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abstract

a new approach is conducted within sncf réseau to redefine and improve the current procedure behind rolling stocks admission. a perspective to update computation rules for traffic conditions is to consider track fatigue issues. in this sense, the study aims to provide a better knowledge of stress state induced by moving vehicles in rails through a lightweight numerical model of the track. specifically, the track model consists of a two-layer discrete support model in which the rail is considered as a beam and sleepers are punctual masses. the rail-pads and ballast layer are modelled as spring/damper couples. considering the track’s vertical response, the study intends to quantify the impact of the vehicle’s dynamic overload on the track response and verify the possibility of these overloads to excite track vibration modes. a first study considering constant moving loads already shows negligible effect of track inertia forces due to high track stiffness and damping. this justifies the prediction of mechanical stress state in the rail for fatigue issues through a static model of the track and a simplified dynamic model for the vehicle. 

 Keywords: dynamic response, finite element method, moving load, simplified model, railway tracks 1 introduction

the railway traffic management adopted by sncf réseau for classical lines is initially based on simplified analytical theories [1]. it has evolved though with feedbacks because of railway tracks and rolling stocks evolutions. computation rules for traffic conditions allow to deter-minate the maximum speed  Vmax  and the maximum cant deficiency  Imax  allowed for a vehicle regarding the vehicle’s and track’s properties [2]. a perspective to update these computation rules is to consider flexural rail fatigue issues. indeed, classical lines in the french railway network can be loaded by either freight transport or passenger transport. thus, the stress state in the same track is highly heterogeneous during its exploitation. 

numerical simulation in the railway field has become an efficient tool to predict a track’s behaviour. as a matter of fact, several models have been developed. 3d finite element models of the track are proposed with a better representation of the track’s foundation by implement-ing a settlement law of ballast layer as suggested in [3–5] and allowing non-linear constitutive laws of track’s components [4–6]. furthermore, some studies quantify geomaterials disparity and variability in track components characteristics with stochastic models [7,8]. although accurate, 3d models remain very expensive and hardly suitable for industrial exploitations. 

thus, the paper describes a finite element model of the track subjected to vertical vehicle’s loading. track inertia effects are investigated by comparing the dynamic track response to its equivalent static response. then, dynamic overloads of the vehicle are applied to the track through a simplified multi-body vehicle model. the purpose is to predict the mechanical stress in the rail. 
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2  track model

a lightweight finite element model of the track is developed using cast3m software [9]. it illustrates a rail discretely supported by rail-pads and sleepers on a ballast layer. the rail is modelled as a beam and the sleepers are modelled as rigid punctual masses. rail-pads and the ballast layer are represented by viscous dampers and linear springs (fig. 1). the parameters used for the model are listed in table 1. 

in the present work, the track’s behaviour is analysed over 19 sleeper bays (20 supports). 

in order to eliminate boundary effects, a buffer zone including 10 supports is added on both sides of the track. the buffer zone is chosen in such a way that reflected waves are attenuated over its length. also, taking into consideration the symmetry of the track in its longitudinal direction, only half of the track is modelled (i.e. one rail). 

traffic conditions concern low frequencies in the range [0hz;20hz] as security and stability issues are considered. hence, the dynamic response of the track is studied in this frequency band. 

according to knothe and grassie [11], at low frequencies range [0hz;20

]

hz ,  the track can be 

assumed as an infinitely rigid spring and its inertia is negligible in front of vehicle’s inertia. 

3  Vehicle’s dynamic oVerloads calculation

in the frequency range of [0hz;20

]

hz ,  the track’s inertia does not impact the vehicle’s dynamic behaviour. therefore, decoupling the vehicle’s dynamic to the track’s dynamic is justified, i.e. only track defects are the excitation source of the vehicle. 

figure 1:  lightweight finite element model of the track. 

table 1:  track parameters [10]. 

rail

density   ρ

3

 r (kg / m )

7,850

young modulus  E(mpa)

210,000

cross section   Sr (m2)

7.67×10(–3)

second moment of area of the rail cross-section  

 Ir  (m4) 

3.0383×10(–6)

shear coefficient of the rail cross-section   k 0.4

rail-pad

Vertical stiffness   K (mn / m)

 p

350

Vertical damping   C (kn s

. / m)

50

 p

sleeper

mass of half sleeper   Ms (kg)

162

spacing   l  (m)

0.6

ballast

Vertical stiffness   K

/

 b (mn m)

50

Vertical damping   C

. /

 b ( kn s m)

100
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[12] suggested a power spectral density (psd) of the rail irregularities based on the ameri-can railway standard, where   Av  and   ωc  are coefficients related to the line grade and  α is a constant generally taken as 0.25:

 α A ω

 S

 v

 c

( ω)= (

(1)

 ω 2 +  ω 2 ) ω



 c



the sample of rail irregularities r(x) are then produced by inverse fourier transform. it is viewed as a stationary ergodic random process with a power spectral density   S( ω)  and expectation zero:

 N

 r ( x) =

 S

∑ 4 ( ω )  ω

 sin( ω x + ϕ )

(2)



 i

 i

 i

 i=1



the above power spectral density is defined in the frequency range [ ω ; min ωmax ]  and is taken 

as zero outside these limits.  N  is the chosen number of frequency increments. it allows to fix a frequency band   ω  and a circular frequency in the interval [  ω ; 

] given by:

 min ωmax

 ω

−

 max

 ω

 ω =

 min

(3)

 N





1

 ω =  ω

+ −   ω

 i

 min

 i

 ,  i  1, 2, .,  N



(4)

2

=

…



where   ϕi  is a random phase uniformly distributed in [0 ;2 π]. 

3.2  mechanical model of the vehicle

a quarter vehicle model of a bb26000 locomotive is described in table 2 and fig. 2. indeed, the vehicle has geometrically two plans of symmetry ( x,  z) and ( y,  z). it consists of a multi-body system where the car body is defined by a vertical motion   uc and the bogie by a vertical and rolling motion   ub  and   θb . 

since the track’s vibration is supposed negligible in front of the irregularity amplitude, the vehicle is expected to follow the track irregularity profile. in this way: u ( t) =  r V

(  t)

 w 1

(5)

 u ( t) =  r V

(  t − d)

 w 2
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figure 2:  the bb26000 locomotive model. 

table 2:  Vehicle characteristics. 

car body

mass  M (kg)

46,800

 c

secondary suspension 

stiffness   k (

)

1.23

 sc  mn / m

damping   c (

)

20.54

 sc  kn s

. / m

bogie

mass   Mb(kg)

13,485

moment of inertia  J

 b  kg m

. 2

(

)

11,213.8

primary suspension

stiffness   k (

)

7.33

 pr  mn / m

damping   c (

)

7.82

 pr  kn s

. / m

wheelset

mass  Mw(kg)

3,805

spacing  d (m)

2.8

where   d  is the wheelbase. initially, the vehicle is in static equilibrium. the equations of motion of the system are then expressed by:

 M u

 C

 u

 K

 u

 F





 v  { }+ 



 v  { }+ 



 v  { } = { }

(6)

 u

{ ( t = 0)}=  K −1{ F( t





0)};{  u( t = 0)} =

 v 

=

0                   
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{ } and the force vector are respectively expressed by: u

 

 c

 

 

 u

{ }=  u

 

 b

 

 

 θ 

 b 

















 m

−  g



 c





(7)

{





 F} =   m

−  g +  c

 u

(  + u )+ ( +

)

 b

 pr

 w 1

 w

 k

2

 pr

 w

 u  1

 w

 u  2









 





 d 

  d 



−

 



   c





 



(

)−

 k ( u

 u

 pr

 w 1

 w 2 )

 pr

 w

 u  1

 w

 u  2

 

  2 

−

 2 

−





                

the mass, damping and stiffness matrix are formulated below:

 m

0

0 

 c





 M

 0  m

0 





 v  =

 b





(8)

 0

0

 j 



 b                                         

























  c

 c

−

  k

−

 sc

 sc

0



 k

0







 sc

 sc





 C

  c

−

( c +2 c

(9)

 

)

 ,  k

−

  k



 v

 sc

( k +2 k

 sc

 pr )

 v  =

 sc

 sc

 pr



0

   =

0















  d  2





2





  d 

0

0

2 

   c 

 0

0

2   k 



  pr

 

 2 





  pr 





 2 



            

 M

m

 J

 m

 c

=

 m =

b

 j

 b

=

in eqns. (8)–(9),  c

 b

4  is the wagon body mass,  b

2  and 

2  are, respec-

tively, the mass and moment of inertia of the bogie.  kpr  and   c  are, respectively, the vertical pr

stiffness and damping of the primary suspension. finally,  ksc  and   csc  are respectively the vertical stiffness and damping of the secondary suspension. 

the vehicle’s degrees of freedom in eqn. (6) are then computed through the newmark integration method [13] by considering the acceleration average schema. the applied loads on the rail by the vehicle at the level of each wheel are determined from wheels motion equations. then the stress state in the rail is determined for the moving quarter vehicle represented in the cast3m model of the track by two loads   Q ( t) 1

and   Q ( t) distant one from another 2

by the wheelbase distance   d  and moving at a constant speed   V . 

4  Vertical track response to a constant moVing load a first analysis aims to quantify track inertia’s effect on its stress response. to this end, the above track model is subjected to a constant moving load and the dynamic response of the track is compared to its equivalent static response at each time step. 
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the critical velocity of the track structure is at first determined and calculations are performed at lower speed for the moving load. 

4.1  critical speed of the track structure

when the load travels at the critical velocity of the track system, high deflections are generated. in order to predict this critical speed, the studied track model is approached by a continuous two-layer model. the rail is taken as an infinite bernoulli beam characterised by its flexural stiffness   EI  and its specific mass (

). rail-pads (first layer) are modelled 

 r

 mr  kg / m

 K

as a continuous elastic layer having a stiffness   k 2

 p

1(n / m ) =

. the sleepers are modelled 

 l

 M

as a continuous layer having a mass per unit of length   m s

=

. finally, the ballast 

 t (kg / m)

 l

 K

layer is also modelled as a continuous elastic layer having a stiffness   k 2

 b

2 (n / m ) =

. 

 l

equations of motion of both the rail and the sleeper layer are respectively written by:

∂4 u

∂2 u

 EI

 r +  m

 r + k u

( − u )=  f ( x,  t)= Q ( x− Vt) r

 x

 r

∂ 4

∂ t

 r

 t

2

1

 δ

(12)

∂  u

 m

 t +  k 1( u − u

 t

 r )+  k u =

 t

0

∂ t

2  t





where   ur  and   ut  stand, respectively, for the vertical displacement of the rail and sleeper layer. 

the harmonic solutions of the free wave propagation for   f ( x,  t)= 0  are given by: u =  u ei (

 κ x ct

− )

 r

 r 0

(13)

 u =  u ei (

 κ x ct

− )

 t

 t 0



2 π

with   κ =

is the wave number defined as a real quantity since there is no attenuation of λ

the wave propagation and   c  is the propagation velocity. 

by injecting expressions (13) in the homogeneous form of eqn. (12) one obtains:

  EI κ 4 + k − m c 2 2







  

1

 κ

 k

−

 u

 r

 r

1

  r 0  

0





 =  

(14)



 k

−

 m

−  c 2 2



0

1

 κ +  k +  k

 u

 t

  t

1

2

0



              

the critical velocity can be determined as the propagation velocity that ensures the nullity of the determinant of the dynamic stiffness matrix [14,15] shown in (14). one obtains a biquad-ratic equation in   c . then, the critical velocity   V  is obtained for the minimum positive root c

 c

satisfying the condition   dc 1

(i.e.  ( )=

1  κ

( ) and a wave number  κv

= 0

 c 1  v

 κ

 c 1, ). 

 min

 dκ

[image: Image 3]
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. 

simulation results at different moving load speeds ( 0 2

. 5 V , 0 5

.  V

 c

 c , 2 Vc and 4 Vc) are  presented in fig. 3. 

given the same amplitude of the load, it clearly shows that for speeds below the critical speed, one obtains nearly the same stress response which is rapidly attenuated. however, above the critical speed, the stress profile becomes disturbed. indeed, the solution tends to a harmonic response after the force reaches the beam’s centre. 

4.2  Vertical time response of the track in the rail mid-point the following simulations are performed with a speed of 180 km / h. 

4.2.1  moving load application methodology

in the current model, the time step  dt and the mesh size  dx are chosen independently. they are taken respectively equal to 0 0002

. 

s and 0 1

. m. 

at each time step, the effective position of the load  Q is calculated given the speed and the time step. thus, the load will be distributed among the two surrounding nodes   xi and  xi+1 of the effective positive. indeed, in the finite element theory, the structure is seen as a discretisa-tion in a finite number of nodes. 

4.2.2  comparison of the dynamic and the static response of the track the time evolution of dynamic bending and shear stress is computed at the mid-point of the rail for the moving load with an amplitude   Q ≈ 110 kn  corresponding to the static wheel load of the bb26000 locomotive. 

figure 3:  effect of the moving load speed on the stress profile. 

[image: Image 4]
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the equivalent static response of the track is computed at each time step by way of the relation below:

 K u

 Q

  { } = { }

 i

 i                                                   (15) in fig. 4, two damping cases are considered: the reference damping from table 1 and the case without track’s damping. for both cases, the global shape of the dynamic response of the track is identical to the static one. only vibrations with small amplitudes are added when damping is neglected. it could be explained by the fact that vertically, the track’s stiffness is very high. thus, fatigue analysis of the rail can be carried out considering the static response of the track to the moving load. 

5  effect of the Vehicle’s dynamic on the track response in accordance to section 3.1, a vertical random irregularity is generated in the mid-region of the track as shown in fig. 5. it includes wave lengths   λ ∈ 3 m;9 m to make sure that for a given time only one bogie is affected by the track’s irregularity as the above vehicle’s model includes only one bogie and the car body’s rotation is neglected. 

 Av  and   ωc  are chosen respectively equal to 0 0339 10 4 2

. 

× − m /rd and  0 8245

. 

rd/s . the 

number of frequency increments   N = 2,000. 

on both sides of the mid-region, there is a progressive return to zero (i.e. track without defect) so that initially both vehicle’s wheels are in the plane zone of the track. 

figure 4:   comparison of static and dynamic stress response at the mid-point of the rail for a load speed  V = 180 km / h. 

[image: Image 5]

160  

 Maryam El Moueddeb et al., Int. J. Transp. Dev. Integr., Vol. 4, No. 2 (2020) figure 5:   random irregularity of the track’s vertical profile and associated vehicle’s dynamic loads for   V = 180 km / h. 

the maximum allowed speed for the bb26000 locomotive   V = 200 km / h  in accordance to manufacturer’s data. a combination of the latter speed with the wavelengths’ irregularity provides a frequency content of the wheel’s excitation lower than  20hz . 

as the track is supposed infinitely rigid in this frequency range, only the track’s geometry is supposed to affect the vehicle’s dynamic. hence, calculations are decoupled. indeed, given the vertical profile of the track, the dynamic loads   Q ( t) ( )

1

and   Q t

2

exerted by the vehicle on 

the track at the level of each wheel are computed then implemented in the cast3m track’s model as two moving loads with variable amplitudes. 

as it was noticed for the case of the moving load with a constant amplitude, the static and dynamic response of the track in term of stresses and vertical displacement are identical. 

fig. 6 shows the importance of considering dynamic overloads of the vehicle in the stress response of the track ( σ

). indeed, an 

 xx ,  σxy

 L 2  relative error norm   e  is introduced in order to quantify the gap between the track’s response (  σ 1 ) to constant amplitude loads being the static wheel loads and the track’s response (  σ 2 ) to variable amplitude loads including dynamic overloads. 



 N



 t

∑

1/2

max

1

 σ ( x ,  t )− σ 2 ( x ,  t ) 



†

 i

 j i

 j i

=1  j∈[1;  N ]



 e

 n

= 



(16)



 Nt





1 2

∑

 σ x ,  t † /

(

)

 i=1 1

 j i







where  Nt is the number of time increments and  Nn is the number of nodes contained in mid-region of the rail. 

obviously, the error becomes more important when the speed increases. it reaches almost 18% for the bending and shear stress at  V = 216 km / h. however, two local peaks are noticed approximately at 10 km / h and 90 km / h. indeed, for the latter speeds, the temporal spectral content of the track irregularity shows among others a frequency excitation that matches with a natural frequency of the vehicle system corresponding respectively to the bounce motion of the car body and the bounce motion of the bogie. 

[image: Image 6]
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figure 6:   speed impact on l2 relative error norm (  eσ : error for bending stress;  eσ : error xx

 xy

for shear stress)

conclusion

a lightweight model of the track was presented in order to compute the stress response of the rail when the track is subjected to moving loads. a first investigation when considering constant amplitudes of moving loads showed that the vertical dynamic response of the track was identical to the static one, certainly due to the high stiffness of the track in the vertical direction. an additional study aimed to quantify the effect of a vehicle’s dynamic overloads on the track response. it showed that the stress amplitude in the rail was considerably affected by these overloads, especially for higher speeds. hence, vertically, the prediction of mechanical stress state in the rail for fatigue issues is achieved through a static track model and a simplified dynamic model for the vehicle. 

further investigations are intended in order to characterise the lateral behaviour of the track. unlike the vertical direction, track’s dynamic for the lateral response is expected to be significant as the track is more flexible, and less way damped than in the vertical direction. 
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A LIGHTWEIGHT NUMERICAL MODEL OF RAILWAY
TRACK TO PREDICT MECHANICAL STRESS STATE
IN THE RAIL
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ABSTRACT

A new approach is conducted within SNCF Réseau to redefine and improve the current procedure
behind rolling stocks admission. A perspective to update computation rules for traffic conditions is to
consider track fatigue issues. In this sense, the study aims to provide a better knowledge of stress state
induced by moving vehicles in rails through a lightweight numerical model of the track. Specifically,
the track model consists of a two-layer discrete support model in which the rail is considered as a beam
and sleepers are punctual masses. The rail-pads and ballast layer are modelled as spring/damper cou-
ples. Considering the track’s vertical response, the study intends to quantify the impact of the vehicle’s
dynamic overload on the track response and verify the possibility of these overloads to excite track
vibration modes. A first study considering constant moving loads already shows negligible effect of
track inertia forces due to high track stiffness and damping. This justifies the prediction of mechanical
stress state in the rail for fatigue issues through a static model of the track and a simplified dynamic
model for the vehicle.

Keywords: dynamic response, finite element method, moving load, simplified model, railway tracks

1 INTRODUCTION

The railway traffic management adopted by SNCF Réseau for classical lines is initially based
on simplified analytical theories [1]. It has evolved though with feedbacks because of railway
tracks and rolling stocks evolutions. Computation rules for traffic conditions allow to deter-
minate the maximum speed V,,.ax and the maximum cant deficiency 1, allowed for a vehicle
regarding the vehicle’s and track’s properties [2]. A perspective to update these computation
rules is to consider flexural rail fatigue es. Indeed, classical lines in the French railway
network can be loaded by either freight transport or passenger transport. Thus, the stress state
in the same track is highly heterogeneous during its exploitation.

Numerical simulation in the railway field has become an efficient tool to predict a track’s
behaviour. As a matter of fact, several models have been developed. 3D finite element models
of the track are proposed with a better representation of the track’s foundation by implement-
ing a settlement law of ballast layer as suggested in [3-5] and allowing non-linear constitutive
laws of track’s components [4-6]. Furthermore, some studies quantify geomaterials disparity
and variability in track components characteristics with stochastic models [7.8]. Although
accurate, 3D models remain very expensive and hardly suitable for industrial exploitations.
Thus, the paper describes a finite element model of the track subjected to vertical vehicle’s
loading. Track inertia effects are investigated by comparing the dynamic track response to
its equivalent static response. Then, dynamic overloads of the vehicle are applied to the track
through a simplified multi-body vehicle model. The purpose is to predict the mechanical
stress in the rail.
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