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Abstract: This paper presents a new four-node strain-based finite element (SBQ12) formulated within the framework of Reissner–Mindlin plate theory for the dynamic and stability analysis of isotropic plates resting on elastic foundations. The independent approximation of the bending and transverse shear strains in the proposed element is efficient in eliminating the shear locking and enhancing the numerical accuracy and stability for thin and thick plates. In this study, the strain-based finite element is used to investigate the free vibration and linear buckling of plates on Winkler, Pasternak and Kerr elastic foundations. The SBQ12 element is extensively validated for square and rectangular plates with different boundary conditions (all edges simply supported (SSSS), all edges clamped (CCCC), two opposite edges simply supported, two opposite edges clamped (SCSC), and two opposite edges simply supported, two opposite edges free (SFSF), etc.), thickness ratios (a/h ranging from 5 to 1000), and aspect ratios. 

The numerical results show excellent agreement with the analytical and reference solutions, with maximum relative errors generally less than 3.5% for free vibration analyses and 4% for buckling analyses in the majority of cases tested. Particular attention is given to the influence of foundation stiffness parameters on natural frequencies and critical buckling loads. The obtained results confirm the accuracy, reliability, and computational efficiency of the proposed element. Overall, the developed SBQ12 element proves to be a robust and highly accurate tool for the analysis of isotropic plate structures resting on elastic foundations, offering a valuable contribution to computational mechanics. 
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1 Introduction

The dynamic and stability analysis of plate structures resting on elastic foundations has remained prominent in the civil, mechanical, marine and aerospace engineering industries because of its relevance to practical applications. In many cases, the supporting medium is typically modelled using Winkler, Pasternak, or Kerr foundations assumptions, all of which have considerable implications on how both natural frequencies and critical buckling loads can be estimated based upon the foundation’s stiffness parameters. This research effort continues to develop new reliable theoretical and numerical modelling methodologies, which can account for the following factors: transverse shearing effects, material gradation and plate/foundation interactions. 

1.1 Mindlin Plate Finite Elements

In recent years, interest in theories analyzing plate structures under free vibration and buckling has steadily increased. Several researchers have contributed to the development of Mindlin plate finite elements. Among the
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early studies was the analysis of free vibration of Mindlin plates by Al Janabi et al. [1]. These authors used a nine-node finite element, with shear strain interpolation within the model to analyze flat square plates subjected to various boundary conditions. Lee [2] proposed a different formulation using a four-node finite element with natural transverse shear strains and improved the calculation of the element’s stiffness and mass matrices. Similarly, Liew et al. [3] proposed a meshfree method of the first-order shear deformation theory (FSDT) using transformation methods to define the plate’s boundary conditions. 

Despite these contributions, most Mindlin finite element formulations remain displacement-field based and are often sensitive to shear and distorted meshing, particularly when dealing with thick plates or complex boundary conditions. Exact solutions are also generally limited to specific geometries and boundary conditions. 

1.2 Strain-Based Finite Elements

Alongside these developments, strain-based formulations have emerged as a promising alternative for improving the accuracy and efficiency of the finite element method. 

Early strain-based formulations dealt with curved

elements [4]. Subsequent work focused on the analysis of bending plates [5–10] and three-dimensional elasticity problems [11–13]. The strain-based approach has made it possible to reduce parasitic shear stresses in lower-order elements while allowing higher-order displacement fields without adding extra degrees of freedom [14]. Belounar et al. [15] developed a strain-based Mindlin quadrilateral plate element in which curvatures and transverse shear strains are approximated independently. Boussem et al. [16] successfully applied this method to study the vibrational response of rectangular plates coupled to a fluid. 

However, the application of strain-based finite elements to plates resting on elastic foundations remains largely unexplored. 

1.3 Vibration of Plates on Elastic Foundations

Much research has been conducted on plates resting on elastic foundations. Using classical plate theory, Lam et al. [17] studied the elastic bending, buckling, and vibration of isotropic rectangular plates on elastic foundations. 

Matsunaga [18] developed a higher-order theory for thick rectangular plates on elastic foundations. Bahmyari et al. [19] employed a meshless Galerkin approach for plates on two-parameter foundations, while Nguyen et al. [20]

investigated the vibration of plates on Pasternak foundations using FSDT. 

Nevertheless, most existing studies on vibration analysis are based on displacement-based or other formulation methods, with limited use of strain-based finite elements. 

1.4 Buckling of Plates on Elastic Foundations

The buckling behavior of isotropic plates on elastic foundations has also received considerable attention. 

Hosseini-Hashemi et al. [21], Shufrin and Eisenberger [22], Mizusawa [23], Liew et al. [24], and Akhavan et al. [25] provided valuable analytical and numerical solutions for Mindlin plates under various boundary conditions and foundation models. 

However, studies combining buckling analysis of plates on Winkler, Pasternak, or Kerr foundations with strain-based finite element formulations remain very rare. 

1.5 Present Work and Novelty

Despite significant advances in research, this field still faces numerous limitations. Many analytical models are restricted to specific geometries or boundary conditions, while a large proportion of displacement-based finite elements remain highly sensitive to shear and mesh distortion. Furthermore, although higher-order finite elements can improve accuracy, they often require unnecessary additional degrees of freedom or internal nodes, resulting in a substantial increase in computational cost. 

To overcome these drawbacks, the present work adopts a strain-based formulation. This approach allows the development of higher-order elements without resorting to internal nodes or additional degrees of freedom, resulting in simple, efficient, and numerically stable elements. In this context, a new four-node quadrilateral strain-based element (SBQ12) is developed within the framework of Reissner-Mindlin plate theory. This element has only three essential degrees of freedom per node (the transverse displacement w and the two rotations βx and βy). It relies on an independent interpolation of bending and transverse shear strains, which significantly reduces shear sensitivity for both thin and thick plates. 

Furthermore, although several studies have addressed plates resting on elastic foundations, the literature reveals a significant gap regarding the use of strain-based finite element approaches for the free vibration and linear buckling analysis of plates on Winkler, Pasternak, and Kerr foundations. Addressing this gap constitutes the main novelty of this contribution. The free vibration and buckling behavior of plates resting on different elastic foundations are studied in a complete way using a strain-based method. The performance of the proposed SBQ12 element is verified by comparing its results with the existing analytical and numerical solutions using several numerical examples. 
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The proposed SBQ12 element is a reliable tool that can effectively support experimental research, even though this study is purely numerical. Its predictions of natural frequencies and critical buckling loads on elastic foundations allow the optimization of experimental design, the interpretation of measured structural responses and the calibration of numerical models using experimental data. 

2 Theoretical Formulation

In the finite element method, the continuous plate domain is discretized into smaller finite elements. The displacement field within each element is approximated using interpolation (shape) functions that are expressed in terms of the nodal displacements. 

Figure 1. Quadrilateral Reissner-Mindlin plate element

The strain-displacement relations for the Reissner/Mindlin plate element (Figure 1) are given by:
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where, κx, κy, and κxy are the curvature strains and γyz, γxz are the transverse shear strains. 

In matrix form, it can be written as:
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The strain components cannot be considered independent; they must satisfy the compatibility equations, which are given as:
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The displacement field resulting from the three rigid body modes is determined by setting Eq. (1) to zero, yielding the following results:

w = α1 − α2x − α3y, βx = α2, βy = α3

(4)

where, α1, α2 and α3 are three constants. 

The proposed quadrilateral element SBQ12 has three degrees of freedom (w, βx, and βy) at each of the four nodes. 

Therefore, the displacement field should contain twelve independent constants, and having used three (α1, α2, α3) for the representation of the rigid body modes, the remaining nine constants (α4, α5, . . . , α12) are to be apportioned among the five assumed strains of the element. The interpolation of the assumed strain field for the present element SBQ12 is expressed as:

κx = α4 + α5y + α6xy, κy = α7 + α8x + α6xy

(5)

κxy = α6 x2 + y2 γxz = α9 + α10y + α8y2, γyz = α11 + α12x + α5x2
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The strain vector of Eq. (5) satisfies the compatibility equation (Eq. (3)). 

The strain functions(κx, κy, κxy, γxz, γyz) from Eq. (5) are inserted into Eq. (1), and following integration, the following results are obtained:

x2

x2y

x3y + y3x

y2

xy2

xy

xy

w = −

α4 −

α5 −

α6 −

α7 −

α8 + xα9 +

α10 + yα11 +

α12

2

2

6

2

2

2

2

x2y

y3 

y2

y

y

βx = xα4 + xyα5 +

+

α6 −

α8 +

α10 −

α12

(6)

2

6

2

2

2

x2

xy2

x3 

x

x

βy =

α5 +

+

α6 + yα7 + xyα8 −

α10 +

α12

2

2

6

2

2

The displacement functions derived from Eq. (6) are combined with the rigid body mode displacements from Eq. (4) to produce the final displacement shape functions:
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The displacement functions of Eq. (7) can be given in matrix form as:
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where, [Cu] is a 3 × 12 matrix. {α} is the constant parameters vector containing the constants {αi} i = 1 . . . 12. 

The following vector {qe} of total nodal degrees of freedom (dof) for a generic elementary domain Ωe was considered:
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The vector {qe} is expressed as a function of the constant parameters {α} using Eq. (8) as:

{qe} = [C]{α}

(11)

where, [C] is a 12 × 12 matrix calculated from the matrix [Cu] using the coordinates of each node. The constant parameters vector {α} can therefore be derived from Eq. (11):

{α} = [C]−1 {qe}

(12)

Substituting Eq. (12) into Eq. (9) yields:

{u} = [Cu][C]−1 {qa} = [N ] {qa}

(13)

where, 

[N ] = [Cu][C]−1

(14)

where, [N ] is the interpolation functions. 

For Reissner-Mindlin plate theory, the curvatures {k} and the transverse shear strains {γ} are given in terms of displacements as:
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In which the bending [Qb] and the transverse shear [Qs] strain matrices are:
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The strain vectors can be redefined using the Eq. (12) as:
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The element stiffness matrix [Ke] is given by:
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is the bending part, [Kse is the shear part and Kfe is the elastic foundation part which can be expressed in various ways according to the foundation discussed (Winkler [26]/Pasternak [26]/Kerr foundation [27]) as shown in Figure 2:
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The element mass matrix [Me] is defined as:
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The geometrical strains can be expressed as:
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Figure 2. The geometry of rectangular plate resting on: (a) Winkler-Pasternak foundation; (b) Kerr foundation where, 
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The geometrical strains vector is expressed from the dof vector {qe}T as:

{εg} = [Cg] [C]−1 {qe} = [Bg] {qe}

(30)

The element geometrical matrix [Keg] is formulated as:
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The stress–strain relationship is given by:
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where, [D], [Db], and [Ds] are, respectively, rigidity, bending rigidity, shear rigidity matrices and [T ] is the matrix containing the material mass density. 
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The matrices [Ke] , [Me] and [Keg] given in Eqs. (22), (28), and (31) are numerically computed. They are then assembled to obtain the structural stiffness, mass and geometrical matrices ([K], [M ], and [Kg]). 
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For free vibration, we use:

[K] − ω2[M ] {q} = 0

(33)

For the buckling analysis, we use:

([K] − λ [Kg]) {q} = 0

(34)

3 Results and Discussion

3.1 Numerical Implementation

The proposed SBQ12 element was implemented in a MATLAB environment. All element matrices (stiffness

[Ke], mass [Me], geometric [KG], and foundation stiffness [Kf ] ) are computed at the element level using a full 2 × 2

Gauss quadrature scheme, which was found sufficient to achieve exact integration for the present formulation. 

The global stiffness, mass, and geometric matrices are assembled using the standard direct stiffness assembly procedure. Boundary conditions are imposed by removing or penalizing the corresponding degrees of freedom in the global matrices. For plates resting on elastic foundations, the foundation contribution [Kf ] is directly added to the global stiffness matrix [K] at the element level. 

Free vibration and linear buckling analysis are performed by solving the generalized eigenvalue problem given in Eqs. (33) and (34). 

The calculation procedure can be summarized as follows:

1. Definition of the geometry and properties of materials and foundations. 

2. Calculation of the element matrices based on the assumed strain fields 3. Assembly of the global matrices using the standard direct stiffness assembly procedure, ensuring compatibility at nodes shared between adjacent elements. 

4. Application of boundary conditions using the direct elimination method. 

5. Solving the generalized eigenvalue problem for vibration or buckling using MATLAB’s built-in eig function. 

6. Post-processing of natural frequencies, vibration modes, and critical loads. 

This implementation guarantees the complete reproducibility of all the numerical results presented in this study. 

3.2 Boundary Conditions

In order to impose different boundary conditions at (x = 0) and (x = b), the following prescribed conditions are considered:

Clamped edges for (x = 0) and (x = b)

w = βx = βy = 0

Simply supported edges for (x = 0) and (x = b)

w = βy = 0

The boundary conditions of the plate are specified by the letter symbols. For instance, two opposite edges simply supported, one edge clamped, one edge free (SCSF) represents a plate with simply supported (S) boundary condition at (y = 0) and (y = a), clamped (C) boundary condition at (x = 0) and free (F) boundary condition at (x = b). 

Seven combinations of boundary conditions were considered: all edges simply supported (SSSS), all edges clamped (CCCC), two opposite edges simply supported, two opposite edges clamped (SCSC), two opposite edges simply supported, two opposite edges free (SFSF), three edges simply supported, one edge free (SSSF), SCSF, and three edges clamped, one edge free (CCCF), where S, C and F stand for the simply supported, clamped and free boundary conditions, respectively. 

3.3 Numerical Examples

The objective of this section is to verify the accuracy and efficiency of the developed SBQ12 quadrilateral element for analyzing linear free vibration and buckling of square and rectangular isotropic plates. Numerous numerical examples were performed on isotropic plates with varying aspect ratios (a/b), thickness ratios (a/h), and boundary conditions to evaluate the performance of the proposed element. The influence of elastic foundations, such as the Winkler, Pasternak, and Kerr models, was also investigated. 
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3.4 Free vibration Analysis

3.4.1 Convergence and validation

To assess the accuracy and convergence behavior of the proposed SBQ12 element, a mesh convergence study was performed on thin square plates (h/a = 0.005) under SSSS boundary condition. The results are compared with the exact solution [28]. 

Table 1 demonstrates the excellent convergence of the SBQ12 element. With progressive mesh refinement, the results rapidly converge to the exact analytical solution [28]. On a 20 × 20 mesh, the SBQ12 element achieves high accuracy for all modes. This rapid convergence and minimal error confirm the robustness and absence of shear locking of the proposed strain-based formulation. 

Table 1. Convergence of six dimensionless frequency parameters ϖ = (ω2 ρa4h/D)1/4

mn

of all edges simply

supported (SSSS) thin square plate (h/a = 0.005)

Modes

Mesh

1

2

3

4

5

6

SBQ12 (4 × 4)

5.4885

11.0068

11.0068

18.2338

23.2177

23.2177

SBQ12 (8 × 8)

4.6090

7.5588

7.5588

9.9528

11.2886

11.2886

SBQ12 (10 × 10)

4.5346

7.2703

7.3145

9.4483

10.6176

10.6463

SBQ12 (12 × 12)

4.4976

7.1653

7.1936

9.2071

10.3198

10.3380

SBQ12 (16 × 16)

4.4633

7.0813

7.0813

8.9879

10.0557

10.0557

SBQ12 (20 × 20)

4.4483

7.0229

7.0229

8.8928

9.9324

9.9324

Exact [28]

4.4430

7.0250

7.0250

8.8860

9.9350

9.9350

3.4.2 Without elastic foundations

The validation of the proposed element is carried out by comparing the obtained results with several wellknown references for different test cases. This example considers an isotropic square plate with different boundary conditions. 

The dimensionless natural frequencies are evaluated for SSSS and CCCC square plates, with different thickness ratios a/h = 10 and 100 , and the first twelve vibration modes were calculated for both plates. The effects of shear deformation are accounted for, and shear correction factors are applied to compare with results from other models, with the shear correction factor set to κ = 0.8601. 

A dimensionless frequency parameter is defined as:

p

ϖ = ωmna

ρ/G

(35)

where, ωmn is the frequency, a is the plate side length, ρ is the mass density per unit volume, G is the shear modulus given by G = E/2(1 + v). 

The results in Tables 2 and 3 demonstrate that the SBQ12 element effectively avoids shear locking in thin plates (a/h = 100). The relative errors remain generally below 3.5%. This confirms the excellent performance of the strain-based approach in eliminating parasitic shear stresses for thin configurations. 

For thick plates (a/h = 10), the element shows high accuracy and stability with maximum errors of 2.37%

(SSSS) and 0.96% (CCCC). The low values of error indicate that the SBQ12 formulation is stable in the presence of significant transverse shear deformation. 

Overall, the SBQ12 element has a similar accuracy to other elements: strain-based quadrilateral Mindlin plate (SBQMP), four-node plate element developed using the assumed natural strains (ANS4), and Meshfree, while clearly outperforming the R4 formulation, especially for thin plates. 

On the other hand, the obtained results highlight the strong influence of boundary conditions and the thickness ratio a/h on the dimensionless natural frequencies of the plate. 

Regarding the boundary conditions, CCCC exhibits considerably higher dimensionless frequencies than SSSS

for all modes. This result is expected, as the fixed attachment of all edges stiffens the structure and restricts rotation at the boundaries, thereby stiffening the plate and increasing the frequencies. 

Regarding the thickness ratio, the transition from a thick plate (a/h = 10) to a thin plate (a/h= 100) results in a significant decrease in ω− for both boundary conditions. This is physically consistent: as the plate becomes thinner relative to its dimension in the a-plane, its flexural stiffness decreases, which lowers ωmn and consequently ϖ. 

Furthermore, Figure 3 shows the first four vibration modes of a square SFSF plate with thickness ratio a/h =

10, obtained using the proposed SBQ12 element with a 24 × 24 mesh. These modes clearly reflect the influence of the two opposing free edges. Mode 1 is a basic symmetric bending mode with one half-wave. Mode 2 shows an antisymmetric shape with large displacement along the free edges. Modes 3 and 4 are more complex, with several 245
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half-waves and significant twisting and deformation at the free edges. These are typical behaviors of free-edge plates where absence of rotational and transverse stresses provides more flexibility. The SBQ12 element reproduces these characteristic modes accurately. 

Table 2. Dimensionless frequencies ϖ for all edges simply supported (SSSS) plate: κ = 0.8601, ν = 0.3

Mindlin

Mode

Closed

SBQ12

Err. (%)

R4

SBQMP [15]

FE [1]

Meshfree [3]

ANS4 [2]

Form [1]

1

0.93

0.9443

1.54

0.949

0.929

0.930

0.922

0.9327

2

2.219

2.2360

0.77

2.288

2.219

2.219

2.205

2.2394

3

2.219

2.2382

0.87

2.288

2.219

2.219

2.205

2.2394

4

3.406

3.4466

1.19

3.490

3.390

3.406

3.377

3.4381

5

4.149

4.2056

1.36

4.335

4.169

4.154

4.139

4.2364

6

4.149

4.2056

1.36

4.335

4.169

4.154

4.139

4.2364

a/h = 10

7

5.206

5.293

1.67

–

–

5.210

5.170

5.2957

8

5.206

5.293

1.67

–

–

5.210

5.170

5.2957

9

6.52

6.6566

2.10

–

–

6.542

6.524

6.7564

10

6.52

6.6566

2.10

–

–

6.542

6.524

6.7564

11

6.834

6.9851

2.21

–

–

6.841

6.779

6.9652

12

7.446

7.6224

2.37

–

–

7.467

7.416

7.3645

1

0.0963

0.0968

0.52

0.2079

0.0961

0.0963

0.0961

0.0966

2

0.2406

0.2426

0.83

0.5917

0.2404

0.2406

0.2419

0.2430

3

0.2406

0.2426

0.83

0.5917

0.2404

0.2406

0.2419

0.2430

4

0.3848

0.3908

1.56

0.8358

0.3824

0.3848

0.3860

0.3890

5

0.4809

0.4887

1.62

1.2930

0.4826

0.4814

0.4898

0.4928

6

0.4809

0.4887

1.62

1.2930

0.4826

0.4814

0.4898

0.4928

a/h = 100

7

0.6249

0.6387

2.21

–

–

0.6253

0.6315

0.6380

8

0.6249

0.6387

2.21

–

–

0.6253

0.6315

0.6380

9

0.8167

0.8397

2.82

–

–

0.8198

0.8447

0.8551

10

0.8167

0.8397

2.82

–

–

0.8198

0.8447

0.8551

11

0.8647

0.8931

3.28

–

–

0.8652

0.8726

0.8857

12

0.9605

0.9928

3.36

–

–

0.9633

0.9822

0.9991

Note: SBQMP = strain-based quadrilateral Mindlin plate; ANS4 = four-node plate element developed using the assumed natural strains; (–) not applicable. 

Figure 3. First four vibration mode shapes of two opposite edges simply supported, two opposite edges free (SFSF) square plate obtained with the proposed SBQ12 element (24 × 24 mesh, a/h = 10) 246

Table 3. Dimensionless frequencies ϖ for all edges clamped (CCCC) plate: κ = 0.8601, ν = 0.3

Mindlin

Mode

Closed

SBQ12

Err. (%)

R4

SBQMP [15]

FE [1]

Meshfree [3]

ANS4 [2]

Form [1]

1

1.594

1.5963

0.14

1.6401

1.5935

1.5910

1.5582

1.5962

2

3.046

3.0585

0.41

3.1499

3.0528

3.0410

3.0182

3.0683

3

3.046

3.0585

0.41

3.1499

3.0528

3.0410

3.0182

3.0683

4

4.285

4.3024

0.41

4.3955

4.2631

4.2650

4.1711

4.2999

5

5.035

5.0797

0.89

5.2647

5.0783

5.0340

5.1218

5.1275

6

5.078

5.1268

0.96

5.3141

5.1287

5.0820

5.1594

5.1767

a/h = 10

7

–

6.1610

–

–

–

–

6.0178

6.1745

8

–

6.1610

–

–

–

–

6.0178

6.1745

9

–

7.5337

–

–

–

–

7.5169

7.6621

10

–

7.5337

–

–

–

–

7.5169

7.6621

11

–

7.8097

–

–

–

–

7.7288

7.8053

12

–

8.4140

–

–

–

–

8.3985

8.4836

1

0.1754

0.1768

0.80

0.4593

0.1757

0.1754

0.1743

0.1765

2

0.3576

0.3627

1.43

0.9550

0.3592

0.3576

0.3576

0.3635

3

0.3576

0.3627

1.43

0.9550

0.3592

0.3576

0.3576

0.3635

4

0.5274

0.5390

2.20

1.2903

0.5261

0.5268

0.5240

0.5359

5

0.6402

0.6560

2.47

1.7956

0.6484

0.6415

0.6465

0.6634

6

0.6432

0.6560

1.99

1.7979

0.6515

0.6446

0.6505

0.6666

a/h = 100

7

–

0.8295

–

–

–

–

0.8015

0.8267

8

–

0.8295

–

–

–

–

0.8015

0.8267

9

–

1.0612

–

–

–

–

1.0426

1.0876

10

–

1.0612

–

–

–

–

1.0426

1.0876

11

–

1.1187

–

–

–

–

1.0628

1.1052

12

–

1.2325

–

–

–

–

1.1823

1.2395

Note: SBQMP = strain-based quadrilateral Mindlin plate; ANS4 = four-node plate element developed using the assumed natural strains; (–) not applicable. 

3.4.3 With elastic foundations

• Winkler foundation

After validating the SBQ12 element without foundations, its performance was evaluated in more detail by integrating the elastic foundation models of Winkler, Pasternak and Kerr on square and rectangular plates under various boundary conditions (SSSS, SCSC, CCCC, SFSF) and thickness ratios. 

Table 4 presents the dimensionless frequencies of square plates resting on a Winkler foundation for different boundary conditions and thickness ratios (0.05, 0.1, 0.15, and 0.2). 

The SBQ12 results are in close agreement with the reference solutions from Li et al. [29], the quasi-3D theory [30], 

and the third-order shear deformation theory (TSDT) [31], with relative errors remaining below 0.6% in nearly all cases. These findings confirm the proper incorporation of the Winkler foundation stiffness term into the element formulation. 

The results show that increasing the Winkler stiffness parameter (kw) from 0 to 100 leads to a consistent rise in the dimensionless frequencies, with an increase of approximately 2.4% to 3.0%. This stiffening effect is slightly more noticeable for thinner plates. In addition, the dimensionless frequencies increase significantly with the thickness ratio (h/a). Thicker plates exhibit higher dimensionless frequencies due to their greater bending stiffness. These observations demonstrate the combined influence of the foundation stiffness and the plate thickness on the dynamic behavior of the plate-foundation system. 

As expected, boundary conditions play a major role: SCSC plates exhibit frequencies 35 to 45% higher than SSSS plates, while SFSF plates exhibit frequencies 45 to 60% lower than SSSS plates. These results highlight the strong sensitivity of the dynamic response to boundary conditions: the more the edges are constrained, the more the overall stiffness of the plate increases, leading to higher dimensionless frequencies. 

• Pasternak foundation

The two-parameter Pasternak model, which considers the normal and shear effects of the foundation, was studied on thin square plates (h/a = 100) (Tables 5 and 6). Compared to the reference results of the FSDT [20] and the element free Galerkin method (EFG) [19], the SBQ12 element achieves good accuracy, with relative errors in the range of 0.2% to 1.7%. The largest errors are observed for CCCC plates with high foundation stiffness, which are mainly due to the increase of shear stresses at the fixed edges. The results clearly indicate the additional stiffening effect of the shear parameter ks. For instance, for kw = 100, increasing ks from 10 to 50 increases the fundamental 247

frequency by about 46.5% for SSSS plates and 25.3% for CCCC plates. 

Table 4. Dimensionless frequencies ϖ = ωmnhpρ/E, E = 70 GPa, ρ = 2702 kg/m3 of isotropic square plate on Winkler foundation

h/a

Boundary Conditions

kw

Model

0.05

0.1

0.15

0.2

SBQ12

0.0291

0.1137

0.2459

0.4161

FSDT [20]

0.0291

0.1133

0.2452

0.4150

0

Model of Li et al. [29]

–

0.1134

–

0.4150

Quasi-3D [30]

0.0291

0.1135

0.2459

0.4168

TSDT [31]

0.0291

0.1134

0.2454

0.4154

SSSS

SBQ12

0.0298

0.1165

0.2523

0.4279

FSDT [20]

0.0298

0.1161

0.2516

0.4268

100

Model of Li et al. [29]

–

0.1161

–

0.4269

Quasi-3D [30]

0.0298

0.1163

0.2521

0.4281

TSDT [31]

0.0298

0.1162

0.2519

0.4273

SBQ12

0.0427

0.1611

0.3348

0.5432

SCSC

100

TSDT [31]

0.0426

0.1609

0.3349

0.5457

SBQ12

0.0156

0.0616

0.1361

0.2363

SFSF

100

TSDT [31]

0.0156

0.0617

0.1363

0.2366

Note: SSSS = all edges simply supported; SCSC = two opposite edges simply supported, two opposite edges clamped; SFSF = two opposite edges simply supported, two opposite edges free; FSDT = first-order shear deformation theory; TSDT = third-order shear deformation theory; (–) not applicable. 

Table 5. Dimensionless frequencies ϖ = ωmna2/π2pρh/D, E = 380 GPa, ρ = 3800 kg/m3 of all edges simply supported (SSSS) isotropic square plate on Pasternak foundation

Modes

kw

ks

Model

1

2

3

4

SBQ12

2.6617

5.6023

5.6023

8.6318

10

FSDT [20]

2.6535

5.5657

5.5657

8.5334

EFG [19]

2.6560

5.5817

5.5817

8.5572

100

SBQ12

3.8982

7.1901

7.1901

10.3448

50

FSDT [20]

3.8874

7.1379

7.1379

10.2316

EFG [19]

3.8935

7.1703

7.1703

10.2777

SBQ12

3.3446

5.9541

5.9541

8.8558

10

FSDT [20]

3.3387

5.9230

5.9230

8.7705

EFG [19]

3.3407

5.9380

5.9380

8.7937

500

SBQ12

4.3928

7.4670

7.4670

10.5319

50

FSDT [20]

4.3838

7.4198

7.4198

10.4302

EFG [19]

4.3892

7.4510

7.4510

10.4754

10

SBQ12

4.0396

6.3735

6.3804

9.1510

SBQ12

4.9430

7.8059

7.8059

10.7819

1000

50

FSDT [20]

4.9345

7.7579

7.7579

10.6733

EFG [19]

4.9393

7.7877

7.7877

10.7175

Note: FSDT = first-order shear deformation theory; EFG = element free Galerkin method. 

Physically, the Winkler parameter kw induces a vertical elastic reaction that increases the overall stiffness of the plate-foundation system and hence the natural frequencies. The Pasternak shear parameter ks provides an additional shear interaction between adjacent springs, which improves the load transfer and decreases local deformations. The combined effect of these two parameters results in a stiffer and more continuous load bearing medium which leads to a substantial increase in dimensionless frequencies. 

It is also observed that plates with CCCC exhibit significantly higher natural frequencies than SSSS plate due to the increased rotational restraint, which improves flexural stiffness and limits transverse displacement. 

In addition, Table 7 evaluates the effect of the aspect ratio h/a on the dimensionless frequencies of SSSS plates with a fixed thickness ratio h/a = 0.15. 
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Table 6. Dimensionless frequencies ϖ = ωmna2/π2pρh/D, E = 380 GPa, ρ = 3800 kg/m3 of all edges clamped (CCCC) isotropic square plate on Pasternak foundation

Modes

kw

ks

Model

1

2

3

4

SBQ12

4.1114

7.9501

7.9501

11.5738

10

FSDT [20]

4.0867

7.8612

7.8612

11.3830

EFG [19]

4.1067

7.9246

7.9246

11.4696

100

SBQ12

5.1524

9.2988

9.2988

13.0593

50

FSDT [20]

5.1135

9.1771

9.1771

12.8307

EFG [19]

5.1501

9.2762

9.2762

12.9650

SBQ12

4.5835

8.2042

8.2042

11.7498

10

FSDT [20]

4.5614

8.1181

8.1181

11.5618

EFG [19]

4.5793

8.1795

8.1795

11.6471

500

SBQ12

5.5365

9.5169

9.5169

13.2155

50

FSDT [20]

5.5003

9.3981

9.3981

12.9896

EFG [19]

5.5344

9.4949

9.4949

13.1223

SBQ12

5.1128

8.5111

8.5111

11.9660

10

FSDT [20]

5.0930

8.4281

8.4281

11.7815

EFG [19]

5.1090

8.4873

8.4873

11.8652

1000

SBQ12

5.9820

9.7827

9.7827

13.4081

50

FSDT [20]

5.9486

9.6672

9.6672

13.1856

EFG [19]

5.9801

9.7613

9.7613

13.1363

Note: FSDT = first-order shear deformation theory; EFG = element free Galerkin method. 

Increasing this ratio h/a from 0.5 to 2 leads to a substantial rise in dimensionless frequencies, reaching up to +128.4% in the absence of elastic foundation. This increase is attributed to the higher bending stiffness in the longitudinal direction. The presence of the Pasternak foundation reduces the sensitivity of the frequencies to the aspect ratio, with a more moderate increase of 92.6%. 

Furthermore, Figure 4 shows the effect of this parameter (a/b) on the dimensionless natural frequency for SSSS

plates (h/a = 0.15) with and without Pasternak foundation (kw = 100, ks = 10). The elastic foundation increases the dimensionless frequencies by 60.4%, 36.2%, and 14.9% for aspect ratios a/b of 0.5, 1, and 2, respectively. 

Physically, increasing the aspect ratio a/b increases the flexural stiffness in the longitudinal direction, which explains the overall increase in dimensionless frequencies. However, as the plate elongates, its inherent geometric stiffness becomes predominant, thus reducing the relative contribution of the elastic foundation. This explains why the stiffening effect of the foundation is significantly more pronounced for compact plates (low aspect ratio a/b) than for elongated plates. 

Figure 4. The effect of the elastic foundation coefficients on the dimensionless frequencies of isotropic rectangular plate
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Table 7. Dimensionless frequencies ϖ = ωmnhpρ/E, E = 70 GPa, ρ = 2702 kg/m3 of all edges simply supported (SSSS) isotropic plate on Pasternak foundation (h/a = 0.15) a/b

(kw, ks)

Model

0.5

1

2

SBQ12

0.08032

0.12518

0.28590

2D [32]

0.08007

0.12482

0.28531

Quasi-3D [32]

0.08036

0.12539

0.28755

(0, 0)

Model of Meftah et al. [33]

0.08014

0.12497

0.28610

Model of Hosseini et al. [34]

0.08006

0.12480

0.28513

Model of Akavci [35]

0.08018

0.12508

0.28660

Model of Mantari et al. [36]

0.08021

0.12514

0.28682

SBQ12

0.12887

0.17049

0.32836

2D [32]

0.12870

0.17021

0.32782

Quasi-3D [32]

0.12814

0.16952

0.32738

(100, 10)

Model of Meftah et al. [33]

0.12874

0.17032

0.32848

Model of Hosseini et al. [34]

0.12870

0.17020

0.32768

Model of Akavci [35]

0.12876

0.17039

0.32890

Model of Mantari et al. [36]

0.12804

0.16931

0.32670

• Kerr foundation

Table 8 studies the performance of the SBQ12 element according to Kerr’s three-parameter elastic foundation model. The analysis focuses on SSSS with a thickness ratio varying from h/a = 0.05 to 0.2, considering different combinations of normal stiffness ku and shear stiffness ks, with the bottom layer parameter fixed at kl = 100. 

The Kerr foundation model is a three-parameter elastic foundation that combines the advantages of the Winkler and Pasternak models. The upper spring stiffness ku represents the normal (vertical) reaction of the foundation, similar to the Winkler modulus. The shear layer stiffness ks accounts for the interaction between adjacent springs, as in the Pasternak model. The lower spring stiffness kl connects the shear layer to a rigid base, thus ensuring greater continuity and depth to the foundation’s response. 

This three-parameter formulation offers greater flexibility in modeling real soil behavior, especially for foundations with a stiff stratum at a certain depth. It allows a more realistic representation of the continuous interaction between the plate and the supporting medium compared to the one-parameter (Winkler) or two-parameter (Pasternak) models. 

The SBQ12 results are in close agreement with the reference solutions of Cao and Vu [37] and quasi-3D

theory [30] for all thickness ratios and foundation parameters. The relative errors are very small, remaining below 0.6% for moderate foundation stiffness (ku = 100, ks = 0) and generally below 1.5%, even for higher stiffness values. 

Accuracy is particularly high for thin plates and tends to decrease slightly for thick plates, which is expected given the increased importance of shear deformation. 

Table 8. Dimensionless frequencies ϖ = ωmnhpρ/E, E = 70 GPa, ρ = 2702 kg/m3 of isotropic square plate on Kerr foundation, kl = 100

h/a

ku

ks

Model

0.05

0.1

0.15

0.2

SBQ12

0.0295

0.1151

0.2491

0.4220

0

Model of Cao and Vu [37]

0.0294

0.1149

0.2491

0.4227

Quasi-3D [30]

0.0294

0.1149

0.2490

0.4225

100

SBQ12

0.0356

0.1399

0.3061

0.5259

100

Model of Cao and Vu [37]

0.0356

0.1395

0.3046

0.5219

Quasi-3D [30]

0.0356

0.1395

0.3045

0.5218

SBQ12

0.0375

0.1476

0.3237

0.5577

100

Model of Cao and Vu [37]

0.0375

0.1471

0.3217

0.5524

Quasi-3D [30]

0.0375

0.1471

0.3217

0.5522

200

SBQ12

0.0441

0.1739

0.3833

0.6650

200

Model of Cao and Vu [37]

0.0440

0.1731

0.3799

0.6552

Quasi-3D [30]

0.0440

0.1731

0.3799

0.6550

These results confirm that the SBQ12 element successfully predicts the behavior of the plate resting on 250

Kerr foundation, demonstrating high reliability and numerical stability even with this more complex foundation representation. 

The results obtained indicate that the dimensionless frequencies increase significantly with the plate thickness ratio (h/a). This trend reflects the greater flexural stiffness of thicker plates. Regarding the Kerr foundation parameters, both the top spring stiffness (ku) and the shear layer stiffness (ks) contribute to increasing the overall stiffness of the system. Higher values of ku and ks lead to a steady increase in dimensionless frequencies, with the most significant increase observed when both parameters are increased simultaneously. 

These results highlight the important role of the three-parameter Kerr model for modeling the effect of elastic foundation stiffening on plate vibrations. 

3.5 Buckling Analysis

3.5.1 Convergence and validation

To evaluate the accuracy and convergence behavior of the proposed SBQ12 element under buckling, a convergence study was carried out on Mindlin square plates under various boundary conditions (SSSS, SCSF, SSSF, SFSF) and different loading cases (uniaxial in the x direction, uniaxial in the y direction and biaxial compression). 

Table 9. Comparison study of the buckling load parameters ˜

Ncr/π2 = Ncra2/π2D for square Mindlin plates

having various boundary conditions

Boundary Conditions

Distribution

Reference

SSSS

SCSF

SSSF

SFSF

SBQ12 (4 × 4)

4.8435

2.4845

2.4681

2.1866

SBQ12 (8 × 8)

3.9459

2.2013

2.1824

1.9079

SBQ12 (12 × 12)

3.8236

2.1422

2.1236

1.8591

Uniaxial compression in the direction y

SBQ12 (16 × 16)

3.7834

2.1178

2.0994

1.8395

SBQ12 (20 × 20)

3.7650

2.1053

2.0871

1.8294

[23]

3.729

2.0780

2.0600

1.8070

[21]

3.7838

2.1010

2.0829

1.8216

SBQ12 (4 × 4)

4.8435

1.8836

1.6348

0.9507

SBQ12 (8 × 8)

3.9459

1.6100

1.3921

0.9234

SBQ12 (12 × 12)

3.8236

1.5714

1.3564

0.91189

Uniaxial compression in the direction x

SBQ12 (16 × 16)

3.7834

1.5580

1.3442

0.9173

SBQ12 (20 × 20)

3.7650

1.5518

1.3385

0.9165

[23]

3.729

1.539

1.327

0.9146

[21]

3.7838

1.5558

1.3707

0.92187

SBQ12 (4 × 4)

2.4369

1.2515

1.1838

0.9245

SBQ12 (8 × 8)

1.9739

1.0996

1.0317

0.8984

SBQ12 (12 × 12)

1.9120

1.0749

1.0070

0.8944

Biaxial compression

SBQ12 (16 × 16)

1.8918

1.065

0.9980

0.8927

SBQ12 (20 × 20)

1.8826

1.0611

0.9936

0.8919

[24]

–

1.0641

0.99542

0.89774

[21]

1.8919

1.0641

0.99541

0.89774

Note: SSSS = all edges simply supported; SCSF = two opposite edges simply supported, one edge clamped, one edge free; SSSF = three edges simply supported, one edge free; SFSF = two opposite edges simply supported, two opposite edges free; (–) not applicable. 

As shown in Table 9, the SBQ12 element exhibits rapid and stable convergence with mesh refinement. The results obtained effectively approach the reference solutions of Mizusawa [23], Hosseini et al. [21], and Liew et al. [24]. With a 16 × 16 mesh, the SBQ12 predictions are already very close to the reference values in most cases, and refinement to a 20 × 20 mesh provides only marginal improvements. The element demonstrates excellent performance for all boundary conditions, including those with free edges, which are generally more difficult to handle. 

3.5.2 Without elastic foundations

Buckling instability occurs when a square or rectangular isotropic plate subjected to in-plane compression reaches a critical load level, resulting in a sudden deformation out of its plane. Accurate prediction of this critical load is essential for the safe design of plate structures in various fields. 

Tables 10, 11, and 12 present the dimensionless critical buckling loads obtained with the SBQ12 element for square plates under uniaxial (x and y directions) and biaxial compression, considering different thickness ratios (a/h

= 5 to 1000) and various boundary conditions. 
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The dimensionless critical buckling load increases with the thickness ratio a/h. 

This trend is typical of

dimensionless design, as a higher a/h ratio corresponds to a thinner plate, with results normalized by the flexural stiffness D. Physically, for a given plate length a, increasing the thickness h substantially increases the absolute flexural stiffness and, consequently, the actual critical buckling load. 

Table 10. Comparison study of buckling load factor ˜

Ncr = Ncra2/π2D for square plates under different boundary

conditions subjected to uniaxial in-plane compressive load in the y direction a/h

Boundary Conditions

Model

5

20

1000

SBQ12

3.1348

3.9439

4.0929

Model of Feroughi et al. [38]

3.1654

3.94444

4.0000

SSSS

Model of Mizusawa [23]

3.119

3.928

4.0000

Model of Hosseini et al. [21]

3.2558

3.9437

4.0000

Model of Shufrin et al. [22]

3.2637

–

–

SBQ12

1.6758

2.2772

2.4011

Model of Feroughi et al. [38]

1.9275

2.35600

2.3921

SCSF

Model of Mizusawa [23]

1.6570

2.2600

2.3920

Model of Liew et al. [24]

–

2.2667

–

Model of Hosseini et al. [21]

1.7200

2.2667

2.3901

SBQ12

1.6664

2.2545

2.3760

Model of Feroughi et al. [38]

1.9086

2.3302

2.3658

SSSF

Model of Mizusawa [23]

1.6570

2.2370

2.3660

Model of Liew et al. [24]

–

2.2442

–

Model of Hosseini et al. [21]

1.7105

2.2442

2.3668

SBQ12

1.5049

1.9558

2.0770

Model of Feroughi et al. [38]

1.7348

2.0204

2.0429

Model of Mizusawa [23]

1.4970

1.9420

2.0430

SFSF

Model of Liew et al. [24]

–

1.9456

–

Model of Hosseini et al. [21]

1.5333

1.9457

2.0413

Model of Shufrin et al. [22]

1.5372

1.9469

–

Note: SSSS = all edges simply supported; SCSF = two opposite edges simply supported, one edge clamped, one edge free; SSSF = three edges simply supported, one edge free; SFSF = two opposite edges simply supported, two opposite edges free; (–) not applicable. 

Furthermore, the type of in-plane loading plays a decisive role. Uniaxial compression (Tables 10 and 11) leads to considerably higher critical buckling load factors compared to biaxial compression (Table 12). For SSSS plates (a/h = 1000), the critical buckling load factor is approximately 50% lower in biaxial compression than in uniaxial compression. Under biaxial loading, the simultaneous application of compressive stresses in both directions induces earlier instability through a more complex two-dimensional deformation mode. In contrast, uniaxial compression induces buckling primarily in one direction, allowing the plate to sustain higher loads before losing stability. 

Additionally, Figure 5 displays the first four buckling mode shapes of a CCCF square plate with thickness ratio a/h = 10, subjected to uniaxial compressive load in the x-direction. The results were obtained using the proposed SBQ12 element with a regular 24 × 24 mesh. The out-of-plane displacement wis normalized with respect to its maximum absolute value for each mode to better visualize the deformation patterns. 

Mode 1 is the basic buckling mode having a single half-wave in the loading direction. Mode 2 shows an antisymmetric deformation and a significant torsion near the free edge. The higher modes (3 and 4) increase in complexity with several half-waves concentrated at the free edge. These modes clearly show the important role of the free edge on the buckling behavior, with the plate deforming more in the unstressed zone. 

Table 13 analyses the effect of the aspect ratio a/b and the thickness ratio a/h on the critical buckling load factor under biaxial in-plane compression for simply supported rectangular plates. 

The results of the analysis show that an increase in the thickness ratio (a/h) from 10 to 100 leads to a slight increase in the critical dimensionless buckling load, approximately 7.3% for b/a = 1 and 4.7% for b/a = 2. This is a typical trend in dimensionless formulations: thinner plates tend to exhibit higher normalized buckling factors due to the normalization by the flexural stiffness. 

However, the aspect ratio (b/a) has a much more pronounced effect. The critical dimensionless buckling load decreases significantly as the plate changes from a square (b/a = 1) to a rectangular shape (b/a = 2). Physically, as the plate becomes longer, the buckling wavelength increases in the longitudinal direction, which decreases the overall biaxial compressive strength and results in lower critical loads compared to square plates. 
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Table 11. Comparison study of buckling load factor ˜

Ncr = Ncra2/π2D for square plates under different boundary

conditions subjected to uniaxial in-plane compressive load in the x direction a/h

Boundary Conditions

Model

5

20

1000

SBQ12

3.1348

3.9439

4.0929

Model of Feroughi et al. [38]

3.1655

3.9327

4.0002

SSSS

Model of Mizusawa [23]

3.119

3.928

4.0000

Model of Hosseini et al. [21]

3.2558

3.9437

4.0000

Model of Shufrin et al. [22]

3.2637

–

–

SBQ12

1.3284

1.6212

1.6705

Model of Feroughi et al. [38]

1.4072

1.6342

1.6525

SCSF

Model of Mizusawa [23]

1.323

1.615

1.653

Model of Hosseini et al. [21]

1.3701

1.6197

1.6522

SBQ12

1.1780

1.3829

1.4202

Model of Feroughi et al. [38]

1.2135

1.3878

1.4016

SSSF

Model of Mizusawa [23]

1.173

1.378

1.402

Model of Hosseini et al. [21]

1.2138

1.3813

1.4014

SBQ12

0.8289

0.9421

0.9523

Model of Feroughi et al. [38]

0.8428

0.9218

0.9523

SFSF

Model of Mizusawa [23]

0.8274

0.9412

0.9523

Model of Hosseini et al. [21]

0.85124

0.94314

0.95225

Model of Shufrin et al. [22]

0.8512

0.9433

–

Note: SSSS = all edges simply supported; SCSF = two opposite edges simply supported, one edge clamped, one edge free; SSSF = three edges simply supported, one edge free; SFSF = two opposite edges simply supported, two opposite edges free; (–) not applicable. 

Table 12. Comparison study of buckling load factor ˜

Ncr = Ncra2/π2D for square plates under different boundary

conditions subjected to biaxial in-plane compressive load

a/h

Boundary Conditions

Model

5

20

1000

SBQ12

1.5674

1.9720

2.0467

SSSS

Model of Feroughi et al. [38]

1.5827

1.9662

2.0000

Model of Hosseini et al. [21]

1.7722

1.9718

2.0000

SBQ12

0.9070

1.1137

1.1506

Model of Feroughi et al. [38]

0.9833

1.1317

1.1436

SCSF

Model of Liew et al. [24]

1.0049

1.1119

–

Model of Hosseini et al. [21]

1.0049

1.1119

1.1431

SBQ12

0.8641

1.0340

1.0653

Model of Feroughi et al. [38]

0.9179

1.0451

1.0551

SSSF

Model of Liew et al. [24]

0.94760

1.0323

–

Model of Hosseini et al. [21]

0.94758

1.0322

1.0548

SBQ12

0.8010

0.9197

0.9342

Model of Feroughi et al. [38]

0.82822

0.92450

0.93220

SFSF

Model of Liew et al. [24]

0.86505

0.92071

–

Model of Hosseini et al. [21]

0.86504

0.92071

0.93209

Model of Shufrin et al. [22]

0.8650

0.9208

–

Note: SSSS = all edges simply supported; SCSF = two opposite edges simply supported, one edge clamped, one edge free; SSSF = three edges simply supported, one edge free; SFSF = two opposite edges simply supported, two opposite edges free; (–) not applicable. 

3.5.3 With elastic foundations

To study the buckling of plates resting on elastic foundations, analyses were carried out on simply supported square and rectangular plates subjected to uniaxial and biaxial compressions, using the foundation models of Pasternak and Kerr (Tables 14, 15, 16, and 17). 

• Pasternak foundation

Table 14 examines the effect of Pasternak foundation parameters on the critical buckling load factor for rectangular plates (a/b = 0.5 and 1) with thickness ratios a/h = 5, 10 and 100 under uniaxial compression. 
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Figure 5. First four buckling mode shapes of three edges clamped, one edge free (CCCF) square plate subjected to uniaxial in-plane compressive load obtained with the proposed SBQ12 element (24 × 24 mesh, a/h = 10) Table 13. Comparison study of buckling load factor ˜

Ncr = Ncra2/π2D for simply supported rectangular plates

subjected to biaxial in-plane compressive load

a/h

b/a

Model

10

50

100

SBQ12

9.1868

9.8268

9.8565

Model of Berrabah and Bouderba [39]

9.2897

9.7912

9.8072

1

Model of Thai and Choi [40]

9.2893

9.7907

9.8073

Model of Thinh et al. [41]

9.3139

9.7918

9.8075

SBQ12

5.8901

6.1516

6.1685

Model of Berrabah and Bouderba [39]

5.9243

6.1244

6.1308

2

Model of Thai and Choi [40]

5.9243

6.1244

6.1308

Model of Thinh et al. [41]

5.9343

6.1248

6.1309

The results reveal that the buckling load factor increases with the thickness ratio (a/h), indicating that thinner plates exhibit higher normalized buckling resistance. 

The aspect ratio (a/b) also has a significant influence:

rectangular plates (a/b = 0.5) achieve considerably higher buckling loads than square plates (a/b = 1) under uniaxial compression. Furthermore, incorporating Pasternak foundation parameters (kw = 100 and ks = 10) significantly improves the buckling capacity compared to the case without foundations. This improvement demonstrates the contribution to stiffening due to both the vertical spring stiffness (kw) and the shear layer stiffness (ks), which together provide additional resistance to buckling deformation. 

In the same context, Table 15 presents the influence of the foundation stiffness on the critical buckling load parameter for square plates subjected to uniaxial and biaxial compression under SSSS using the proposed element SBQ12, for a thickness ratio a/h =20. The material properties are: Young’s modulus E = 151 GPa and density ρ =

5700 kg/m3. 

The results show that the elastic foundation parameters have a very significant effect on the dimensionless buckling load. The buckling load factor increases by approximately 35% for (kw, ks) = (100, 10), and by 227% for (kw, ks) = (1000, 100). This effect is even more pronounced under biaxial compression, where the buckling load factor can increase by up to 353% for the stiffest foundation configuration (kw, ks) = (1000, 100). 

• Parametric study of buckling with Kerr foundation

This section presents a parametric study of the buckling behavior of square and rectangular plates on a Kerr foundation. 

This analysis is particularly significant due to the scarcity of available references dealing with buckling analysis 254

of plates resting on Kerr-type foundation. 

Tables 16 and 17 present the dimensionless critical buckling loads for square and rectangular plates (a/b = 0.5

and 1) with different boundary conditions (SSSS, SCSC, and CCCC) under uniaxial and biaxial compression. The analyses cover thickness ratios a/h = 5 to 100, with a fixed lower layer parameter kl = 100 and various combinations of normal stiffness ku and shear stiffness ks. 

The dimensionless critical buckling load is expressed as:

Ncra2

e

Ncr =

(36)

π2D

Table 14. Comparison study of buckling load factor ˜

Ncr = Ncrb2/D for rectangular plates subjected to uniaxial

in-plane compressive resting on Pasternak foundation

a/h

a/b

kw

ks

Model

5

10

100

SBQ12

52.8407

59.2442

62.0459

Model of Akhavan et al. [25]

54.3207

59.6629

61.6641

Model of Thai and Kim [42]

54.0737

59.5856

61.6633

0

0

Model of Yaghoobi and Fereidoon [43]

54.0737

59.5860

61.6633

Model of Radwan [44]

54.0780

59.5873

61.6633

εz = 0 [38]

52.8460

59.1572

61.6585

ε

0.5

z ̸= 0 [38]

53.2008

59.3582

61.7891

SBQ12

140.0756

148.6704

152.3144

Model of Akhavan et al. [25]

144.6952

150.1910

152.1930

Model of Thai and Kim [42]

144.6022

150.1141

152.1918

100

10

Model of Yaghoobi and Fereidoon [43]

144.6022

150.1141

152.1918

Model of Radwan [44]

144.6065

150.1158

152.1918

εz = 0 [38]

140.5112

148.8205

152.1777

εz ̸= 0 [38]

142.0269

149.3552

152.3318

SBQ12

31.6640

37.1497

40.0600

Model of Akhavan et al. [25]

32.4414

37.4477

39.4570

Model of Thai and Kim [42]

32.2276

37.3721

39.4562

Model of Yaghoobi and Fereidoon [43]

32.2276

37.3721

39.4562

0

0

Model of Radwan [44]

32.2305

37.3738

39.4562

Model of Foroughi and Azhari [45]

–

36.8315

–

εz = 0 [38]

31.2421

36.9650

39.4534

1

εz ̸= 0 [38]

31.5201

37.1177

39.5377

SBQ12

51.7560

66.6161

69.9610

Model of Akhavan et al. [25]

–

67.5798

69.5891

Model of Thai and Kim [42]

–

67.5042

69.5883

100

10

Model of Yaghoobi and Fereidoon [43]

–

67.5042

69.5883

Model of Radwan [44]

–

67.5059

69.5883

εz = 0 [38]

60.0398

66.6534

69.5785

εz ̸= 0 [38]

60.8899

66.9790

69.6643

Note: (–) not applicable. 

The results show clearly that increasing the Kerr foundation stiffness parameters (ku, ks) significantly improves the buckling resistance of both rectangular and square plates. For the rectangular plate (a/b = 0.5) and SSSS

boundary conditions at a thickness ratio a/h = 5, the dimensionless critical load increases by approximately 83%, confirming the importance of the normal stiffness ku. A similar trend is observed under biaxial loading, where the load increases by approximately 82.8%. For the square plates (a/b = 1), the same comparison reveals an increase of approximately 42% under uniaxial loading and approximately 46% under biaxial loading, indicating a slightly lower, but still significant, sensitivity to foundation stiffness. 

Furthermore, the influence of the thickness ratio is evident: increasing a/h from 5 to 100 systematically increases the dimensionless buckling load due to increased flexural stiffness. The influence of boundary conditions is even more pronounced: for (a/b = 0.5, ku = 100, ks = 10, a/h = 5), the critical load increases from 2.4413 (SSSS) to 3.9661

(CCCC), representing an increase of approximately 62.5%. Similar trends are observed for other configurations, sometimes exceeding 70%. 
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From a physical perspective, the increase in ku strengthens the vertical support, while ks introduces a shear interaction within the foundation, improving load transfer and reducing local deformations. Combined with greater thickness and higher edge stresses, these effects significantly improve the overall stiffness of the platefoundation system, resulting in better resistance to buckling under uniaxial and biaxial compressive loads. 

To further investigate the role of the bottom layer stiffness parameter kl in the Kerr foundation model, additional calculations were performed for kl = 50 and kl = 200 (Tables 18, 19, 20, and 21), for square and rectangular plates (a/b = 0.5 and 1) under uniaxial and biaxial compression, maintaining the same plate boundary conditions (SSSS, SCSC, CCCC) and the same combinations of ku and ks. 

The results reveal a clear and consistent influence of kl on the critical dimensionless buckling load. As kl increases from 50 to 200, the plate’s buckling resistance generally varies, but the magnitude of this effect is highly dependent on the specific combination of ku and ks, as well as on the plate geometry (aspect ratio a/b) and the type of loading (uniaxial or biaxial). 

It is noteworthy that when ks = 10 and ku = 0, the values of e

Ncr remain virtually unchanged, regardless of the

kl value. For example, for the SSSS boundary conditions at a/h = 5, the result is 3.1415 for all three values of kl (50,100, and 200) for the square plate (a/b = 1). The same invariance is observed for the rectangular plate (a/b

= 0.5): for SSSS at a/h = 5, e

Ncr = 1.3352 regardless of kl. This indicates that when the normal stiffness ku is absent, the lower layer parameter kl does not contribute to buckling resistance for either geometry, and only the shear stiffness ks governs the foundation’s response. 

Conversely, when ku = 100 and ks = 0, the influence of kl becomes significant for both plate geometries. In the SSSS case with ku = 100 and ks = 0 for a/h = 5, e

Ncr increases from 3.4673 (kl = 50) to 3.6301 (kl = 100), 

then to 3.7929 (kl = 200), representing a total increase of approximately 9.41% over this range for the square plate (a/b = 1). For the rectangular plate (a/b = 0.5) under the same conditions, e Ncr increases from 1.6651 (kl = 50)

to 1.8300 (kl = 100) and further to 1.9950 (kl = 200), representing a larger relative increase of approximately 19.81%. This stronger sensitivity in the rectangular case can be attributed to its lower inherent bending stiffness along the longer dimension, which makes the vertical foundation support ku more influential in resisting out-of-plane deformation. 

A similar trend is observed for the SCSC and CCCC boundary conditions of both geometries, although the relative gain decreases with increasing edge restraint, as the plate stiffness is already high in the clamped case. For instance, for the rectangular plate (a/b = 0.5) with CCCC boundary conditions, ku = 100, ks = 0, and a/h = 5, e Ncr

increases from 3.3017 (kl = 50) to 3.4098 (kl = 100) and to 3.5149 (kl = 200), a total gain of only about 6.4%, compared to 19.81% for the SSSS case. This confirms that clamped edges already provide substantial restraint, reducing the marginal contribution of kl. 

In the combined case ku = 100 and ks = 10, the results show a consistent and monotonic decrease in ˜

Ncr as

kl increases from 50 to 200 , for all boundary conditions and both aspect ratios. In the SSSS case at a/h = 5, e

Ncr drops from 4.6227 (kl = 50) to 4.4666 (kl = 100) and then to 4.3105 (kl = 200) for the square plate (a/b =1). 

The same trend is observed for SCSC and CCCC boundary conditions. For the rectangular plate (a/b = 0.5) under SSSS conditions, e

Ncr similarly decreases from 2.4802 (kl = 50) to 2.4413 (kl = 100) and to 2.4025 (kl = 200), confirming that this behavior is independent of the plate geometry. Under biaxial loading (Tables 19 and 21), the same monotonic decreasing trend is observed for both geometries when ku = 100 and ks = 10, indicating that the coupled nature of the Kerr parameters is not affected by the type of in-plane loading. 

This behavior indicates that when ku and ks are active simultaneously, a stiffer lower layer (kl) tends to reduce the overall buckling resistance. This is explained by the mechanical role of kl in the Kerr model: a higher stiffness of the lower spring reduces the allowable deformation in the lower layer, which limits the engagement and load transmission through the shear layer ks. This effect is present regardless of the plate’s aspect ratio, though its absolute magnitude is smaller for rectangular plates (a/b = 0.5) due to their lower reference buckling loads. 

Table 15. Comparison study of the buckling load factor ˜

Ncr = Ncra2/D of square plates subjected to uniaxial and

biaxial in-plane compressive resting on a Pasternak foundation

Uniaxial Compression

Biaxial Compression

(kw, ks)

SBQ12

[46]

SBQ12

[46]

(0, 0)

8.4451

8.473

4.2226

4.236

(10, 0)

8.5452

8.533

4.2727

4.266

(10, 2)

8.9412

8.937

4.4707

4.468

(50, 5)

9.9354

9.781

4.9678

4.890

(100, 10)

11.4256

11.089

5.7130

5.544

(1000, 100)

27.5936

26.921

19.1256

17.296
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Table 16. Parametric study of the buckling load factor ˜

Ncr = Ncra2/π2D of plates subjected to uniaxial in-plane

compressive resting on a Kerr foundation of kl = 100

a/h

a/b

Boundary Conditions

ku

ks

5

10

100

100

0

1.8300

2.0105

2.0918

SSSS

0

10

1.3352

1.5049

1.5816

100

10

2.4413

2.6352

2.7224

100

0

2.0529

2.3282

2.4700

0.5

SCSC

0

10

1.5578

1.8228

1.9599

100

10

2.6753

2.9699

3.1233

100

0

3.4098

4.5927

5.2862

CCCC

0

10

3.0776

4.2293

4.9083

100

10

3.9661

5.1816

5.8971

100

0

3.6301

4.2575

4.5473

SSSS

0

10

3.1415

3.7575

4.0371

100

10

4.4666

5.2517

5.5559

100

0

4.2249

6.3804

7.9278

1

SCSC

0

10

4.1060

6.2575

7.8014

100

10

4.8176

7.0007

8.5764

100

0

5.1056

8.3839

10.5347

CCCC

0

10

5.0137

8.1124

10.2019

100

10

5.6637

9.1585

11.4261

Note: SSSS = all edges simply supported; SCSC = two opposite edges simply supported, two opposite edges clamped; CCCC = all edges clamped. 

Table 17. Parametric study of the buckling load factor ˜

Ncr = Ncra2/π2D of plates subjected to biaxial in-plane

compressive resting on a Kerr foundation of kl = 100

a/h

a/b

Boundary Conditions

ku

ks

5

10

100

100

0

1.4637

1.6083

1.6730

SSSS

0

10

1.0679

1.2039

1.2649

100

10

1.9527

2.1080

2.1774

100

0

1.5916

1.7942

1.8913

0.5

SCSC

0

10

1.2112

1.4073

1.5029

100

10

2.0785

2.2924

2.3948

100

0

2.7957

3.7389

3.2731

CCCC

0

10

2.5137

3.4418

3.9689

100

10

3.2687

4.2285

4.7746

100

0

1.8151

2.1288

2.2737

SSSS

0

10

1.5708

1.8773

2.0186

100

10

2.2981

2.6259

2.7781

100

0

2.6146

3.5412

4.0855

1

SCSC

0

10

2.3948

3.3199

3.8623

100

10

3.0904

4.0325

4.5883

100

0

3.2311

4.6337

5.5556

CCCC

0

10

3.0466

4.4430

5.3607

100

10

3.7005

5.1204

6.0572

Note: SSSS = all edges simply supported; SCSC = two opposite edges simply supported, two opposite edges clamped; CCCC = all edges clamped. 
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Table 18. Parametric study of the buckling load factor ˜

Ncr = Ncra2/π2D of plates subjected to uniaxial in-plane

compressive resting on a Kerr foundation of kl = 50

a/h

a/b

Boundary Conditions

ku

ks

5

10

100

100

0

1.6651

1.8420

1.9217

SSSS

0

10

1.3352

1.5049

1.5816

100

10

2.4802

2.6749

2.7625

100

0

1.8878

2.1597

2.3000

0.5

SCSC

0

10

1.5578

1.8228

1.9599

100

10

2.7174

3.0151

3.1708

100

0

3.3017

4.4724

5.1606

CCCC

0

10

3.0776

4.2293

4.9083

100

10

4.0460

5.2583

5.9754

100

0

3.4673

4.0898

4.3772

SSSS

0

10

3.1415

3.7545

4.0371

100

10

4.6227

5.4155

5.7220

100

0

4.1853

6.3394

7.8857

1

SCSC

0

10

4.1060

6.2575

7.8014

100

10

4.9754

7.1665

8.7504

100

0

5.0751

8.2949

10.4244

CCCC

0

10

5.0137

8.1124

10.2019

100

10

5.8194

9.3302

11.6140

Note: SSSS = all edges simply supported; SCSC = two opposite edges simply supported, two opposite edges clamped; CCCC = all edges clamped. 

Table 19. Parametric study of the buckling load factor ˜

Ncr = Ncra2/π2D of plates subjected to biaxial in-plane

compressive resting on a Kerr foundation of kl = 50

a/h

a/b

Boundary Conditions

ku

ks

5

10

100

100

0

1.3318

1.4735

1.5370

SSSS

0

10

1.0679

1.2039

1.2649

100

10

1.9838

2.1397

2.2095

100

0

1.4652

1.6654

1.7620

0.5

SCSC

0

10

1.2112

1.4073

1.5029

100

10

2.1144

2.3297

2.4334

100

0

2.7038

3.6407

4.1722

CCCC

0

10

2.5137

3.4418

3.9689

100

10

3.3346

4.2934

4.8408

100

0

1.7337

2.0449

2.1887

SSSS

0

10

1.5708

1.8773

2.0186

100

10

2.3777

2.7078

2.8611

100

0

2.5416

3.4675

4.0112

1

SCSC

0

10

2.3948

3.3199

3.8623

100

10

3.1760

4.1226

4.6816

100

0

3.1701

4.5703

5.4907

CCCC

0

10

3.0466

4.4430

5.3607

100

10

3.7960

5.2193

6.1595

Note: SSSS = all edges simply supported; SCSC = two opposite edges simply supported, two opposite edges clamped; CCCC = all edges clamped. 
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Table 20. Parametric study of the buckling load factor ˜

Ncr = Ncra2/π2D of plates subjected to uniaxial in-plane

compressive resting on a Kerr foundation of kl = 200

a/h

a/b

Boundary Conditions

ku

ks

5

10

100

100

0

1.9950

2.1791

2.2619

SSSS

0

10

1.3352

1.5049

1.5816

100

10

2.4025

2.5955

2.6823

100

0

2.2179

2.4966

2.6400

0.5

SCSC

0

10

1.5578

1.8228

1.9599

100

10

2.6330

2.9246

3.0757

100

0

3.5149

4.7121

5.4114

CCCC

0

10

3.0776

4.2293

4.9083

100

10

3.8845

5.1044

5.8185

100

0

3.7929

4.4251

4.7173

SSSS

0

10

3.1415

3.7545

4.0371

100

10

4.3105

5.0880

5.3897

100

0

4.2645

6.4213

7.9700

1

SCSC

0

10

4.1060

6.2575

7.8014

100

10

4.6597

6.8349

8.4024

100

0

5.1358

8.4713

10.6443

CCCC

0

10

5.0137

8.1124

10.2019

100

10

5.5078

8.9854

11.2381

Note: SSSS = all edges simply supported; SCSC = two opposite edges simply supported, two opposite edges clamped; CCCC = all edges clamped. 

Table 21. Parametric study of the buckling load factor ˜

Ncr = Ncra2/π2D of plates subjected to biaxial in-plane

compressive resting on a Kerr foundation of kl = 200

a/h

a/b

Boundary Conditions

ku

ks

5

10

100

100

0

1.5957

1.7431

1.8090

SSSS

0

10

1.0679

1.2039

1.2649

100

10

1.9216

2.0762

2.1452

100

0

1.7176

1.9227

2.0204

0.5

SCSC

0

10

1.2112

1.4073

1.5029

100

10

2.0422

2.2548

2.3561

100

0

2.8851

3.8364

4.3737

CCCC

0

10

2.5137

3.4418

3.9689

100

10

3.2003

4.1627

4.7080

100

0

1.8966

2.2126

2.3587

SSSS

0

10

1.5708

1.8773

2.0186

100

10

2.2186

2.5440

2.6950

100

0

2.6874

3.6147

4.1598

1

SCSC

0

10

2.3948

3.3199

3.8623

100

10

3.0046

3.9423

4.4950

100

0

3.2915

4.6969

5.6204

CCCC

0

10

3.0466

4.4430

5.3607

100

10

3.6045

5.0214

5.9548

Note: SSSS = all edges simply supported; SCSC = two opposite edges simply supported, two opposite edges clamped; CCCC = all edges clamped. 
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It is also worth noting the influence of the loading type on the sensitivity to kl. Under biaxial compression, the reference buckling loads are roughly half those under uniaxial compression for both plate geometries, as expected from the two-directional stress state. However, the relative trends with respect to kl remain the same: kl has no effect when ku = 0, increases e

Ncr when only ku is active, and decreases it when both ku and ks are simultaneously active. 

This consistency across loading types further confirms the robustness of the identified coupling mechanism within the three-parameter Kerr foundation model. 

Consequently, the effective contribution of the foundation to the plate stiffness is reduced when kl is large and ks is already active, revealing the coupled, rather than additive, nature of the three-parameter Kerr foundation. This coupling effect is consistent across all tested configurations: square and rectangular plates, uniaxial and biaxial compression, and all boundary conditions considered. 

4 Conclusions

This study presents a new strain-based quadrilateral finite element (SBQ12), grounded in Reissner–Mindlin plate theory, for the analysis of isotropic plates resting on elastic foundations. The element is characterized by three degrees of freedom per node (transverse displacement and two rotations) and relies on independent interpolation of bending and transverse shear strains, which naturally avoids the use of internal nodes or additional degrees of freedom. 

The proposed formulation, which uses independent interpolations of bending and transverse shear strains, effectively eliminates shear locking and ensures excellent numerical stability for both thin and thick plates. 

The numerical results demonstrate the excellent performance of the proposed SBQ12 element, with relative errors generally below 3.5% for free vibration analyses and 4% for buckling analyses across a wide range of boundary conditions, thickness ratios, and foundation stiffnesses. Larger deviations (up to 4%) were occasionally observed for very thick plates or highly restrained boundary conditions, where transverse shear effects become more pronounced. 

Overall, the developed SBQ12 element has proven to be accurate, robust, and computationally efficient for the free vibration and linear buckling analysis of isotropic plates resting on Winkler, Pasternak, and Kerr elastic foundations. 

Its strain-based formulation effectively eliminates shear locking while maintaining a minimal number of degrees of freedom, making it a reliable tool for practical engineering applications. 

The parametric studies conducted in this work have highlighted several important physical trends. For the Winkler and Pasternak foundations, increasing the foundation stiffness parameters consistently raises both natural frequencies and critical buckling loads, with the effect being more pronounced for compact plates (low a/b ratio) and simply supported boundary conditions. The Pasternak shear parameter ks introduces an additional stiffening effect that significantly amplifies the response beyond what the Winkler spring alone can provide: for instance, increasing ks from 10 to 50 (with kw = 100) raises the fundamental frequency by up to 46.5% for SSSS plates. 

For the three-parameter Kerr foundation, the parametric study over kl = 50, 100, and 200 revealed a nontrivial coupling mechanism: when only ku is active (ks = 0), increasing kl consistently raises the buckling resistance, with a more pronounced effect for rectangular plates (a/b = 0.5, 19.8%) than for square plates (9.41%). However, when both ku and ks are simultaneously active, a stiffer lower layer kl systematically reduces the critical buckling load, revealing the coupled and non-additive nature of the Kerr foundation parameters. This behavior is consistent across all boundary conditions, plate geometries, and loading types (uniaxial and biaxial compression) considered in this study. 

Although the present study provides a comprehensive analysis, some limitations should be acknowledged. The formulation is currently restricted to isotropic plates, linear free vibration, and linear buckling under static in-plane loads. It does not account for nonlinear geometric effects, post-buckling behavior, or material nonlinearity. 

Furthermore, the results presented are purely numerical, and experimental validation on physical specimens remains to be carried out. 

Future research will extend the SBQ12 element to laminated composite plates, functionally graded materials (FGM), and nonlinear problems. Experimental validation on scaled plate-foundation models is also planned to confirm the numerical predictions. Furthermore, the element will be implemented in general-purpose finite element software to facilitate its use by practicing engineers. Extensions to dynamic loading, including transient response and forced vibration under moving loads, are also envisaged as part of future investigations. 
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Nomenclature

ρ

Material density

ν

Poisson’s ratio

κ

Shear correction factor

E

Young’s modulus

h

Thickness of plate

G

Shear modulus = E/[2(1 + ν)]

D

Flexural rigidity of plate = Eh3/ 12(1 − ν2)

κx, κy, κxy

Curvatures strains

γyz, γzx

Transverse shear strains

αi

Constants in displacement fields

{qe}

Element nodal displacements vector

[N ]

Interpolation functions

[Qb]

Bending strain matrix

[Qs]

Transverse shear matrix

{εg}

Geometrical strains

[Ke]

Element stiffness matrix

[Me]

Element mass matrix

[Keg]

Element geometrical matrix

[D]

Rigidity matrix

[Db]

Bending rigidity matrix

[Ds]

Shear rigidity matrix

{q}

Structural nodal displacements vector

[K]

Structural stiffness matrix

[M ]

Structural mass matrix

[Kg]

Structural geometrical matrix

ωmn

Frequency

ω

ω, ¨

ω

Dimensionless frequencies

emn , 

b

kw

Winkler stiffness

ks

Pasternak shear modulus

ku, ks, kl

Kerr foundation stiffness parameters

Ncr

Critical buckling loads

e

Ncr, N cr, ¨

Ncr

Buckling load factor
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Abstract: This paper presents a new four-node strain-based finite element (SBQ12) formulated within the framework
of Reissner-Mindlin plate theory for the dynamic and stability analysis of isotropic plates resting on elastic
foundations. The independent approximation of the bending and transverse shear strains in the proposed element
is efficient in eliminating the shear locking and enhancing the numerical accuracy and stability for thin and thick
plates. In this study, the strain-based finite element is used to investigate the free vibration and linear buckling of
plates on Winkler, Pasternak and Kerr elastic foundations. The SBQ12 element is extensively validated for square
and rectangular plates with different boundary conditions (all edges simply supported (SSSS), all edges clamped
(CCCC), two opposite edges simply supported, two opposite edges clamped (SCSC), and two opposite edges simply
supported, two opposite edges free (SFSF), etc.), thickness ratios (a/h ranging from 5 to 1000), and aspect ratios.
The numerical results show excellent agreement with the analytical and reference solutions, with maximum relative
errors generally less than 3.5% for free vibration analyses and 4% for buckling analyses in the majority of cases
tested. Particular attention is given to the influence of foundation stiffness parameters on natural frequencies and
critical buckling loads. The obtained results confirm the accuracy, reliability, and computational efficiency of the
proposed element. Overall, the developed SBQ12 element proves to be a robust and highly accurate tool for the
analysis of isotropic plate structures resting on elastic foundations, offering a valuable contribution to computational
mechanics.

Keywords: Isotropic plate; Mindlin plate theory; Strain-based approach; Elastic foundation; Free vibration analysis;
Buckling analysis

1 Introduction

The dynamic and stability analysis of plate structures resting on elastic foundations has remained prominent in the
civil, mechanical, marine and aerospace engineering industries because of its relevance to practical applications. In
many cases, the supporting medium is typically modelled using Winkler, Pasternak, or Kerr foundations assumptions,
all of which have considerable implications on how both natural frequencies and critical buckling loads can be
estimated based upon the foundation’s stiffness parameters. This research effort continues to develop new reliable
theoretical and numerical modelling methodologies, which can account for the following factors: transverse shearing
effects, material gradation and plate/foundation interactions.

1.1 Mindlin Plate Finite Elements

In recent years, interest in theories analyzing plate structures under free vibration and buckling has steadily
increased. Several researchers have contributed to the development of Mindlin plate finite elements. Among the

https://doi.org/10.56578/ijcmem 140206
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