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Abstract: This article presents a mathematical analysis of 3D Williamson nanofluid flow over a stretching Riga plate
in a Darcy-Forchheimer porous medium. The model incorporates thermal radiation, heat generation/absorption,
and the Buongiorno nanofluid framework with Cattaneo-Christov double flux. Similarity transformations reduce
the governing PDEs to ODEs, solved using Mathematica’s NDSolve. Graphs and tables illustrate the effects of key
parameters on velocity, temperature, concentration, skin friction, Nusselt number, and Sherwood number. The x-
direction velocity increases with the modified Hartmann number (Ha = 0.5–2.0), enhancing skin friction by 20–30%.
Higher thermophoresis (Nt = 0.1–0.5) elevates temperature and concentration by 15–20% and 10–14%, respectively.
Brownian motion (Nb = 0.1–0.5) boosts mass transfer, increasing Sherwood number by 7–9%. Increasing heat and
mass relaxation parameters (γ1, γ2 = 0.1–0.5) accelerates Nusselt and Sherwood numbers by 5–10%. Results
correlate well with prior studies, providing a basis for magnetohydrodynamic (MHD) cooling systems, polymer
processing, and biomedical simulations involving non-Newtonian fluids.

Keywords: Williamson nanofluid; 3D flow; Cattaneo-Christov model; Riga plate; Buongiorno model

1 Introduction

Non-Newtonian fluids are liquids that do not exhibit a direct linear relationship between shear stress and shear
rate, unlike Newtonian fluids. This distinctive behaviour makes them fundamentally different from Newtonian fluids
such as air and water, whose viscosity remains constant under given conditions. Non-Newtonian fluids display a wide
range of complex flow characteristics and are classified based on their response to shear stress or shear rate, including
shear-thinning, Bingham plastic, shear-thickening, thixotropic, viscoelastic, and rheopectic fluids. Determining
their rheological properties is essential in several industries and applications, such as drilling operations, materials
research, pharmaceuticals, cosmetics, and food processing. Traditional Navier-Stokes relations often fail to capture
the complex behaviour of these fluids. Consequently, various mathematical models have been developed to describe
their thermophysical and rheological characteristics, including the Carreau model [1], Maxwell fluid model [2], Cross
model [3], Tiwari-Das model [4], Casson fluid model [5], Williamson model [6], among others. Sarda et al. [7]
investigated heat and mass transfer in a non-Newtonian nanofluid through porous media considering thermophoresis
and Brownian motion. Kumar et al. [8] carried out a computational study of 2D fluid flow with heat and mass transfer
in the natural convection of a micropolar fluid subjected to magnetohydrodynamic (MHD) effects over a deformable,
porous, stretched surface. Khan et al. [9] examined the influence of slip boundary conditions, modified Fourier and
Fick laws, and Joule heating on the flow of a second-order fluid. Numerous researchers have explored the behavior
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of non-Newtonian fluids over stretching surfaces, as discussed in references [10–15].
Nanofluids represent an advanced approach to heat transfer, consisting of a conventional base fluid into which

nanoparticles are dispersed. They have been widely used in enzyme biosensors, microreactors, bio-separation
systems, micro heat pipes, microchannel heat sinks, and various other devices. Over the past two decades, two-
component nanofluid flows have attracted significant research attention because of their enhanced heat transfer
capabilities. In many engineering and industrial applications, effective thermal management—reincluding cooling,
heating, thermal efficiency, and energy savings-is of critical importance. Common base fluids such as hydrocarbons,
water, ethylene glycol, oil, and mercury contribute substantially to these thermal processes. The addition of
nanoparticles (1–100 nm) to a conventional fluid increases its thermal conductivity, forming what are known as
nanofluids [16]. Building on these developments, Buongiorno [17] proposed a comprehensive mathematical model
that incorporates thermophoresis and Brownian motion effects. Water, due to its accessibility and favourable
properties, is frequently used as a solvent in industrial operations. Gireesha et al. [18] examined the influence of
thermal stratification on boundary-layer flow over an expanding sheet. Salleh et al. [19], using the Buongiorno
nanofluid framework, theoretically investigated the roles of heat generation/absorption and chemical reactions in
laminar boundary-layer nanofluid flow. Walelign et al. [20] analysed the influence of heat generation and chemical
reactions on unsteady MHD radiative flow of a Williamson nanofluid over a permeable stretching surface. Waqas
et al. [21] studied the impact of temperature and MHD effects on nanofluid flow in parallel-plate rotating systems.
Sumathi et al. [22] explored the effects of key parameters on MHD nanofluid flow over an inclined stretching sheet.
Numerous other researchers have also contributed significantly to nanofluid studies [23–32].

Most significant fluid flows in chemical, manufacturing, biological, and industrial processes occur in the presence
of porous or permeable media. Examples include petroleum purification, water penetration in storage tanks, material
filtration, and even blood circulation. To study such systems effectively, it is important to investigate Darcy-
Forchheimer fluid flow. While Darcy’s law provides a foundational description of flow through porous media, its
applicability becomes limited at higher velocities. In many practical situations, especially when the porous region
has low porosity or when the flow rate near the wall is high, Darcy’s linear relationship fails to describe the flow
accurately. The Darcy-Forchheimer model incorporates both viscous and inertial effects, offering a more realistic
representation of fluid velocity and heat transfer through porous structures. Considering exponential stretching,
Ahmad et al. [33] examined a 3D couple-stress MHD nanofluid flow using the Darcy-Forchheimer model and
reported that fluid acceleration increases with a rise in the inertia parameter. Awais et al. [34] investigated the
influence of a Darcy-Forchheimer porous medium on the flow, temperature, and mass transfer characteristics of
a 2D Eyring-Powell fluid. Influence of inertia “Forchheimer term” and macroscopic shear “Brinkman term” are
pointedly considered by Elkady et al. [35]. Zolotukhin et al. [36] focused on focus of this article is on accounting
for non-Darcy flow when inertial forces become more significant and the relationship between pressure gradient and
seepage velocity becomes nonlinear.

A 3D flow model is a vital component of fluid flow analysis because it captures the full flow behavior observed
in real-life applications, where variations occur in all three spatial directions. Unlike 1D or 2D analyses, a 3D
analysis can represent detailed spatial gradients in velocity, pressure, and temperature, as well as important features
such as secondary flows and certain turbulence effects that lower-dimensional models cannot capture. This level of
detail is essential for making reliable predictions and guiding design improvements in fields such as aerodynamics
(e.g., aircraft wing design), hydrodynamics (e.g., ship hull performance), and various engineering systems including
turbines, motors, and heat exchangers. A 3D model provides more accurate estimates of forces, drag, lift, heat
transfer, and energy losses, ultimately contributing to safer, more efficient, and cost-effective designs across aerospace,
mechanical, and energy applications. Abdul Hakeem et al. [37] analyzed the effect of nonlinear radiation on nanofluid
flow, Akolade and Tijani [38] compared two non-Newtonian nanofluids flowing over a Riga plate, and Jusoh et al. [39]
reported the characteristics of 3D nanofluid flow over a permeable sheet.

An electromagnetic actuator that consists of the aggregation of adjusted magnets along with the spanwise
arranged layout of electrodes with alternation mounting on a flat surface is indicated as a Riga plate. This actuator
is responsible for the generation of exponentially decreasing Lorentz force within the boundary layer. Khatun et
al. [40] performed on the numerical investigation of electro-magnetohydrodynamic (EMHD) radiating fluid flow
nature along an infinitely long vertical Riga plate with suction in a rotating system. Reddy et al. [41] and Zaydan et
al. [42] and focused on this subject.

The precise manipulation of heat conduction remains an intricate and pressing challenge. Historically, the
classical Fourier’s law, grounded in experimental evidence, has been the prevailing model delineating the heat
conduction process. However, a crucial limitation of Fourier’s law is its assumption of infinite heat conduction
velocity, rendering it unsuitable for numerous applications. To bridge this gap, scholars have presented various
extended models to portray heat conduction, notably Abro et al. [43], Benenti et al. [44], and Chen [45].

To the best of our knowledge, previous studies examined MHD, porous media, or Cattaneo-Christov flux
separately (or in pairs) for various non-Newtonian models. However, the simultaneous coupling of (a) Williamson
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type shear-thinning rheology, (b) Cattaneo-Christov thermal and mass relaxation (non-Fourier effects), (c) Darcy-
Forchheimer porous inertia, and (d) Riga surface electromagnetic forcing leads to non-trivial interactions: relaxation
terms modify near-wall temperature and nanoparticle boundary layers (thus changing the effective Nusselt and
Sherwood numbers), while porous inertial terms alter momentum redistribution that interacts with Lorentz forcing
from the Riga plate. These cross-effects have not been catalogued collectively for a 3D flow; doing so elucidates
parameter regimes where MHD actuation can be used to compensate for porous or rheological losses-a practical
design insight for microfluidic cooling and magnetically assisted drug delivery. Table 1 shows the innovation of the
existing study.

Table 1. Comparison of various effects examined in recent studies

Effects Ahmad et
al. [46]

Loganathan
et al. [47]

Umar et
al. [48]

Ragupathi et
al. [49]

Current
Investigation

3D flow - Examined - - Examined
Radiation - Examined - - Examined

Williamson fluid - - - - Examined
Nanofluid flow Examined Examined Examined Examined Examined

Darcy-Forchheimer
porous - Examined - - Examined

Heat/mass flux - - Examined Examined Examined
Electromagnetic

boundary - - Examined Examined Examined

Cattaneo-Christov
model - - - - Examined

Riga plate Examined Examined - - Examined

Figure 1. Key objectives

The coupled model developed in this study offers clear engineering value and practical applicability. It provides
design guidance for MHD-assisted cooling and micro-scale heat exchangers by showing how magnetic/Riga actuation
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can enhance surface heat removal even in porous or shear-thinning fluids. It also helps optimize microfluidic and lab-
on-a-chip systems, where the interaction between Darcy-Forchheimer drag and Lorentz forcing identifies conditions
that restore flow rates and maintain required thermal gradients. In biomedical applications, the combined effects of
Cattaneo-Christov relaxation and Buongiorno nanoparticle transport improve predictions of nanoparticle distribution
and heating, which is important for magnetic hyperthermia and drug-delivery processes. Overall, the novelty of
this work lies in integrating multiple advanced physical mechanisms within a 3D framework and translating their
combined influence into practical, quantitative design guidelines for engineers working with MHD cooling devices,
porous microreactors, and magnetically controlled biomedical flows.

The key objectives of this study are as follows (Figure 1).
i. To develop a 3D model for Williamson nanoliquid flow over a Riga surface with the Cattaneo-Christov structure

by incorporating the Buongiorno model, and
ii. Transform the governing PDEs into a system of ODEs using similarity variables.
iii. To solve the system using Mathematica’s NDSolve technique, and
iv. Analyze the influence of various physical parameters on flow, heat, and mass transfer using graphical and

tabular illustrations.
The results, presented through 2D and 3D plots, illustrate the variations in skin friction, and heat and mass

transfer rates. A comparative analysis was performed to validate the accuracy of the numerical solution. This study
offers operational insights that are valuable for engineering and industrial applications involving non-Newtonian
nanofluids in porous materials. The findings are also relevant to biomedical engineering-for example, in targeted
drug delivery and magnetic nanoparticle hyperthermia-where precise control of flow and heat distribution is critical.
Additionally, chemical processing, microfluidic device design, and filtration technologies benefit from the use of
magnetically active porous substrates.

2 Mathematical Formulation

The main goal of this acquisition is to scrutinize the incompressible, steady 3D radiative Williamson nanofluid
flow over a Riga surface that is placed at z = 0 and is stretching with the velocities u = uw(x) = ax and
v = vw(x) = bx in x and y orientations respectively. Let Tw and Cw denote the surface temperature and
concentration, respectively, which are invariably greater than the ambient temperature and concentration, symbolized
by T∞ and C∞. The heat transfer and concentration features of the material were examined using the Cattaneo-
Christov model. The effects of heat absorption/generation, thermal radiation, and permeable medium were also
considered. The formulation properties of the nanofluids were the thermophoresis and Brownian motion.A convective
heating process is responsible for controlling the surface temperature and, is characterized by the heat transport
coefficient hf . A physical model of the flow problem is shown in Figure 2.

Figure 2. Physical model

Nadeem and Hussain [50] provided the mathematical structure of the Cauchy stress tensor for the Williamson
fluid as follows:
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Cs = −pI + τ̄ , τ̄ =
[
µ∞ + (µ0−µ∞)

1−Γγ∗

]
A1, where A1 = (gradV ) + (gradV )Tr.

From Nadeem and Hussian [50] we have: τ̄ = µ0 [1 + Γγ∗]A1.
The governing equations of the flow are [39, 40]:

∂u

∂x
+

∂v

∂y
+
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The boundary constraints are:

u = ax, v = by, ω = 0,−k ∂T
∂z = hf [Tw − T ] , C = Cw, at z = 0

u → 0, v → 0, T → T∞, C → C∞, as z → ∞

}
(6)

Following Rosseland approximation, the radiative heat flux is: qr = − 4σ∗∂T 4

3k∗∂z .
Furthermore, T 4 is simplified to a linear function of temperature because the difference between the ambient

temperature and fluid temperature within the flow is very small. By expanding T 4 in Taylor series about T∞, if we
ignore higher-order terms, we obtain T 4 ∼= 4T 3

∞T − 3T 4
∞.

Now the similarity transformations are:

u = axf ′(ζ), ζ =
√(

a
v

)
z, v = ayg′(ζ), ω = −

√
av(f(ζ) + g(ζ)), θ(ζ) = T−T∞

Tw−T∞
,

ϕ(ζ) = C−C∞
Cw−C∞

.

}
(7)

Using Eq. (7), Eq. (2), and Eq. (5) can be interpreted as:

f ′′′ +Wf ′′f ′′′ − f ′2 + [f + g]f ′′ − λf ′ − Frf ′2 +Hae−δζ = 0 (8)

g′′′ +Wg′′g′′′ − g′2 + [f + g]g′′ − λg′ − Frg′2 = 0 (9)

1

Pr

(
1 +

4R

3

)
θ′′ + [f + g]θ′ − ΓT

[
[f + g]2θ′′ + [f + g] [f ′ + g′] θ′

]
+Nbθ′ϕ′+

Ntθ′2 +Qθ = 0

(10)
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ϕ′′ + Le[f + g]ϕ′ − LeΓc

[
[f + g]2ϕ′′ + [f + g] [f ′ + g′]ϕ′]+ Nt

Nb
θ′′ = 0 (11)

Now the boundary constraints are

f(0) = 0, g(0) = 0, ϕ(0) = 1, f ′(0) = 1, g′(0) = ε, θ′(0) = −Bi(1− θ(0))
f(∞) = g(∞) = θ(∞) = ϕ(∞) = 0.

}
(12)
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The physical quantities “skin friction”, “local Nusselt number”, and “local Sherwood number” are defined as
follows:
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v
, Rey =
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v

.

3 Methodology for Solution

This research examines the 3D Williamson nanofluid flow along a Riga plate in a Darcy-Forchheimer porous
medium. This study utilizes the Cattaneo-Christov double-diffusion model to describe non-Fourier transport in heat
and nanoparticle diffusion processes. This study also implements Buongiorno’s model, which considers the impacts
of Brownian motion and thermophoresis. The NDSolve function in Mathematica performs numerical evaluations of
the various parameters. To confirm the precision of the adopted scheme’s, the latest outcomes of the adopted were
compared with those of Loganathan et al. [47], Ragupathi et al. [49], and Umar et al. [48] in Table 2, Table 3, and
Table 4. The flowchart of this approach is shown in Figure 3.

Table 2. Correlation of for different values of ε in the exclusion of other parameters

ε
Umar et al. [48] Ragupathi et al. [49] Present Results

−f ′′(0) −g′′(0) −f ′′(0) −g′′(0) −f ′′(0) −g′′(0)
0.0 1.000000 0.000000 1.000000 0.000000 1.000000 0.000000
0.25 1.048834 0.194576 1.0488110 0.1945638 1.048832 0.194572
0.5 1.093105 0.465213 1.0930950 0.4652048 1.093146 0.465211
0.75 1.134491 0.794623 1.1344857 0.7946182 1.134490 0.794620
1.0 1.173723 1.173720 1.1737207 1.1737207 1.173722 1.173717

Table 3. Correlation of −θ′(0) for numerous values of ΓT ,ΓC , Q in the case of viscous fluid when
Nb = 0.2, Nt = 0.1, Bi = 0.5

ΓT ΓC Q Loganathan et al. [47] Present Results Absolute Error Relative Error
0.1 0.1 -0.5 0.339958 0.339958 0.000000 0.0000
0.2 0.1 -0.5 0.341138 0.341137 0.000001 0.0002
0.1 0.2 -0.5 0.339965 0.339966 0.000001 0.0000
0.1 0.1 0.0 0.305975 0.305975 0.000000 0.0000
0.1 0.1 0.5 0.265742 0.265742 0.000000 0.0000
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Table 4. Correlation of Cfx for numerous values of λ, Fr in the case of viscous fluid when Ha = 0.0, ε = 0.2

λ Fr Muhammad et al. [51] Present Error (×10−4)
0.0 0.1 1.06945 1.069348 1.02
0.1 0.1 1.11471 1.1147151 5.10
0.2 0.1 1.15830 1.158374 7.40
0.2 0.0 1.13041 1.130399 1.10
0.2 0.2 1.18561 1.185572 3.80

Figure 3. Flowchart for NDSolve

4 Results and Discussion

In this study, the values of factors are consistently changed for nearly all figures in order to scrutinize their
impacts, while holding other factors uninterrupted throughout the analysis, such as:

W = Ha = Nt = 0.2, λ = Fr = ΓT = ΓC = R = Q = 0.1, Bi = 0.3, δ = 0.4, ε = Nb = 0.5,

Pr = 3.0, Le = 1.0.
Table 5 describes the dimensionless parameter.
Figure 4, Figure 5, Figure 6, and Figure 7 show the influence of W and Ha on the various profiles. In the

presence of a Williamson fluid, the effective viscosity is expressed as a nonlinear relationship with the shear rate,
where the increase in W reveals a weaker shear thinning effect and an increase in the apparent viscosity in the flow
domain. This high viscosity improves the inner resistance of the fluid, thereby inhibiting both axial and transverse
motion and resulting in a reduction in f ′ and g′. The diminished convective transport as a result of less fluid moment
will also reduce the bearing power of the flow, in terms of thermal energy and transporting nanoparticles away. Thus,
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the contribution of the thermal and solutal diffusive phenomena is enhanced so that the thermal and concentration
boundary layers are thickened. This implies an enhancement in the distributions of θ and ϕ through the boundary
layer zone. It is also noted that the Riga plate increases the Lorentz force, thereby accelerating the fluid in the
X -direction, implying an improvement in f ′ due to the increased Ha. Nevertheless, this greater electromagnetic
forcing overrides the cross-flow in the y-direction owing to the redistribution of the momentum. This implies a
reduction in g′. For 6 and ϕ, enhanced convection thins the boundary layers, causing faster diminishing of ambient
values. The velocity distribution increases by approximately 20–30% with a rise in the Hartmann number owing
to the Lorentz force, while the corresponding temperature and concentration profiles decrease by about 10–12% an
8–10%, respectively. Electromagnetic forcing alters primary and secondary velocities differently because the Riga
plate generates a Lorentz force primarily in the x-direction, accelerating axial flow while redistributing momentum
to suppress cross-flow in the y-direction due to induced drag.

Table 5. Dimensionless parameters

Symbol Physical Meaning Range
W It describes how quickly the microstructure of a

non-Newtonian fluid responds to changes in the applied
shear rate.

0.0 ≤ W ≤ 0.5

Ha Measures the ratio of electromagnetic (Lorentz) force to
viscous force in an electrically conducting fluid. Higher

Ha means stronger magnetic damping of velocity.

0.0 ≤ Ha ≤ 0.5

Nt Represents particle migration caused by temperature
gradients. Higher Nt means nanoparticles move from

hot to cold regions more strongly.

0.0 ≤ Nt ≤ 0.6

λ Describes resistance offered by a porous medium to fluid
flow. Smaller permeability means stronger drag.

0.0 ≤ λ ≤ 0.5

Fr Represents inertial resistance in a porous medium.
Higher Forchheimer number indicates stronger nonlinear

drag due to high-speed flow.

0.1 ≤ Fr ≤ 0.5

ΓT Represents the finite time required for heat flux to
respond to a temperature gradient (non-Fourier heat

conduction).

0.0 ≤ ΓT ≤ 0.5

ΓC Represents the finite response time of mass diffusion
(non-Fickian behavior).

0.0 ≤ ΓC ≤ 0.5

R Measures the relative contribution of thermal radiation
to conductive heat transfer. Higher R means stronger

radiative heat flux.

0.0 ≤ R ≤ 0.5

Q Represents internal heat generation (source, Q > 0) or
heat absorption (sink, Q < 0) within the fluid.

−0.2 ≤ Q ≤ 0.2

Bi Represents the ratio of internal conductive resistance to
external convective resistance at a surface.

−0.3 ≤ Bi ≤ 0.3

δ Represents the dimensionless width of the
magnetic/electrode element in a Riga plate actuator.

Controls the distribution of Lorentz force.

0.4 ≤ δ ≤ 1.2

ε Defines the ratio of stretching rates in two orthogonal
directions in a 3D stretching sheet. Controls anisotropic

stretching.

0.5 ≤ ε ≤ 1.0

Nb Measures nanoparticle diffusion due to random
Brownian motion. Higher Nb increases thermal and

concentration diffusion effects.

0.0 ≤ Nb ≤ 1.0

Pr Ratio of momentum diffusivity (viscosity) to thermal
diffusivity. Determines relative thickness of velocity vs.

thermal boundary layer.

0.1 ≤ Pr ≤ 3.0

Le Ratio of thermal diffusivity to mass diffusivity. Controls
the relative thickness of thermal and concentration

boundary layers.

1.0 ≤ Le ≤ 2.0

Figure 8 and Figure 9 show the impact of λ and Fr on f ′ and g′. The figures show that when λ increases, it creates
more resistance inside the porous matrix, which lowers f ′ and g′, while making the momentum boundary layer
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thinner. The acceleration in Fr represents the inertial drag in the porous medium, which restricts fluid movement
by adding extra resistance to the flow. The combination of porous drag and inertial resistance creates a significant
velocity reduction close to the Riga plate, which shows that permeability control and inertial losses play essential roles
in controlling the transport processes in non-Newtonian nanofluid systems. Physically, Darcy resistance dissipates
momentum through viscous drag, while Forchheimer resistance introduces inertial losses; together, they weaken
fluid motion and redistribute momentum within the boundary layer.

Figure 4. Impact of W and HA on f ′(ζ)

Figure 5. Impact of W and HA on g′(ζ)

Figure 6. Impact of W and HA on θ(ζ)
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Figure 7. Impact of W and HA on ϕ(ζ)

Figure 8. Impact of λ and Fr on f ′(ζ)

Figure 9. Impact of λ and Fr on g′(ζ)

Figure 10 and Figure 11 show the repercussions of the dimensionless properties of E and δ on f ′ and g′. As
δ increases, the force due to electromagnetism declines very quickly away from the plate, which decreases the
acceleration of the fluid along the stretching axis; as a result, f ′ diminishes. However, g′ is enhanced owing to
the relative rearrangement of the momentum in that orientation. It is also noted that the stretching ratio parameter
decreases f ′ owing to the rise in the value bor decay of G. This leads to an enhancement in g′.

The effects of ΓT and Pr on θ are shown in Figure 12. Enhancing parameter ΓT decreases the adequacy of
thermal energy movement within the liquid, which implies a reduction in θ(ζ). On the same note, an increased Pr

854



signifies reduced thermal diffusivity compared with momentum diffusivity, which inhibits the transfer of heat into
the fluid and the resulting decreased θ.

Figure 10. Impact of E and δ on f ′(ζ)

Figure 11. Impact of ε and δ on g′(ζ)

Figure 12. Impact of ΓT and Pr on θ(ζ)

The effects of ε and Q on θ are illustrated in Figure 13. A positive change in ε increases the acceleration of
the fluid along the surface, which reinforces the convective heat transport away from the wall, thereby decreasing θ.
Conversely, an elevated value of Q provides an internal source of heat to the fluid, and consequently enhances the
level of energy concentration in the boundary layer, resulting in an increase in θ.
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Figure 14 show the impact of R and Bi on θ. A positive indicates Bi that the surface is convectively heated.
In this case, a larger value of R boosts the radiative heat transmission into the fluid. This extra energy amplifies
the thermal boundary layer temperature, causing the temperature profile to grow. On the other hand, a negative Bi
corresponds to convective cooling of the surface, and intensive radiation contributes to more heat transfer by the
fluid. This increases the thermal energy extraction, leading to a reduced temperature profile.

Figure 13. Impact of Q and ε on θ(ζ)

Figure 14. Impact of R and Bi on θ(ζ)

Figure 15. Impact of Nb and Nt on θ(ζ)

Figure 15 and Figure 16 show the impacts of Nb and Nt on 6 and ϕ. Th parameter Nt increases the migration
process of nanoparticles in warmer to cooler regions thus limiting the outward heat conduction to the wall and
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thickens both the thermal and concentration boundary layers thus rajising both 6 and ϕ. Contrastingly, an increased
value of Nb leads to better diffusion of the nanoparticle in random fashion that facilitates the transfer of the thermal
energy and increases 6 but at the same moment disperses more efficiently into the bulk flow, declining their near-wall
concentration and thus diminishing ϕ. The Brownian motion parameter decreases the temperature field by 8–12%
but raises the concentration field by 6–9%, while the thermophoresis parameter enhances both temperature and
concentration distributions by 15–20% and 10–14%, respectively.

Figure 16. Impact of Nb and Nt on ϕ(ζ)

Figure 17 shows changes ϕ caused by ΓC and Le. A large Le implies that the diffusivity of mass to that of
temperature is very small, therefore, mass movement of the boundary layer is not large and concentrations are
shallow. Similarly, the response of the nanoparticle mass flux to concentration gradients is slowed as ΓC is increased
which dilutes the strength of diffusive transport and further causes a lowering of ϕ.

Figure 17. Impact of Le and ΓC on ϕ(ζ)

A 2D plot can only show how one parameter changes, while keeping the other parameters same. To analyze the
combined effects of two or more parameters, multiple curves or graphs are required appropriate visualization. The
parameter space appears in full through the 3D surface maps that reveal essential performance regions, including
peaks, valleys, ridges, and saddle points. The 3D visualization presents parameter relationships in a clearer manner,
which helps users better understand the findings and conduct comparisons between results. From Figure 18, it is
clear that Cfx increases with an increase in W and Ha. Figure 19 shows that Cgy declines with both λ and Fr.
Figure 20 shows that the local Nusselt number was enhanced by Ha and ΓT . Figure 21 illustrates that the local
Sherwood number accelerates with ΓC and Nt. The Brownian motion parameter slightly decreases local Nusselt
number (≈ 10–12%) but increases local Sherwood number by 7–9%. Thermophoresis and Brownian diffusion play
a crucial role in governing nanoparticle transport in the vicinity of the wall. Brownian diffusion promotes random
motion of nanoparticles, enhancing particle mixing and increasing thermal energy transport near the surface. As a
result, higher Brownian motion intensifies the heat transfer rate and elevates the local Nusselt number. Conversely,
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thermophoresis induces a migration of nanoparticles from the hot wall toward cooler regions, which reduces the
near-wall nanoparticle concentration and weakens the mass transfer rate, leading to a decrease in the Sherwood
number. The interplay between these two mechanisms controls the thickness of the thermal and concentration
boundary layers and significantly influences near-wall heat and mass transfer characteristics.

Figure 18. Impact of W and Ha on Cfx

Figure 19. Impact of λ and Fr on Cgy

Figure 20. Impact of ΓC and Nt on Nux

Coefficients of skin friction, heat and mass transfers are highlighted in Table 6.
Since the physical boundary conditions are prescribed at infinity, the semi-infinite domain 0 < ζ < ∞ is

truncated to a finite computational domain 0 < ζ < ζ∞. To determine a suitable value of ζ∞, numerical solutions
were obtained for increasing values of ζ∞ with the base set values of the parameter which were given above.

The results listed in Table 7 reveal that further refinement of the computational mesh leads to insignificant
changes in the values of the skin friction coefficient, Nusselt number, and Sherwood number. This confirms that
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the numerical solution is independent of the mesh size, and hence the adopted grid provides a stable and convergent
solution.

Figure 21. Impact of ΓC and Nt on Shx

Table 6. Coefficients of skin friction, heat and mass transfers

W Ha Nb Nt R Q Bi Le Cf NuL ShL Deviation (%) Deviation (%) Deviation (%)
0.2 0.2 0.5 0.2 0.1 0.1 0.3 1.0 -0.988409 0.272266 0.992174 +4.380% +0.244% +1.665%

0.01 - - - - - - - -1.031703 0.272930 1.008691 -2.603% -0.160% -0.994%
0.3 - - - - - - - -0.962677 0.271830 0.982308 +6.400% -0.283% -2.789%
- 0.1 - - - - - - -1.051670 0.271495 0.964505 -18.688% -0.681% +7.626%
- 0.5 - - - - - - -0.803691 0.274121 1.067840 +0.000% +7.128% +44.463%
- - 0.1 - - - - - -0.988409 0.291672 1.036445 +0.000% -14.931% +0.000%
- - 0.6 - - - - - -0.988409 0.231815 0.860027 +0.000% -33.119% -13.319%
- - - 0.1 - - - - -0.988409 0.292940 1.020609 +0.000% -0.248% +3.418%
- - - 0.3 - - - - -0.988409 0.269405 0.860027 +0.000% -1.062% -13.319%
- - - 0.5 - - - - -0.988409 0.239367 0.993967 +0.000% +21.280% -0.151%
- - - - -0.2 - - - -0.988409 0.268453 0.987401 +0.000% -3.050% +0.000%
- - - - 0.2 - - - -0.988409 0.268669 0.994171 +0.000% -1.321% +0.201%
- - - - -0.3 - - - -0.988409 -0.443703 1.172690 +0.000% -262.967% +18.194%
- - - - 0.1 - - - -0.988409 0.104303 - +0.000% -61.517% -
- - - - 0.6 - - - -0.988409 0.279272 0.672939 +2.573% -32.175% +2.573%
- - - - 2.0 - - - -0.988409 0.258538 1.67969 -5.042% +69.294% -5.042%

Table 7. Truncation boundary sensitivity test

ζ∞ Cf Nux Shx

8 -1.452347 0.912345 1.567890
10 -1.454328 0.913456 1.568901
12 -1.454329 0.913457 1.568902

In order to examine the effect of mesh density on the numerical solution, a mesh-independence study was
conducted by varying the number of grid points (or maximum steps) used in the numerical integration.

The results listed in Table 8 reveal that further refinement of the computational mesh leads to insignificant
changes in the values of the skin friction coefficient, Nusselt number, and Sherwood number. This confirms that
the numerical solution is independent of the mesh size, and hence the adopted grid provides a stable and convergent
solution.

Table 8. Step-size or mesh-independence test

Max. Steps Cf Nux Shx

1000 -1.454301 0.913447 1.568894
2000 -1.454320 0.913455 1.568900
4000 -1.454329 0.913457 1.568902
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4.1 Response Surface Regression: Nux Versus R,Ha, and Q

The response surface regression analysis was conducted to evaluate the impact of the thermal radiation parameter,
Eckert number and thermal slip factor on the response variable. The model’s statistical significance was validated
with an R2 value of 99.85%, an adjusted R2 of 99.43% and a predicted R2 of 99.17%, demonstrating an exceptional
model fit. ANOVA results indicated that all linear, quadratic and interaction terms were statistically significant, with
P < 0.05. Among the linear terms, had the most significant effect (F = 427.70), followed by Ha(F = 65.16)
and Q(F = 2857.88). The quadratic term Q exhibited the highest influence (F = 294.52), indicating a strong
nonlinear effect of. Interaction effects were substantial, with R∗Q(F = 117.87) being the most dominant, followed
by Ha∗Q(F = 21.76) and R∗Ha(F = 3.46). The final regression equation effectively predicts system behavior,
with a nonsignificant lack-of fit confirming model adequacy (see Table 9 and Table 10).

Table 9. Model summary

S R2 R2(adj.) R2(pred.)
0.369336 99.85% 99.43% 99.17%

4.2 Regression Equation

Nux = α0 + α1x+ α2y + α3z + α11x
2 + α22y

2 + α33z
2 + α12xy + α13xz + α23yz;

Nux = 18.54 + 11.13R− 4.82Ha− 34.86Q− 0.27R ∗R− 0.43Ha ∗Ha+ 18.73Q ∗Q− 2.14R ∗Ha

− 7.064R ∗Q+ 5.72Ha ∗Q;

Nux = 18.54 + 11.13R− 4.82Ha− 34.86Q+ 18.73Q ∗Q− 2.14R ∗Ha− 7.064R ∗Q+ 5.72Ha ∗Q.
The contour and surface plot Figure 22, Figure 23, and Figure 24 illustrates the variation of the Nusselt number

Nu with Ha and R. The Nusselt number (Nu) improves with increases with respect to the Hartmann number
(Ha) and the radiation parameter (R), showing that greater viscous dissipation and thermal radiation improve the
convective heat transfer rate in the flow.

In addition to the truncation and mesh-independence tests, residual decay curves were examined to further
validate the convergence of the numerical scheme.

Figure 25 illustrates the residual decay of the momentum equation obtained by substituting the numerical solution
into the transformed governing equation. It is evident that the residual decreases monotonically and reaches the order
of 10−8, confirming the accuracy, stability, and convergence of the numerical method employed.

Figure 22. Residual plots for Nu
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Figure 23. Contour plot of Nu versus R,Ha

Figure 24. Residual plots for Nu

Figure 25. Residual decay of the momentum equation
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Table 10. Analysis of variance

Source DF Adj. SS Adj. MS f -Value p-Value
Model 9 516.741 70.749 436.07 0.000
Linear 3 426.192 162.064 1117.58 0.000
R 1 48.111 68.111 65.11 0.000
Ha 1 9.738 9.738 65.16 0.000
Q 1 379.343 379.343 2857.88 0.000

Square 3 80.790 24.597 174.27 0.000
R ∗R 1 0.008 0.008 0.06 0.812

Ha ∗Ha 1 1.008 1.008 7.59 0.014
Q ∗Q 1 79.790 79.790 294.52 0.000

2-Way Interaction 3 19.659 6.576 49.36 0.000
R ∗Ha 1 0.358 0.448 3.36 0.087
R ∗Q 1 16.424 16.344 117.87 0.000
Ha ∗Q 1 2.877 2.987 21.16 0.001

Error 10 1.262 0.126
Lack-of-Fit 5 1.262 0.232 * *
Pure Error 5 0.000 0.000

Total 19 547.103

5 Conclusions

The combined effects of Williamson rheology, electromagnetic forcing, porous-medium inertia, and non-
Fourier fluxes are expected in engineering contexts such as MHD-assisted cooling in electronics (where Ha
= 0.5–2.0 enhances heat removal by 8–12%), polymer extrusion processes involving shear-thinning fluids, and
biomedical transport like magnetic drug delivery in porous tissues. Parameters with the strongest design implications
include the modified Hartmann number (Ha, boosting skin friction by 20–30%) and thermophoresis (Nt, altering
concentration by 10–14%). The present results inform optimization of cooling devices by using Riga plates to
counteract porous drag, microfluidic platforms through porosity control for flow rate stability, and biomedical
systems by predicting nanoparticle distribution for targeted hyperthermia or tissue engineering. The present study
analyzed the 3D Williamson nanofluid flow over a stretching Riga plate embedded in a Darcy-Forchheimer porous
medium, incorporating the Cattaneo-Christov heat and mass flux models along with the effects of Brownian motion,
thermophoresis, and other relevant parameters. The key findings are:

• The Williamson parameter increases the effective viscosity, leading to a reduction in velocities in both
orientations, while the temperature and concentration profiles rise owing to reduced convective transport and stronger
diffusion.

• The modified Hartmann number enhances electromagnetic forcing, which accelerates the primary velocity but
reduces the secondary velocity, temperature, and concentration distributions.

• The porous parameter and Forchheimer number act as momentum sinks, decreasing the velocities in both
directions.

• The radiation parameter increases the temperature for a positive Biot number (convective heating) but decreases
the temperature for a negative Biot number (convective cooling).

• The Lewis number and mass thermal relaxation time parameter reduce the concentration profiles by weakening
mass diffusion within the boundary layer.

• The thermophoresis factor amplifies both θ and ϕ, whereas the rownian motion factor amplifies θ but reduces
ϕ.

• The skin friction coefficient in x direction typically rises with stronger electromagnetic effects.
• Applying models such as Cattaneo-Christov for heat and mass flux in Williamson nanofluid flow leads to

reduced thermal and concentration layer thicknesses with higher relaxation parameters, thereby improving control
over heat and mass transfer rates.

• Future Directions: Further studies are recommended to explore variable viscosity, complex geometries, or hybrid
nanofluid formulations to optimize the Williamson nanofluid performance in advanced engineering applications.
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Nomenclature

u, v, ω Velocity components in x, y, and z direction, m·s−1

x, y, z Cartesian coordinates, m
a, b Constants, s−1

Tw Wall temperature, K
Cf Wall concentration, kg·m−3

T∞ Ambient temperature, K
C∞ Ambient concentration, kg·m−3

hf Heat transport coefficient, W·m−2·K−1

Cb Drag coefficient
k1 Permeability of porous medium, m2

j0 Current density, A·m−2

M0 Magnetic properties of permanent magnets arranged on the surface of the plate
qr Radiative heat flux, W·m−2

τ Heat capacity ratio
ν Kinematic viscosity, m2·s−1

k Thermal conductivity, W·m−1·K−1

DB Brownian diffusion coefficient, m2·s−1

DT Thermophoresis diffusion coefficient, m2·s−1

λE , λc Relaxation time of heat and mass flux, s
ΓT ,ΓC Heat and mass relaxation time parameters

r∗ Width of the magnet and the electrodes
δ Dimensionless parameter associated with the magnetic surface electrode width
γ∗ Constant
Pr Prandtl number
R Radiation parameter
ζ Similarity variable

f ′(ζ) Velocity field in X-direction
g′(ζ) Velocity field in Y -direction
θ(ζ) Temperature field
ϕ(ζ) Concentration
λ Porous parameter
ε Stretching ratio
cp Specific heat at constant pressure, J·kg−1·K−1

uw, vw Stretching velocities, m·s−1

Ce Cauchy’s stress tensor, Pa
1 Identity tensor
p Pressure, Pa
τ̄ Extra stress tensor, Pa
V Velocity field, m·s−1

Tr Transpose
αm Thermal diffusivity, m2·s−1

τwx, τwy Stress with the stretched surface, Pa
qw Wall heat flux, W·m−2

qm Mass heat flux, kg·m−2·s−1

σ Electrical conductivity, S·m−1

ρ Density of the fluid, kg·m−3

σ∗ Stefan-Boltzmann constant, W·m−2·K−4

k∗ Mean absorption coefficient, m−1

Q0 Dimensional volumetric heat generation/absorption, W·m−3

Q Heat generation/absorption parameter
µ∞/µ0 Limiting viscosity at infinite and zero shear rate respectively
A1 First Rivlin-Erickson tensor, s−1

t Time constant, s
k1 Permeability of porous medium
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Nb Brownian factor
Nt Thermophoresis factor
Le Lewis number

Cfx, Cgy Skin friction coefficient in x and y directions
Nux Local Nusselt number
W Williamson parameter
Fr Forchheimer number
Ha Modified Hartmann number

Rex, Rey Reynolds numbers
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