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Abstract: Efficient thermal management in electrically conducting fluids is critically required in advanced engineering
systems, including power generation, electronic cooling, and nuclear reactor technologies, where strong magnetic
fields significantly influence transport phenomena. In the present study, steady, incompressible flow of a hybrid
nanofluid over a porous stretching surface was systematically investigated under the combined effects of Hall current,
thermal radiation, and a spatially varying heat source. The hybrid nanofluid was formulated by dispersing tricalcium
phosphate (Ca3(PO4)2) and molybdenum disulfide (MoS2) nanoparticles in water. The governing nonlinear partial
differential equations were transformed into a system of coupled ordinary differential equations through similarity
transformations, and numerical solutions were obtained using a fourth-order Runge–Kutta method coupled with a
shooting algorithm. To further optimize the thermal transport characteristics, the Taguchi optimization technique
with an L16 orthogonal array was employed to evaluate the relative significance of key parameters and to identify
optimal parametric combinations. The results reveal that the hybrid nanofluid exhibits superior thermal performance
compared with conventional nanofluids. These findings provide valuable insights for the design and optimization of
multiphysics thermal systems involving magnetohydrodynamic flows and hybrid nanofluids, thereby contributing to
the development of high-efficiency thermal management technologies.
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1 Introduction

In an era of rising energy demands, hybrid nanofluids have become a groundbreaking development in thermal
engineering. They provide high thermal conductivity and heat transfer by synergistically combining more than
one nanoparticle in a base fluid. Their revolutionary applications include solar energy systems, aerospace cooling,
microelectronics, biomedical therapeutics and industrial heat exchangers, pushing the frontiers of contemporary
thermal management in multiphysics engineering systems. As a result, the scientific community has seen a
phenomenal increase in research interest in hybrid nanofluids, which they have realized as a necessary pillar of
future energy-efficient technologies. Sharma et al. [1] focused on magnetohydrodynamic flow of hybrid nanofluid
through a damaged artery using a numerical method-based solver. They showed the impact of nanoparticles on wall
shear stress, velocity, and impedance, which could be of use in drug delivery systems and biomedical applications.
The thermosolutal Marangoni stagnation hybrid nanofluid flow hybrid nanofluid across an extending sheet was
demonstrated by Mohanty et al. [2]. The research by Manimegalai and Kameswaran [3] on the hybrid nanofluid
flow in solar collectors indicated that radiation, magnetic field, and amount of nanoparticles influence the heat
transmission, enhancing thermal conduction. Parida et al. [4] studied a magnetohydrodynamic flow of hybrid
nanofluid containing gold and multiwalled carbon nanotubes in blood. It was found that thermal radiation raises
temperature while magnetic fields reduce the velocity. Various studies [5–7] analyzed the hybrid nanofluid flow past
a different geometry considering the effects of magnetic fields with thermal effects such as radiation, dissipative heat,
and internal heat generation.
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A magnetic field is employed perpendicular to an electrically conducting fluid and charge carriers are deflected
sideways, leading to a transverse current, which causes a Hall current. The phenomenon is critical to modern
applications in electromagnetic engineering since it has a substantial influence on the velocity distribution and
thermal transfer behavior in magnetohydrodynamic flows. Rana et al. [8] studied the flow of nanofluids over a
revolving disk, considering the effects of Hall current and nanoparticle aggregation using the finite difference method.
Hakeem et al. [9] studied the hybrid nanofluid flow over a spinning cone. They numerically solved the governing
equations using the Runge-Kutta shooting method. Kanimozhi et al. [10] investigated mixed convective Jeffrey fluid
flow across an oblique upright plate. The perturbation approach was used to solve the problem analytically. Many
investigations [11–14] incorporated the influence of magnetic fields and Hall currents in a variety of geometries
using porous media.

Thermal radiation can be described as the emission of electromagnetic waves that are produced exclusively by
the thermal movements of particles in a body. This radiative mechanism of heat transfer becomes more and more
dominant at high temperatures, having a significant effect on the temperature of fluids and becoming an extremely
important consideration in the analysis of heat transfer in fluids. Banakar et al. [15] investigated radiative nanofluid
flow over an off centric disk considering micro inertial effect. Madhukesh et al. [16] used the Runge–Kutta–Fehlberg
method to obtain numerical solutions of nanofluid flow over a Riga surface in a porous material, focusing on
radiation and nanoparticle aggregation. The results showed that porosity reduces fluid velocity, whereas aggregation
enhances heat dispersion. A numerically analyzed Maxwell hybrid nanofluid flow over a porous stretching plate was
discussed by Jayaprakash et al. [17] They revealed that magnetic flux and thermal radiation significantly influence
heat transfer, while nanoparticle shape strongly affects temperature, concentration, and flow behavior. Furthermore,
several researchers [18–21] considered the impact of thermal radiation in hybrid nanofluid flows through various
geometries such as microchannels, porous Riga surfaces, stretching sheets, and spinning disks. Ramadevi et al. [22]
illustrated the magnetohydrodynamic Carreau fluid flow over a widening surface with the emphasis on the effects of
dissipative heat and a variable heat source. It was demonstrated that non-uniform sources significantly influence the
dynamics of thermal and mass transport. Govindarajulu et al. [23] investigated the magnetohydrodynamic hybrid
nanofluid flow through an upright channel with the influence of a non-uniform heat source using a numerical method.
Madhukesh et al. [24] applied the Runge–Kutta method to address the governing equations of hybrid nanofluid flow
in a microchannel with the effects of waste discharge and space- and time-dependent heat sources. In addition, several
recent studies [25–28] investigated the behavior of thermal transfer in hybrid nanofluid flows over Riga surfaces,
extending sheets, and tubes, with the effects of non-uniform heat sources.

Genichi Taguchi created the reliable statistical technique known as Taguchi optimization to methodically
determine the ideal process parameters with the fewest possible experimental trials. It effectively reduces variability
and increases performance output by utilizing orthogonal arrays and signal-to-noise ratio analysis, making it a very
potent instrument in contemporary engineering and thermal research optimization. By optimizing discrete V-down
baffle settings in a solar air heater using the Taguchi–Technique for Order of Preference by Similarity to Ideal
Solution (TOPSIS) approach, Sharma et al. [29] improved thermo-hydraulic performance and heat transfer efficiency
through Taguchi design analysis. Kumar et al. [30] studied the blood flow of gold and zinc nanoparticles in an
inclined microchannel. To optimize entropy formation under radiation and heat source impacts, they used Taguchi
and ANOVA techniques. Cicek and Johnson [31] used Taguchi and Gray relational analysis to study polycarbonate
three-dimensional printing parameters in order to maximize tensile strength, material consumption, and build time
through multi-objective optimization. Numerous studies [32–35] used Taguchi-based optimization in conjunction
with numerical methods to analyse non-Newtonian and nanofluid flows by incorporating various effects like radiation,
magnetic fields, and chemical effects.

This study aims to:
• Investigate steady, incompressible flow and thermal transfer of tricalcium phosphate (Ca3(PO4)2)–molybdenum

disulfide (MoS2)/water hybrid nanofluid over a porous extending sheet.
• Incorporate the Hall current effect under strong magnetic fields into the governing equations, capturing realistic

charge transport alterations typically neglected in classical magnetohydrodynamic nanofluid studies.
• Rigorously compare the thermal performance of Ca3(PO4)2–MoS2/water hybrid nanofluid against its mono-

nanofluid counterpart, quantifying the heat transfer enhancement from dual nanoparticle synergy.
•Apply the Taguchi technique to evaluate the significance of key non-dimensional parameters and identify optimal

conditions for maximum heat transfer, connecting mathematical modeling to practical engineering design.
In accordance with the objectives outlined, this research offers the following contributions to the existing body

of knowledge. The use of Ca3(PO4)2–MoS2/water as a hybrid nanofluid is itself a distinctive and uncommon choice
that separates this work from the mainstream literature. Building upon this, the study uniquely couples Hall current
effects with hybrid nanofluid dynamics over a porous extending sheet, a combination rarely attempted before. Further
novelty lies in the concurrent treatment of thermal radiation alongside a non-uniform heat source, reflecting far more
realistic thermal conditions than those typically assumed. Most remarkably, the deliberate integration of the Taguchi
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optimization methodology into this multi-physics nanofluid framework transforms the study from a purely theoretical
exercise into a practically actionable engineering tool, making this work both scientifically rigorous and industrially
meaningful.

2 Mathematical Formulation

This study investigates the continuous flow of an incompressible hybrid nanofluid near an upward porous
extending sheet at the xz-plane in the presence of Hall current effects and an electric field (Figure 1). The sheet is
stretched linearly in both positive and negative directions when two opposite and equal forces are assumed to act next
to the x-axis while the origin remains constant. The research takes into account a non-Newtonian hybrid nanofluid
that generates or absorbs heat and has electrical conductivity. The hybrid nanofluid contains Ca3(PO4)2 and MoS2

nanoparticles in addition to water as the base fluid. To account for the Hall current effect, high-frequency electron
collisions are taken into consideration, and an electric field is supposed to be applied across the z-axis. A strong
magnetic flux density B0 is used to introduce the Hall effect, and a low magnetic Reynolds number is assumed to
discard the generated magnetic field. Additionally, it is assumed that there are no changes in heat transfer or velocity
along the z-axis, which is supported by taking into account an infinitely wide sheet.

Figure 1. Flow configuration

The magnetic field follows the simplified version of Ohm’s law below when the magnetic field is strong.

J = σ(E + q ×B)

where, σ = e2nete
me

is the electrical conductivity, ne is the electron number density, me is the electron mass, and
e is the electron charge. In addition, the current density vector is given by J = (jxjyjz), and the current can
also be expressed using the relation: j = σ × (E + V × B), where B = (0, 0, 0) and the fluid velocity vector is
V = (u, v, w). The Hall parameter is defined as m = σB0

ene
. Using the aforementioned assumptions, the standardized

Ohm’s law for weakly ionized gases yields (Jy = 0) in the flow field. Thus, the elements of current density jx and
jz are determined as:

jx = σ
B2

0

1 +m2
(u+mw) and jz = σ

B2
0

1 +m2
(mu− w)

Since the Rosseland approach takes into consideration both self-absorption and emission as important elements
impacting heat transmission, it is appropriate for predicting the radiative flux vector qr in dense fluids. The Rosseland
approximation [36] applies because the absorption coefficient is usually significant and changes with wavelength.
The governing equations representing the flow problem are as follows:

∂u

∂x
+

∂v

∂y
= 0 (1)

u
∂u

∂x
+ v

∂u

∂y
=

µhnf

ρhnf

∂2u

∂y2
− σhnf

ρhnf

B2
0

1 +m2
(u+mw)− µhnf

ρhnf

u

k∗p
(2)

u
∂w

∂x
+ v

∂w

∂y
=

µhnf

ρhnf

∂2w

∂y2
+

σhnf

ρhnf

B2
0

1 +m2
(mu− w)− µhnf

ρhnf

w

k∗p
(3)
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u
∂T

∂x
+ v

∂T

∂y
=

1

(ρCp)hnf

(
κhnf +

16σ∗T 3
∞

3k∗

)
∂2T

∂y2
+

κhnf

(ρCp)hnf

uw

νfx
[α∗(Tw − T∞) + (T − T∞)β∗] (4)

The boundary conditions are as follows:

v = 0, u = ax, w = 0, T = Tw at y = 0,
u → 0, w → 0, T → T∞ as y → ∞

〉
(5)

Similarity transformations are as follows:

η = y

√
a

νf
, u = axf ′(η), v = −√

aνf f(η), w = axg(η), θ =
T − T∞

Tw − T∞
(6)

Eqs. (1)–(5) that control the system can be converted to the following expressions:
µhnf

µf

ρhnf

ρf

f ′′′ − f ′2 + ff ′′ −
σhnf

σf

ρhnf

ρf

Ha

1 +m2
(f ′ +mg)−

µhnf

µf

ρhnf

ρf

Kpf
′ = 0 (7)

µhnf

µf

ρhnf

ρf

g′′ − f ′g + fg′ +

σhnf

σf

ρhnf

ρf

Ha

1 +m2
(mf ′ − g)−

µhnf

µf

ρhnf

ρf

Kpg = 0 (8)

1
(ρCp)hnf

(ρCp)f

(
κhnf

κf
+Rd

)
θ′′ +

κhnf

κf

(ρCp)hnf
(ρCp)f

[α∗f ′ + θβ∗] + Pr f θ′ = 0 (9)

The transformed boundary conditions are as follows:

f(η) = g(η) = 0, f ′(η) = 1, θ(η) = 1 at η = 0,

f ′(η) = g(η) = θ(η) = 0 as η → ∞.
(10)

The important dimensionless parameters are as follows:

MF =
σfB

2
0

ρfa
, K =

vf
k∗pa

,Pr =
κf

(ρCp)f vf
, Rd =

16σ∗T 3
∞

3κfk∗

µhnf

µf
=

1

(1− Φ1)2.5(1− Φ2)2.5
(11)

σhnf

σf
=

1 +
3
(

Φ1σs1+Φ2σs2

σf
− (Φ1 +Φ2)

)
2 +

(
Φ1σs1+Φ2σs2

σf (Φ1+Φ2)

)
−

(
Φ1σs1+Φ2σs2

σf
− (Φ1 +Φ2)

)
 (12)

ρhnf
ρf

=

{
(1− Φ2)

[
1− Φ1 +Φ1

ρs1
ρf

]
+Φ2

ρs2
ρf

}
(13)

(ρCp)hnf
(ρCp)f

=

{
(1− Φ2)

[
1− Φ1 +Φ1

(ρCp)s1
(ρCp)f

]
+Φ2

(ρCp)s2
(ρCp)f

}
(14)

κhnf

κnf
=

κs2 + 2κnf − 2Φ2 (κnf − κs2)

κs2 + 2κnf + 2Φ2 (κnf − κs2)
,
κnf

κf
=

κs1 + 2κf − 2Φ1 (κf − κs1)

κs1 + 2κf + 2Φ1 (κf − κs1)
(15)
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The crucial physical characteristics of heat transmission rate and drag force can be expressed as:

Cfx =

µhnf
∂u

∂y

∣∣∣∣
y=0

ρfu2
w

, Cfz =

µhnf
∂w

∂y

∣∣∣∣
y=0

ρfu2
w

, Nux =

−xκhnf
∂T

∂y

∣∣∣∣
y=0

+ qr|y=0

κf (Tw − T∞)
.

The non-dimensional forms of these physical quantities using Eq. (5) are as follows:

Cfx
√
Rex =

µhnf

µf
f ′′(0),

Cfz
√
Rex =

µhnf

µf
g′(0),

Nux

√
Re−1

x = −
(
κhnf

κf
+Rd

)
θ′(0)


(16)

where, Re2x = xuw

v .

3 Methodology

This study employs a fourth-order Runge–Kutta method with a shooting strategy to address this problem
numerically, focusing on a system of intricate equations. This method yields a sophisticated mathematical system
characterized by high precision. The simulations transform the higher-order issue into a set of first-order equations:
f = ϑ1, f

′ = ϑ2, f
′′ = ϑ3, g = ϑ4, g

′ = ϑ5, θ = ϑ6, θ
′ = ϑ7.

The transformed equations are as follows:

f ′′′ =

(ϑ2)
2 − (ϑ1) (ϑ3) +

σhnf

σf
ρhnf
ρf

Ha

1 +m2
((ϑ2) +m (ϑ4)) +

µhnf

µf
ρhnf
ρf

Kp (ϑ2)

µhnf

µf
ρhnf
ρf

g′′ =

(ϑ2) (ϑ4)− (ϑ1) (ϑ5)−

σhnf

σf
ρhnf
ρf

Ha

1 +m2
(m (ϑ2)− (ϑ4)) +

µhnf

µf
ρhnf
ρf

Kp (ϑ4)

µhnf

µf
ρhnf
ρf

θ′′ −

κhnf

κf

(ρCp)hnf
(ρCp)f

[α∗ (ϑ2) + (ϑ6)β
∗]− Pr (ϑ1) (ϑ7)

(
κhnf

κf
+Rd

)
(ρCp)hnf
(ρCp)f

Transformed boundary conditions are as follows:

(ϑ1) (η) = (ϑ4) (η) = 0, (ϑ2) (η) = 1, (ϑ6) (η) = 1 at η = 0

(ϑ2) (η) = (ϑ4) (η) = (ϑ6) (η) = 0 as η → ∞

The required solution necessitates an initial estimate using the boundary value problem solver bvp4c in MATLAB,
which satisfies the prescribed boundary conditions. The value of η, originally defined as ∞, is designated as η = 7
to meet software requirements.
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4 Discussion of Results

This section explores the transport properties of a hybrid nanofluid by analyzing the influence of critical governing
factors on momentum and temperature in an extending sheet configuration. The flow problem is formally represented
by partial differential equations and, with the assistance of similarity variables, converted into ordinary differential
equations. The fourth-order Runge–Kutta method is employed for the numerical solution of the ordinary differential
equations. The influence of the Hall effect, thermal radiation, porosity effect and non-uniform heat source is
taken into account. The Taguchi method is employed to optimize the thermal transfer rate. Table 1 describes the
thermophysical properties of hybrid nanofluids.

Table 1. Properties of hybrid nanofluid [37, 38]

Nanofluid/Nanoparticle Cp (kg−1 K−1) ρ (kg m−3) σ (Ωm)−1 κ (W m−1 K−1)
Water 4179 997.1 5.5× 10−6 0.613

Tricalcium phosphate (Ca3(PO4)2) (Φ1) 842 3004 1× 10−9 1.5
Molybdenum disulfide (MoS2) (Φ2) 397.7 5060 2.09× 104 34.5

Table 2. Validation of −θ′(0) for different Prandtl numbers when Rd = α∗ = β∗ = Φ1 = Φ2 = 0

Pr Ref. [39] Ref. [40] Present Study
1.0 1.3333 1.3333 1.33333333
5.0 2.3801 2.3800 2.38013245
10 4.7968 4.7969 4.79695532

Figure 2. Impact of Φ1 and Φ2 on f ′(η)

Figure 3. Impact of Φ1 and Φ2 on g(η)
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Table 2 shows the validation of this research with previous studies. The incorporation of particle concentrations
plays an essential role in the flow profiles. The concentration of the nanoparticle (Ca3(PO4)2) is designated as
Φ1, while the concentration of the MoS2 particle is denoted as Φ2. The significance of the factors arises from the
examination of the thermophysical models relevant to flow processes, with each model of density, viscosity, thermal
conductivity, etc., depending upon the variations in volume fraction. Particle concentration, also referred to as
volume fraction, denotes the percentage of particles present in the total volume of the liquid. Specifically, Figure 2
and Figure 3 illustrate the fluctuation of the concentrations Φ1 and Φ2 across the flow profiles, respectively. In both
figures, the concentration range is limited to 2%, specifically 0 < Φ1,Φ2 < 0.03. The graphical representation of
these figures demonstrates that as Φ1 and Φ2 increase, both f ′(η) and g(η) decrease. The dominance of the bi-hybrid
nanofluid’s density diminishes momentum, while an increase in conductivity leads to a retardation of the profile.

Figure 4. Impact of Ha on f ′(η)

Figure 5. Impact of Ha on g(η)

The influence of Ha on f ′(η) and g(η) is demonstrated in Figure 4 and Figure 5. The increasing values of Ha
decreases f ′(η) whereas the opposite behavior is observed for g(η). The cross-flow velocity is absent when the
Hall current value is zero, correlating with Figure 6 which shows no cross-flow velocity when there is no magnetic
field present. The physical interpretation of this result is that the magnetic field exerts a force on the moving charge
carriers, thereby contributing to the induction of the Hall current. The Hall effect becomes significant when the
magnetic field intensity is adequate. An extra potential difference is generated, resulting in an induced current that
flows perpendicularly to the direction of the current as well as in the direction of the magnetic field. The variation of
m with f ′(η) and g(η) is visualized in Figure 6 and Figure 7. The increasing values of m decreases f ′(η) and the
opposite behavior is observed for g(η).
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Figure 6. Impact of m on f ′(η)

Figure 7. Impact of m on g(η)

Figure 8. Impact of Kp on f ′(η)

Figure 8 and Figure 9 display the significant consequences of permeability on f ′(η) and g(η). The factor’s
distribution is depicted within a broad range of 0.5 < Kp < 1.5. In this context, Kp denotes the behavior of the
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flow profile as the fluid traverses a transparent fluid substrate, whereas the variation illustrates the flow through
a porous substrate. The medium’s resistivity tends to diminish the velocity profile in both axial and transverse
directions, resulting in layer thinning. The negligible variance arises from the restricted range selection for the
factor; however, the findings are illustrated with an enlarged view to clarify the differences between the profiles.
The effect of permeability on temperature distribution is inverse, as fluid temperature increases with increased
permeability. When the fluid velocity diminishes along the profile, the fluid produces energy at the surface’s base,
resulting in a considerable increase in temperature due to the accumulated energy.

Figure 9. Impact of Kp on g(η)

Figure 10. Impact of Φ1 and Φ2 on θ(η)

Figure 10 examines the influence of solid nanoparticles Φ1 and Φ2 on the distribution of fluid temperature. The
concentration of particles is a critical element that profoundly affects the thermal characteristics of nanofluids and
hybrid nanoliquids. The precise number of particles distributed within the base fluid is termed volume concentration.
The solid volume concentrations significantly influence the increase in fluid temperature for the recommended values
of the constructive factors.

The variation of time-dependent (α∗) and space-dependent (β∗) heat source parameters with θ(η) is demonstrated
in Figure 11 and Figure 12. The increasing values of α∗ and β∗ intensifies θ(η). The incorporation of a non-uniform
heat source elevates the surface temperature due to the accumulated energy at the surface. This stored energy induces
movement toward the fluid region, which promotes an increase in fluid temperature, ensuring the exit temperature from
the surface. This results in the cooling of the thermal boundary surface. The inclusion of additional nanoparticles in
the base liquid of the hybrid nanofluid markedly enhances its thermal conductivity, resulting in a considerable rise
in the fluid’s temperature.
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Figure 11. Impact of α∗ on θ(η)

Figure 12. Impact of β∗ on θ(η)

Figure 13. Impact of Rd on θ(η)

The impact of Rd on the thermal profile is detailed in Figure 13. The quantity of electromagnetic waves that are
transferred from the fluid element and subsequently transformed into thermal energy is commonly referred to as Rd.
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It shows that the increased radiative heat significantly raises the fluid temperature because the radiating heat from
the surface causes more energy to flow from the surface to the fluid medium. Furthermore, the enhanced thermal
characteristics of the combined influence of the crystalline structure nanoparticles significantly increase the hybrid
nanoparticles’ considerable contribution compared to the nanofluid condition.

4.1 Interpretation of System Behavior for Engineering Design

The combined influence of Hall current, thermal radiation, porosity effect and non-uniform heat source provides
a trade-off between axial and cross-flow velocities, crucial for efficient flow regulation. Growing values of Hall
current amplifies cross-flow velocity, whereas permeability alters resistance and axial transport, offering prospects
for enhanced system design. The augmentation of Φ1 and Φ2 significantly elevates thermal distribution due to the
enhancement of thermal conductivity of nanoparticles in the system. The analysis indicates that increased radiation
parameter values boost thermal profile, underscoring its significance in high-thermal environments. Collectively,
these insights provide the practical guidance for improving and designing efficient advanced heat transfer systems.

5 Taguchi Method

Traditional computational design methods cannot handle complex computational problems, especially when
there are many process elements. The traditional numerical method is excessively costly and complicated [26–28].
The Taguchi technique uses orthogonal arrays to reduce the number of computations while accounting for the whole
parameter space. The minimization of experimental duration and expenses, together with the swift discovery of
essential components, and the preservation of research resources are the primary advantages of using the Taguchi
technique. As indicated in Table 3, the four primary parameters utilized in this investigation are the volume fraction,
radiation parameter, and time- and space-dependent heat source parameters.

Table 3. Specification of control parameters and corresponding level settings

Input Parameters Coded Value First Level Second Level Third Level Fourth Level
Φ1 A 0.01 0.02 0.03 0.04
Rd B 1.0 1.5 2.0 2.5
α∗ C 0.5 1.0 1.5 2.0
β∗ D 0.5 1.0 1.5 2.0

For this investigation, four elements and four levels are first determined. A complete factorial would require
256 trials. The Taguchi statistical technique recommends utilizing an L16 orthogonal array to maintain statistical
coverage and balance, which may greatly minimize the amount of computational and experimental effort required.
The L16 array for the Taguchi approach is shown in Table 4. Furthermore, Figure 14 represents the residual plot of
Nu .

Table 4. L16 orthogonal array representing factor-level combinations

Runs Φ1 Rd α∗ β∗ Nu Signal-to-Noise Ratio
1 0.01 1.0 0.1 0.1 1.00264 0.0229
2 0.01 1.5 0.2 0.2 0.30290 -10.3740
3 0.01 2.0 0.3 0.3 0.72566 -2.7853
4 0.01 2.5 0.4 0.4 0.56561 -4.9497
5 0.02 1.0 0.2 0.3 0.88686 -1.0429
6 0.02 1.5 0.1 0.4 0.75812 -2.4052
7 0.02 2.0 0.4 0.1 0.68225 -3.3211
8 0.02 2.5 0.3 0.2 0.60651 -4.3432
9 0.03 1.0 0.3 0.4 0.79402 -2.0034
10 0.03 1.5 0.4 0.3 0.68422 -3.2961
11 0.03 2.0 0.1 0.2 0.64833 -3.7641
12 0.03 2.5 0.2 0.1 0.62338 -4.1049
13 0.04 1.0 0.4 0.2 0.79757 -1.9646
14 0.04 1.5 0.3 0.1 0.73711 -2.6494
15 0.04 2.0 0.2 0.4 0.57984 -4.7338
16 0.04 2.5 0.1 0.3 0.55981 -5.0392
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Figure 14. Residual plots for Nu

The equation below is employed to ascertain the minimal number of viable numerical runs.

NZ = 1 +NX(L− 1) (17)

where, NZ denotes the minimal quantity of calculations required, dictated by the number of control parameters
(NX ) and levels (L). Four control features (NX = 4) and four levels (L = 4) are considered. According to the
aforementioned equation, a minimum of 13 numerical computations must be performed. For factors with three
levels, the accessible orthogonal arrays are L16, L32, and alike formations. Therefore, the L16 orthogonal array is
selected for the present work as it best matches the computational requirements and accommodates four levels for
each parameter. The current study employs the “larger-the-better” criteria as its evaluative standard to achieve the
goal of optimization of Nu.

S

N
= −10 log

(
1

n

∑ 1

y2

)
(18)

Nu =

 0.6847− 0.0355A0.01 + 0.0488A0.02 + 0.0028A0.03 − 0.0161A0.04 + 0.1856B1

−0.0641B1.5 − 0.0257B2 − 0.0958B2.5 + 0.0575C0.1 − 0.0864C0.2 + 0.0311C0.3

−0.0023C0.4 + 0.0767D0.1 − 0.0958D0.2 + 0.0295D0.3 − 0.0103D0.4

(19)

Table 5. ANOVA for Nu

Source Adj SS DF Adj MS F -Value P -Value % Contribution
A 0.01561 3 0.005204 0.29 0.832 4.17
B 0.19359 3 0.064531 3.60 0.161 51.73
C 0.04703 3 0.015677 0.87 0.543 12.57
D 0.06415 3 0.021385 1.19 0.444 17.15

Error 0.05382 3 0.017940 14.38
Total 0.37421 15 100

Note: ANOVA: analysis of variance

In order to make the required predictions and explain experimental data, analysis of variance (ANOVA) is
utilized [29–32]. Table 5 shows the findings of the ANOVA on the Nusselt number. Table 6 displays the R-squared
value of 85.62% and the adjusted R-squared value of 28.09%. The regression equation that ought to be applied to
the model is as follows:
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Table 6. R-squared values

Standard Error R-squared Predicted R-squared Adjusted R-squared
0.133940 85.62% 0.00% 28.09%

6 Conclusion

This work examined the flow and thermal transmission properties of a water-based hybrid nanofluid over a
porous extending sheet, considering the effects of Hall current, a non-uniform heat source, and thermal radiation.
The dimensionless system of equations was numerically solved using the MATLAB bvp4c solver environment.
Additionally, the Taguchi optimization method was utilized to identify ideal conditions for enhancing heat transfer
efficiency in engineering applications. The main outcome of the present investigation is as follows:

• The f ′(η) profile is markedly affected by the resistive forces associated with the Hartmann number, while the
g(η) profile displays a contrasting pattern.

• Thermal radiation generates maximal intensity in heat transport phenomena at all regions.
• The thermal profile of the hybrid nanofluid demonstrates a more significant change than that of the traditional

nanofluid.
• An R-squared value of 85.62% signifies that the dataset is robust and the model is considerable.
• The Taguchi-based L16 orthogonal array optimization indicates that Rd is the most influential parameter,

contributing 51.73% to the heat transfer rate; therefore, it should be prioritized in system design and optimization.
• According to Taguchi optimization, engineers should primarily control Rd, followed by β∗ and α∗, to maximize

heat transfer efficiency in Hall-induced nanofluid systems.
• Hybrid nanomaterials enhance thermal performance and support efficient multiphysics system design.
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