R )]

 s* ≤  s ≤  L

 ij

 ij

 d → d

 d → d

+

For 

 ij

 j

 i

 j

 i



 d → d

 j

 i

where,  P( s,  d ,  d ) denotes collision probability of droplets  d  and  d  at an initial distance of  s i

 j

 i

 j

ranging from 0 to  L

.  R  = ( d + d )/2.  s*

2

2 1 2

=  L

+  R

/

(

) −  R .  L

is the mean collision 

 d → d

 j

 i

 ij

 i

 j

 d → d

 ij

 ij

 j

 i

 d → d

 j

 i

free path of droplets. 


2.2  Collision Probability between Eddies and Droplets

The collision between eddies and droplets occurs by a mechanism analogous to droplet collisions. Thus the collision probability between eddies and droplets in the range of [0,  L λ→ ] 

 d

could be described by eqn (1). Here,  L λ→ is the mean collision free path between eddy  λ and d 

droplet  d. However, unlike the collision between droplets, the collision between eddies and droplets will be restricted by the life time  τ  of eddies. The longest travelling distance of e

eddies during their life time could be approximated as  ū λ τ , Hence, when eqn (1) is used to e

estimate the collision probability between eddies and droplets, the mean collision free path should be modified as  L* λ→  (i.e. min( ū ,  L

)). In addition, eddies may be generated 

 d 

λ τe

λ→ d 
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,  d

λ τe

before the formation of droplets, this work considers the collision of these eddies with droplets is fully random. Therefore, the collision probabilities between the droplets and eddies that are generated before the formation of droplets are 1/2. Finally, the collision probability, P( s λ ,   λ,  d), between eddies and droplets could be obtained by considering the above two 

,  d

aspects on the basis of eqn (1). Then, 

 P s

(

,λ,  d) =

λ ,  d



 s

[(

2

1 2

*

+  R

) −  s

(

+

 s

2

 R ) / ] / [4( s

+  R

)]  For   0 ≤  s

≤  s



λ ,  d

λ ,  d

λ ,  d

λ ,  d

λ ,  d

λ ,  d

λ ,  d

λ ,  d

λ ,  d



(2)

  R

{ 2

2

*

*

*

− [ s

+  R

−  L*

] } / [8 L

( s

+  R

)]   For   s

≤  s

≤  L

λ ,  d

λ ,  d

λ ,  d

λ → d

λ → d

λ ,  d

λ ,  d

λ ,  d

λ ,  d

λ → d

0                                                                              For  L*

≤  s

≤  L



λ → d

λ ,  d

λ → d



where,  P( s λ ,   λ,  d) denotes the collision probability between eddy  λ and droplet  d at an initial 

,  d

distance of  s

*

*

2

2

1/2

λ  ranging from 0 to  L

.  s

= [( L

) +  R ] −  R  and  R  = ( λ+ d)/2. 

,  d

λ→ d  λ,  d

λ → d

λ ,  d

λ ,  d

λ,  d

As seen from eqn (2),  P( s λ ,   λ,  d) is related with  s , which is difficult to estimate from 

,  d

λ,  d

theory. Since eddies are randomly generated,  s λ  could be considered as independent random 

,  d

variable and follows random distribution. This work considers the value of  s λ  to be evenly 

,  d

distributed within the range of [0,  L λ→ ]. Then the mean collision probability  P( λ,  d) can be d

obtained by integrating  s λ  in the range of [0,  L ].  P( λ,  d) is used in this work to represent 

,  d

λ→ d

the collision probability between droplets and eddies. 

 L



 P

→

( ,  d

λ

 d

λ

) =

 P ( s ,λ,  d d

)  s

/  L

(3)

λ

∫

,  d

λ ,  d

λ → d

0

Note that, the sizes  λ and  d are general variables in eqn (3), and they will be replaced by different eddy sizes and different droplet sizes in the following. 


2.3  Coalescence Rate Model

In the literature, the coalescence rate between droplets is generally represented by the product of collision rate and coalescence efficiency. In this section, according to the collision probabilities in the sections 2.1 and 2.2, the collision rate will be determined first. 

2.3.1  Collision Rate

Following above method, for double-eddy mechanism, the collision probability between droplet  d  and droplet  d  caused by eddies  λ  and  λ ,  P

, can be expressed as

 i

 j

 i

 j

 DEM



 P

=  P(λ ,  d ) P(λ ,  d ) P s

( ,  d ,  d ) (4)

 DEM

 i

 i

 j

 j

 i

 j

Similarly, for single-eddy mechanism, the collision probability between droplet  d  and droplet i

 d  caused by a single eddy  λ,  P

, can be also expressed as

 j

 SEM



 P

=  P(λ,  d ) P(λ

,  d ) P s

( ,  d ,  d ) (5)

 SEM

 i

 new

 j

 i

 j

Take the centroid of droplet  d  as center, two spheres with the radii ( s+ R ) and ( s+ R +d s), i

 ij

 ij

respectively, are considered. The number of droplets d n  of size  d  enclosed between these j

 j

spheres is given by



d n

2

=  n  d V = 4π  n

 s

( +  R ) d s (6)

 j

 j

 j

 ij
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where d s is a very small quantity and all droplets  d  from eqn (6) have the same solid angle j

and the same probability for the collision with droplet  d . The number d N  of droplet  d  that i

 j

 j

can collide with droplet  d  in the volume d V is

 i

 P

d n





ddy mechanism

  DEM

 j

 P

For double-ed



d N =

4

2

(

)

(7)



=

π  n

 s +  R

d s

 DEM

 j

×

 P

d n

 j

 ij

 P    For single-eddy mechanism

 SEM

 j







  SEM

Probability  P

or  P

depends on the initial distance  s. Integrating eqn (7) with respect to DEM

 SED

 s from 0 to  L

, for two different mechanisms the number of droplet  d  that can collide with d → d

 j

 i

 j

droplet  d ,  N , can be represented by eqns. (8) and (9), respectively. 

 i

 j



 L

 N

 d j→ di

=

d N =  n ( d +  d  2

4 p

)  L

 P( d ,  l ) P( d ,  l ) (8) j

∫

 j

 j

 i

 j

 d → d

 i

 i

 j

 j

 j

 i

0



 L

 N

 d j→ di

=

d N =  n ( d +  d  2

4 p

)  L

 P( d ,  l) P( d ,  l ) (9) j

∫

 j

 j

 i

 j

 d → d

 i

 j

 new

 j

 i

0

For the collision between two droplets, we might as well to assume that the droplet  d  is i

immobile and the droplet  d  is mobile with an average relative velocity  U

 j

 r. When the value of 

the initial distance between droplets  d  and  d  tends to 0, droplet  d  will collide with droplet  d j

 i

 j

 i

in a very short time interval. However, if the initial distance equals to  L

, the two droplets 

 d → d

 j

 i

will collide after the time d t: d t = L

/ U . Hence, the droplet  d  will have  N  collisions with d → d

 r

 j

 i

 i

 j

droplet  d  during the time interval d t, and the number of collisions of droplet  d  with the set of j

 i

droplet  d  per unit time can be written as

 j



Ω( d ,  d ) =  N

/  t

d =  N U /  L

(10)

 i

 j

 j

 j

 r

 d → d

 j

 i

Droplet  d  is an arbitrary droplet of size  d , and each droplet  d  will have Ω( d ,  d ) collisions i

 i

 i

 i

 j

with droplet  d . Therefore, the number of collisions between droplets  d  and  d  per unit physical j

 i

 j

space volume per unit time (also called collision rate),   ω( d ,  d ), can be determined as i

 j



ω( d ,  d ) =

(

Ω  d ,  d ) n  (11)

 i

 j

 i

 j

 i

2.3.2  Coalescence Efficiency

It is generally accepted that the coalescence will occur for a collision between droplets if the contact time  τ  is larger than the drainage time  τ . The ratio of  τ / τ  can thus provide a first c

 d

 d c

indication of whether coalescence will occur. The following function has been widely used to calculate coalescence efficiency:



 P d

( ,  d ) = exp(−τ /τ ) (12)

 C

 i

 j

 d

 c

Many expressions or models for  τ  and  τ  are presented in the literature. The model of Luo c

 d

[10] is used in this work and can be written as

2



0.7 (

5 1

2

3



+ ξ )(1 + ξ )

ρ  d U



 P d d





=

 c

 c i

 r

( , ) exp

(13)

 C

 i

 j

−  ls



(ρ /

3

ρ +  C

)(1+ ξ )



 d

 c

 VM

σ









where  ρ  and  ρ  are densities of continuous and dispersed phases, respectively;  σ is the surface c

 d

tension.  ξ =  d / d . The coefficient of virtual mass  C  is calculated by the expression of Kamp i j

 VM

 et al. [8], and the model parameter  c  is taken as 1.0 in this work. 

 ls
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The coalescence rate between droplets caused by eddies could be expressed as the product of eqns (11) and (13). When considering the contribution of eddies in the entire energy spectrum to the coalescence of droplets of given sizes, eddies of various sizes may have different contributions to the coalescence since the collisions between droplets are associated with the interactions between eddies and droplets. The difference of contribution of eddies with different sizes to the coalescence needs to be considered. The number density of eddies varies with their sizes. Hence, a probability density function for the number density of eddies in the entire energy spectrum is introduced to consider this difference and could be expressed as f

max

=  n /  N

=  n

λ

/

 n d  (14)

 n

λ

λ

λ  t

,  ot

λ

λ

∫

λ

λmin

Based on eqns (11), (13) and (14), for two different mechanisms, the total coalescence rate between droplet  d  and droplet  d  caused by eddies could be obtained by taking into account i

 j

all possible values of sizes of eddies in the entire energy spectrum. 

For double-eddy mechanism, the total coalescence rate  C

( d ,  d ) could be determined 

 tot,  DEM

 i

 j

by integrating with respect to  λ  and  λ  from  λ  to  λ . Since the exchangeability of the size i

 j

 min

 max

groups of [ λ ,   d ] and [ λ ,   d ], the repeated coalescence events should be removed in dou-i

 i

 j

 j

ble-eddy mechanism. In the double-eddy mechanism, the integral interval is divided into four parts to remove repeated events. The four sub integral intervals correspond to the cases of I~IV in Fig. 1. If  d  ≤  d , the integral interval for each case can be given as:  λ  ≤  λ  ≤  d  &  λ  

 i

 j

 min

 i

 i

 min

≤  λ  ≤  d  for case I;  λ  ≤  λ  ≤  d  &   d  <  λ  ≤  λ  for case II;  d  <  λ  ≤  λ  &   λ  ≤  λ  ≤  d  for j

 j
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 i

 i

 j

 j

 max

 i

 i

 max

 min

 j

 j

case III;  d  <  λ  ≤  λ  &  d  <  λ  ≤  λ  for case IV. According to the integral properties, the total i

 i

 max

 j

 j

 max

coalescence rate for double-eddy mechanism can be expressed as the sum of the total coalescence rates of the cases of I~IV, that is
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Here,  C I ( d ,  d ),  C II ( d ,  d ),  C III ( d ,  d ) and  C IV ( d ,  d ) denote the total coalescence rates of tot

 i

 j

 tot

 i

 j

 tot

 i

 j

 tot

 i

 j

cases of I~IV in Fig. 1, respectively. The factor  γ  will be taken as 2 when  d  =  d  &  λ  

due 

1

 i

 j

 i ≠  λj

to the exchangeability of the sizes  λ  and  λ , otherwise  γ  will be taken as 1.  γ  will be always i

 j

1

2

taken as 1 since the sizes  λ  and  λ  are non-exchangeable. Note that, the cases of II and III in i

 j
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Fig. 1 are equivalent due to the exchangeability of the size groups of [ λ ,   d ] and [ λ ,   d ] when i

 i

 j

 j

 d  =  d . 

 i

 j

Since the difference of interactions between droplets of various sizes and eddies, the single-eddy mechanism contains two different collision cases (i.e. cases V and VI in Fig. 1). However, these two cases cannot coexist simultaneously. For single-eddy mechanism, the total coalescence rate C

( d ,  d ) can be expressed as

 tot,  SEM i

 j
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 d
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( ,  d )
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 j

Here,  CV ( d ,  d ) and  CVI ( d ,  d ) denote the total coalescence rates of cases of V and VI in Fig. 1, tot

 i

 j

 tot

 i

 j

respectively. 

When the coalescence is caused by a single eddy, the necessary condition that two droplets can be entrained by an eddy is  λ ≥  d  or  d  and  λ  ≥ ( d + d ). Thus, the integral lower i

 j

 new

 i

 j

limits for the cases V and VI could be taken as max[( d  3+  d  3)1/3 -  d ,  d ] and max[( d  3+  d  3)1/3 

 i

 j

 i

 i

 i

 j

-  d ,  d ], respectively. The coalescence rates for the cases V and VI can be written as eqns (22) j

 j

and (23), respectively. Especially, the cases of V and VI are equivalent for equal-sized droplets. 
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Finally, the total coalescence rate of droplets caused by eddies could be written as C

 d

( ,  d ) =  C

 d
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2.4  Modeling Closure

To consider the coalescence in the entire energy spectrum, the turbulent parameters such as energy spectrum function  E( κ), mean kinetic energy of eddies  ē( λ) and number density of eddies  n λ should be given first. In addition, the unknown parameters, such as the mean relative velocity  U r and the mean collision free path (e.g.  L λ→ ) need to be determined to close d

the model. All these parameters related with coalescence model are given following. 

2.4.1  Turbulent Parameters

Only two energy spectrum functions could be found from the literature to cover all the turbulent energy range and they were proposed by Pope [12] and Hinze [13], respectively. Han  et al. [5] 

found that the Pope’s function is more reasonable than the Hinze’s function. Therefore, the Pope’s function is used to model coalescence. 

If the turbulence could be regarded as a series of eddies with certain volume, the mean kinetic energy of eddies of size  λ could be expressed as  πλ 3 ρ ū  2/12. The mean square veloc-c  λ

ity,  ū  2

λ , could be roughly estimated by the second-order longitudinal structure function 

〈[∆ u]2〉( λ) valid for entire energy spectrum proposed by Sawford and Hunt [14]. Based on the definition of energy spectrum, the number density of eddies of size  λ  can be determined 

[15]. 
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According to direct numerical simulation, the probability density function (PDF) of velocities in isotropic turbulence closely follows Gaussian distribution. In addition, kinetic energy of droplets is obtained from turbulence. Therefore, this work argues that the velocity PDF of droplets of various sizes caused by eddies of size  λ follows Gaussian distribution. Since the turbulence is random, the motion of droplets could be considered as independent of each other. Thus, the joint PDF  f U

(  i ,  U j ) of velocities of two droplets can be expressed as 1

2

2

1
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are the variances for velocity PDF of droplets of sizes  d  and  d , respectively. 
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Equation (25) includes variables  U i and  U j, but we focus on the relative velocity  U r of two droplets. By using the transformation relationship between  U i and  U r proposed by Das [16], U r can be expressed as
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appearing in eqn (26) needs to be given. The motion of droplets is U

σ

 i

 U j

mainly driven by eddies in turbulent flows, the mean square velocity of droplets,  U  2 , could be i

estimated from the mean kinetic energy of droplets obtained from eddies,  ed (λ). In addition, i

Han  et al. [17] argued that  ed (λ) could be estimated from the mean available kinetic energy i

of eddies,  ē

( λ). Hence,  U  2  could be given as
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Note that, turbulent eddy  λ  is formed by turbulent eddy  λ in single-eddy mechanism. The new

average kinetic energy of turbulent eddies of size  λ  can be roughly estimated by new

 e(λ) −  eavailable (λ), then the available kinetic energy of turbulent eddies of size  λ  could be new

easily obtained by using the expression proposed by Han  et al. [17]. 

Since droplet velocity obeys Gaussian distribution,  U  2  can be calculated by eqn (28). 
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Hence, the variances could be determined by eqns (27) and (28). That is σ

= χ [  e

(λ) / π

( ρ  d )] /

4

3

1 2  (29)

 U

 available

σ

 d i

 i

Mean available kinetic energy is obtained by assuming a sinusoidal velocity distribution inside an eddy and the velocity PDF closely follows Gaussian distribution only valid in homogeneous isotropic turbulence.  χ σ in eqn (29) is used to calibrate these assumptions. 

2.4.3  Mean Collision Free Path

The mean collision free path could be taken as the length of the path divided by the number of collisions during a time interval. Following the derivation process of Ω( d ,  d ), the number i

 j
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of collisions of droplet  d  with the set of droplets  d  per unit time could be expressed as  πR 2 U n . 

 i

 j

 ij

 r j

During a specific time interval d t, the mean distance travelled by a moving droplet between suc-cessive collisions could be expressed as  U r d t. Then mean collision free path between two droplets of sizes  d  and  d  could be determined as i

 j



 L
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d / (π  R U n ⋅ d t) = 1 / (π  R n ) (30)
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 L λ→  could be also determined base on eqn (2). To be noted that,  L*  in eqn (2) is used to d

λ→ d

modify the influence of  τ  on the mean collision free path, and  L*

needs to be replaced by 

 e

λ→ d

 L λ→  when eqn (2) is applied to estimate  L . Similar to eqn (10), the number of collision of d

λ→ d

droplet  d with the set of eddies  λ per unit time could be expressed as 0.5 πR 2  ū

λ ,  d

λ N λ. The num-

ber  N λ of eddy  λ per unit physical space volume could be roughly estimated by the product of the size of eddies and its number density of sizes between  λ and  λ+d λ. Following eqn (30), finally the expression of  L λ→  could be estimated by eqn (31). 
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The expressions of  L
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are similar to eqn (31). Note that in single-eddy 
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mechanism, since the eddy  λ  results from the volume dilatation of the eddy  λ, the number density of new

eddy  λ  should be estimated by  P( λ,  d) n new

 i  λ. 

3  RESULTS AND DISCUSIONS


3.1  Effect of Integration Limit

The effect of integration limits of  λ  and  λ  in eqns (15)–(24) is tested in this section. 

 min

 max

Since eddies in the entire energy spectrum contribute to the total coalescence rate,  λ  could min

be taken as  η for covering the contribution of eddies in the dissipation range. The specific total coalescence rate (i.e.  C ( d ,  d )/( n n )) predicted by eqn (24) is shown in Fig. 2(a).  The tot

 i

 j

 i j

calculation results show that the main contribution to coalescence rates of small droplets (i.e.  d  < 0.1mm) comes from large eddies. Furthermore, the contribution of large eddies to i

coalescence rate decreases with increasing droplet size. Especially, eddies with size larger than 20 d  have a little effect on total coalescence rate, thus  λ  can be taken as 20 d . 

 eq

 max

 eq

Figure 2: (a) Effect of integration limit on the total coalescence rate; (b) Effects of case V and case VI on the total coalescence rate. 
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=  C

and  C

=  C

are close in values each other, please see Fig. 2(b). 

 tot,  SEM

 tot,   V

 tot,  SEM

 tot,   VI

It indicates that the cases of V and VI have similar contribution to the total coalescence rate. 

Hence, the expression of  C

=  C

is adopted in this work to predict the total coalescence 

 tot,  SEM

 tot,  V

rate. 


3.2  Comparison of Different Collision Rate Models

If the coalescence efficiency term is not considered in eqn (24), the total collision rate  ω ( d , tot

 i

 d ) of two droplets could be obtained. The comparison of the predicted results by different j

collision rate models is shown in Fig. 3(a). As a whole, the specific total collision rate (i.e. 

 ω ( d ,  d )/( n n )) predicted by these models exhibits a monotonous tendency with droplet tot

 i

 j

 i j

size. The proposed model predicts the smallest value of specific total collision rate. However, the specific total collision rate predicted by other models is several orders of magnitude larger than that predicted by the proposed model. It is because the interactions between eddies and droplets were not considered in previous models. It also indicates that the interactions between eddies and droplets have a significant influence on the collision rate between two droplets. Note that, the number density of droplets should be given before the model of Wang et al. [3] can be used. It is assumed that the number density of droplets obeys an exponential distribution, that is  n = 4 n v exp(-2 v/ v )/ v  2. Here,  v is the volume of droplet,  v   denotes the 0

 m

 m

 m

mean volume in droplet size space, and  n  is the total number of droplet. 

0


3.3  Comparison of Different Coalescence Rate Models

As shown in Fig. 3(b), the coalescence rates predicted by different models exhibit different trends when turbulent energy dissipation rate  ε increases. The model of Das [16] predicts that increasing  ε  increases the coalescence rate. The coalescence rate predicted by the model of Lehr  et al. [2] increases for small  ε, but the coalescence rate is nearly independent of  ε for large  ε. For the other coalescence rate models in Fig. 3(b), although there is quantitative difference among these models, it could be found that the coalescence rates predicted by these models are increased firstly and then decreased as increasing  ε. Due to lack of experimental Figure 3: Comparison of different models ( ρ  = 1000 kg/m3,  ρ  = 870 kg/m3,  μ  = 1.0 mPa·s, c

 d

 c

 μ  = 0.44 mPa·s,  σ = 0.058 N/m,  χ

= 0.05,  v   = 4.02×10-11 m3,  n  

 d

σ  = 0.015,  αd

 m

0

=5×1010). (a) collision rate; (b) coalescence rate, 
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this work. 
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data, it is difficult to determine which trend is correct. More experiments are needed to fully validate the model and guide further model improvement. 


3.4  Experimental Validation

One method to validate the coalescence rate model is to couple the model with population balance model to predict the evolution of droplet size distribution. The pure coalescence experiment in stirred tank with six-bladed Rushton impeller was performed by Tobin  et al. 

[19] through dropping the impeller speed from 600rpm to 200rpm suddenly, and the cumulative size distributions of water heptane-CCl  system ( α = 5%) were measured by them. The 4

 d 

experimental data of Tobin  et al. [19] will be applied to test the proposed model. In the experiment of Tobin  et al. [20], the mean turbulent energy dissipation rate  ε  roughly equals to m

0.013m2/s3 according to Tsouris and Tavlarides [20]. 

The predicted cumulative volume fraction distributions are compared with the experimental data of Tobin  et al. [19], please see Fig. 4. The experimental data at 1min is used as the initial condition to solve population balance equation in Fig. 4. Meanwhile, the sizes of droplets are divided into 61 size groups for the experimental system. In addition, the built-in function quad2d in the MATLAB is used here to calculate the double integrals in the coalescence rate model. Note that, the value of  χ σ is specified as 0.015. Although the value of  χ σ is small, it may be reasonable since the contribution of eddies of various sizes to the coalescence of droplets of given size is considered in the proposed model. As presented in Fig. 4(a), Figure 4: Comparison of experimental data of Tobin  et al. [19] with size distributions predicted by proposed model and other models ( ε ≈ 0.013 m2/s3,  ρ = 1000 kg/m3, m 

 c 

 ρ  = 1000 kg/m3,  μ  = 0.90 mPa·s,  μ  = 0.44mPa·s,  σ = 0.021 N/m,  χ

 d

 c

 d

σ = 0.015). 
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Note that, the predicted results at  t = 30 min in Figs. 4(c) and 4(d) nearly coincides with the predicted results at  t = 60 min. In the calculation code, the generation rate of droplet of volume larger than the volume of the largest droplet in the experimental system is set to 0 in order to ensure the conservation of volume of droplets in the whole simulation process. If the coalescence rate model of Prince and Blanch [18] (or Das [16]) is employed, the small droplets will rapidly coalescence into large droplets in a short time. When  t =30min, the sizes of droplets predicted by the model are basically comparable to the size of the largest droplet in the experimental system. Hence, the results predicted by these two models in Figs. 4(c) and 4(d) at t = 60 min are consistent with that at  t = 30 min, respectively. 

4  CONCLUSIONS

This work mainly focused on the droplet coalescence caused by turbulence. Two different mechanisms between eddies and droplets were proposed, and the mathematical models have been proposed for these two mechanisms. Different from the previous work, the contribution of eddies of various sizes to the coalescence of droplets of given sizes were considered in the framework of entire energy spectrum. This work also considered the influences of life time of eddies and the mean collision free path between eddies and droplets on droplet coalescence. 

According to the predicted results of proposed model, it could be found that the life time of eddies and the mean collision free path between eddies and droplets have an important effect on droplet coalescence. Moreover, the predicted results by coupling the proposed model with population balance model showed an agreement with experimental data. 

Further experimental studied are urgently needed to fully validate the model and guide the model improvement. 
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A NOVEL MULTISCALE THEORETICAL MODEL FOR
DROPLET COALESCENCE IN TURBULENT DISPERSIONS

SHENGGAO GONG, LUCHANG HAN, HE'AN LUO
School of Chemical Engineering, Xiangtan University, Hunan, PR. China.

ABSTRACT

A novel multi-scale theoretical model for coalescence rate of droplets induced by turbulence has
been developed. This model proposed two kinds of interaction mechanisms between the underly-
ing turbulent flow and droplets and can be a kernel function required for population balance model
(PBM). Most previous models only considered the contribution of the eddies of size equal to the
droplets to the coalescence since the velocity of droplet was assumed to be equal to that of eddies
of same size; the sizes of droplets was usually assumed to fall in the inertial sub-range of turbulent
energy spectrum and only considered the eddies in this sub-range to coalescence. But the distribution
of the s of droplets may be quite wide in the device, considering the entire energy spectrum (i.e.
containing the dissipation sub-range, the inertial sub-range and the energy-containing sub-range)
may be more reasonable. The above assumptions in the previous models are no more needed in this
work. A novel model based on the entire energy spectrum and the collisions between two droplets
and between eddy and droplet has been derived. The contribution of eddies of different sizes to the
coalescence has been considered. The results predicted by coupling novel model with PBM agree
with experimental data.

Keywords: coalescence rate, droplet, entire energy spectrum, multiscale turbulent eddies, turbulence

1 INTRODUCTION
The droplet coalescence usually determines size distribution and interfacial area, and thus,
has a significant effect on momentum, mass and energy transfer in turbulent multiphase flow.
The size distributions and interfacial area can be predicted by coupling population balance
model with coalescence model. However, the predicted results depend on the accuracy of
coalescence model. Hence, it is meaningful to study droplet coalescence dynamics.

The coalescence of fluid particles (droplets or bubbles) due to turbulence is very complex.
For simplification, the coalescence rate of fluid particles of sizes d; and d;, C(d,, d), was usu-
ally estimated from the product of collisilln rate o(d,, d] ) and coalescence efficiency P(d,, d] 3
o(d, zl]) can be expressed as (7[/4)(d‘+d])zl/,n,n/. Here, n, and n, denote number density of fluid
particles i and j, respectively. The mean relative velocity of fluid particles, U ., is proportional
to the square root of (U: +U ). In the expression of a(d,, d/), the mean velocity of fluid par-
ticle d; (e.g. U:) was usually taken as the mean velocity of eddies of size d; in inertial
sub-range.

The following effects were not considered in above collision rate model. (1) Eddies of
sizes larger than the longitudinal integral length scale L may not be able to effectively move
fluid particles [1]. (2) The reduction of free space for fluid particle movement due to the exis-
tence of dispersed phase [2-4]. (3) The collision events should not be counted when the
distance between fluid particles is larger than the moving distance of a fluid particle due to
turbulence [3, 4]. (4) Contribution of eddies in the entire energy spectrum to fluid particle
coalescence should be considered since the sizes of fluid particles may not always fall in the
inertial sub-range [5, 6]. Many collision rate models were proposed to consider above four
aspects. However, the mean velocity of fluid particles in these models is still assumed to be
equal to the velocity of eddies of the length scale of fluid particles.
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