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Abstract: Underwater electroacoustic transducers detect and localize targets beneath the water surface by generating
acoustic waves. Due to their high power and simple structure, Tonpilz transducers are commonly used in underwater
applications. To enhance data transmission speed and improve target detection capabilities using these transducers, it
is necessary to increase their frequency bandwidth. One method of broadening the bandwidth is by adding damping
elements to the transducer; however, this approach reduces the transmitted voltage response. In other words, increasing
the frequency bandwidth comes at the cost of a reduced voltage output. To address this issue, arrays are typically
used. Arrays are groups of transducers arranged together to improve performance and direct acoustic energy in a
desired direction. Since accurate identification and estimation of bandwidth are critical to the performance and
efficiency of a transducer—and ultimately the electroacoustic array—and given the high cost of manufacturing such
transducers and arrays, the finite element method (FEM) is considered a highly desirable tool for analyzing and
estimating the frequency bandwidth of electroacoustic arrays. Planar arrays are the simplest type of array. In the
present study, the frequency responses of several planar arrays in square, circular, and diamond configurations have
been comprehensively examined using finite element modeling. The effects of changes in array geometry, as well as
variations in the number of transducers and their spacing, on the arrays’ performance have been predicted. Based on
the obtained results, among three kinds of square arrays with different inter-element spacing, the array with a spacing
of 0.4λ between transducers exhibits the widest bandwidth. Additionally, among the two simulated circular arrays,
the one with more elements demonstrates a higher transmitted voltage response and broader bandwidth. Furthermore,
altering the array shape can reduce side lobes and help achieve the desired beam pattern. Overall, selecting the
optimal array depends on the intended application, operating range, working environment, existing noise levels, and
potential interference sources. Depending on these conditions, any of the examined arrays can be utilized effectively.

Keywords: Finite element method; Tonpilz transducer; Frequency response; Transmit voltage response; Ultrasonic
arrays; COMSOL multiphysics

1 Introduction
Ultrasonic transducers are used to convert acoustic and electrical energies into one another. Studying these

transducers and their applications requires knowledge in mechanics, electricity, magnetism, solid-state physics, and
acoustics. In general, the applications of ultrasonic transducers can be categorized into two groups. In the first group,
ultrasonic waves are used for transmitting and receiving information. In the second group, these waves are applied to
materials to perform processes such as ultrasonic cleaning, welding of metallic and plastic materials, soldering, and
machining. Ultrasonic transducers are used for transmitting and receiving information, and thus, they can be utilized
in sonar systems. Sonar is the process of locating underwater targets using sound waves. Various mechanisms are
employed in ultrasonic transducers to convert electrical and acoustic energies. Some of these methods utilize electric
fields, while others employ magnetic fields. However, in most underwater transducers, piezoelectric properties are
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used for this purpose. Piezoelectric transducers are widely used in the field of ultrasonics due to their small size,
light weight, and high efficiency. In addition, they are relatively inexpensive, and due to the low electrical impedance
of piezoelectric rings, they require lower voltages for excitation. A group of these transducers that vibrate in the
longitudinal direction are known as Tonpilz transducers.

Tonpilz transducers, in their simplest form, consist of one or more pairs of piezoelectric rings placed between
two metallic components. An electrode is positioned between each pair of piezoelectric elements. The adjacent
piezoelectric rings in each pair are polarized in opposite directions, and voltage is applied to the electrode situated
between the two rings. The components of the transducer are held together by a pre-stressed bolt, which applies a
residual stress to maintain the assembly. Figure 1 illustrates a cross-sectional view of a Tonpilz transducer.

Figure 1. Sectional view of the Tonpilz transducer: (1,2) Head mass; (3) Piezoelectric rings; (4,5) Tail mass; (6,7)
Bolts; (8) Electrodes; (9) Insulating tube

Arrays are typically designed such that the size of their constituent elements is small compared to the wavelength
of sound in the propagation medium, allowing each element to be treated as a point source of wave emission [1]. This
implies that arrays generally consist of a large number of transducers, making their fabrication a time-consuming and
expensive process. Therefore, accurate modeling of these arrays is of great importance. Furthermore, to precisely
analyze the behavior of the array, it is essential to consider the interaction between the array and its surrounding
environment during the modeling process [2]. As a result, the finite element method is commonly used for modeling
arrays.

The first sandwich transducer was built in 1917 by Paul Langevin, a prominent French physicist. Forty-two years
later, in 1959, Harry B. Miller developed the first Tonpilz transducer to improve the performance of sandwich-type
transducers. Today, Tonpilz transducers are among the most commonly used sonar projectors due to their simple
structure, favorable performance, and low cost. In addition to sonar systems, these transducers are also employed in
industries such as ultrasonic cleaning and the welding of metals and plastics [3].

Tonpilz transducers emit acoustic waves in a specific direction and can be implemented in ultrasonic arrays. These
transducers possess high acoustic power, and when arranged compactly in an array, they can generate high-intensity
sound waves with a large directivity index. Tonpilz transducers can be actuated using piezoelectric or magnetostrictive
materials [4, 5]. The Tonpilz transducer used in this study comprises six piezoceramic rings vibrating along their
thickness, a head mass, a tail mass, and a bolt. The operating frequency of Tonpilz transducers can range from 1
to 50 kHz. This frequency is essentially their resonance frequency. Although resonance and the resulting large
displacements are typically avoided in many industrial applications, in sonar and underwater acoustic systems,
resonance is desirable because the acoustic waves emitted by a transducer vibrating at its resonance frequency yield
the highest sound pressure levels.

Piezoelectric materials are a class of smart, polar, and anisotropic materials that couple mechanical and electrical
properties. When mechanical stress is applied to these materials, electrical charges appear on their surfaces and an
electric field is generated—this phenomenon is known as the direct piezoelectric effect. Furthermore, when a voltage
is applied, these materials undergo strain proportional to the magnitude and direction of the resulting electric field;
this is referred to as the indirect piezoelectric effect [6, 7]. Piezoelectric materials can function as actuators to induce
motion in objects. They are also used in the structure of ultrasonic Tonpilz transducers. In these devices, piezoceramic
rings vibrate longitudinally, aligned with their polarization direction. The simplest and earliest methods for modeling
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ultrasonic transducers are one-dimensional approaches. These methods assume that the radial dimensions of the
transducer are much smaller than its longitudinal dimensions, allowing radial vibrations to be neglected [3, 8]. One
such one-dimensional approach is the equivalent circuit method. The earliest of these is the BVD (Butterworth
Van-Dyke) model. In this model, the input electrical impedance of a piezoelectric ring near its resonance frequency is
represented by an RLC circuit in parallel with a capacitor. The elements of this circuit are frequency-independent
and are derived from the material’s elastic, piezoelectric, and dielectric constants [3]. Ballato [9] have thoroughly
explained the advantages and limitations of this model. The equivalent circuit of a piezoelectric ring is shown in
Figure 2.

The most important and widely used equivalent circuit model for piezoelectric rings and discs was introduced by
Mason in 1948 [3]. In Mason’s method, a piezoelectric ring is modeled as a network with two mechanical ports and
one electrical port. Mason’s model for a piezoelectric ring is shown in Figure 3.

Figure 2. The BVD model for a piezoelectric ring near its resonance frequency

Figure 3. The Mason equivalent circuit model for a piezoelectric ring

In Figure 3, vi and Fi, respectively, represent the velocities of the annular surfaces of the piezoelectric rings and the
forces applied to these surfaces. V and I denote the voltage applied to the electrodes and the current passing through
them. The equations governing this network are derived from the fundamental equations of piezoelectric materials.

Another one-dimensional modeling approach is the model developed by Iula et al. [10]. Unlike the previously
mentioned one-dimensional models, this method neglects longitudinal vibrations and instead calculates the radial
vibration modes of thin piezoelectric rings using a one-dimensional matrix-based model. In the Iula model, the
assumed rings are stress-free on their annular surfaces but sustain stress on their lateral surfaces. Each ring is
represented as a two-port mechanical and one-port electrical network.

Iula’s model and other one-dimensional models were not suitable for analyzing rings with comparable longitudinal
and radial dimensions. Therefore, researchers have proposed models to examine the behavior of piezoelectric rings in
two or three dimensions. For instance, Iula et al. [11] later used a three-dimensional matrix model to study the behavior
of solid piezoelectric cylinders. In this model, the vibrations of the piezoelectric component in the longitudinal and
radial directions are described using two coupled differential equations. The solution to these equations consists
of two orthogonal wave functions. Using Iula’s three-dimensional model, the first radial and longitudinal vibration
modes can be calculated with sufficient accuracy, and the relationships between the applied voltage on the cylinder
and the velocities and forces on its surfaces for these modes can be determined. Since these two primary modes are
of greatest importance in ultrasonic transducer applications, this model provides adequate precision for the design
and optimization of such transducers. Following Iula’s model, Mancic and Radmanovic [12] developed a more
comprehensive model to study the three-dimensional vibrations of piezoelectric rings. Jalili and Goudarzi [13] also
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proposed a three-dimensional model for analyzing hollow piezoceramic cylinders using the principles of electricity
and an equivalent admittance matrix.

In this paper, Mancic’s matrix model is used for the analytical solution of the Tonpilz transducer. The model for a
piezoelectric ring is illustrated in Figure 4. In this model, radial vibration modes are not neglected, and the mutual
effects of different modes as well as the influence of the surrounding medium on the acoustic power of the transducer
are included in the analysis. The equations for these components are similar to those of piezoelectric rings, with the
difference that piezoelectric constants are omitted, and the metallic components, unlike the piezoelectric rings, are
isotropic [14]. By setting the inner diameter of the rings to zero, the frequency response of a disc or solid cylinder
geometry can also be obtained [3]. Finally, by connecting the mechanical and electrical ports of the piezoelectric
rings, metallic components, and bolt in a series-parallel configuration, a complete transducer is modeled.

Figure 4. Mancic model for a piezoelectric ring

Finite element analysis of ultrasonic transducers can be performed using software such as ANSYS and COMSOL.
Kim and Roh [15] proposed a new structure for the Tonpilz transducer to reduce the quality factor and increase its
bandwidth by decreasing the head mass through the creation of a hole. After optimizing the transducer structure
using a genetic algorithm and regression analysis, they examined the impact of this mass reduction on the transducer’s
performance using ANSYS software. Harikrishnan et al. [16] also compared the directivity of spherical and cylindrical
hydrophones with polyurethane coatings using COMSOL software. In their study, they analyzed the effect of the
shape—spherical or cylindrical—of the polyurethane coating on the directivity as well.

Recent advancements in Tonpilz transducer technology have dramatically improved their performance for
underwater operations, specifically with regard to bandwidth improvement, material structural optimization, and
acoustic production. One of the excellent new designs proposed by Gou et al. [17] involved the use of impedance-
matching networks combined with modified head mass geometries to gain an additional 6 dB of transmitter voltage
response and 3.5 times the active power output, while extending the frequency range by a factor of 1.5. Another example
was achieved by Ji et al. [18] with new drive-stack configurations, and specifically the creation of well-designed
non-uniform piezoceramic stack configurations made from disks of various thicknesses produced improved flexural
vibrational modes and an ability to provide a 24.8% bandwidth gain over traditional uniform stack designs.

Another example of advancement in the development of high-power and wideband multimode Tonpilz transducers
was investigated by Hadeed et al. [19] whereby the optimization of the head mass radius and modifications in geometry
provided advancement with low-frequency broadband performance. A number of experimental investigations were
conducted with stack configurations paving way greater degree of insight on achieving ultra-wideband performance
with optimization in layer design and coupling [20]. Use of multi-objective optimization algorithms were also
explored by Karami and Morsali [21] to best design performance criteria across bandwidth, output pressure, and
stability. Furthermore, design and calibration of Tonpilz transducer was presented Pigatto et al. [22] to efficiently
identify the optimized frequency in medical applications. Structural optimization methods, coupled with dynamic
analysis which has provided the ability to modify transducer components for specific acoustic output and mechanical
strength presented by Chen et al. [23]. These improvements show a clear trend toward efficient, wideband, and
applicati on specific Tonpilz transducers for new and imaginative underwater acoustic systems.

In this paper, a systematic approach for designing Tonpilz transducers is presented. First, a Tonpilz transducer is
designed using analytical and numerical methods, and its characteristics and performance are analyzed. Then, the
results obtained from these methods are compared together to examine the best performance and efficiency. Since
the primary aim of this paper is to present a design methodology for Tonpilz transducers, simplifications have been
applied throughout the modeling process wherever possible—provided that the essential and key characteristics of the
transducer are preserved.
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2 Theoretical Framework
As mentioned earlier, the one-dimensional methods are not suitable for calculating the first radial vibration mode

of a transducer and are typically used for modeling transducers whose longitudinal dimensions are significantly larger
than their radial dimensions. When the longitudinal and radial dimensions of a transducer are of the same order of
magnitude, the resonance frequency of the radial modes approaches that of the thickness mode. Therefore, more
comprehensive two- or three-dimensional models must be employed for accurate analysis [24]. Accordingly, in this
study, the approximate three-dimensional matrix model developed by Mancic is used to determine the resonance
frequency. This model is easier to implement, and since it accounts for the interaction between the transducer’s
vibration modes, the analysis results derived from it can be reliably used for precise transducer design.

2.1 Mancic’s Matrix Model for a Piezoceramic Ring
Due to the influence of the radial modes of the ring on the transducer’s modes, it is essential to model the

piezoceramic ring in three dimensions [11, 12]. In Mancic’s model, the ring is treated as a three-dimensional structure
with axial symmetry and is analyzed in a polar coordinate system, taking into account the effects of the surrounding
medium on all of its surfaces. The greatest challenge in accounting for the mutual influence of different vibration
modes in piezoceramic rings is the accurate solution of the partial wave differential equations that describe the
vibrations of piezoceramic elements. Therefore, approximate methods are typically used to solve them.

Due to the influence of the radial modes of the ring on the transducer’s modes, it is essential to model the
piezoceramic ring in three dimensions [11, 12]. In Mancic’s model, the ring is treated as a three-dimensional structure
with axial symmetry and is analyzed in a polar coordinate system, taking into account the effects of the surrounding
medium on all of its surfaces. The greatest challenge in accounting for the mutual influence of different vibration
modes in piezoceramic rings is the accurate solution of the partial wave differential equations that describe the
vibrations of piezoceramic elements. Therefore, approximate methods are typically used to solve them.

In Mancic’s model, the solution to these equations consists of two o1rthogonal wave functions, each of which is a
function of time and the coordinate axis along which the wave propagates. The mechanical and electrical boundary
conditions for these functions are expressed in the form of approximate integrals. Consequently, the effect of the
surrounding environment on the ring is approximately modeled [3]. In Mancic’s model, the piezoceramic ring shown
in Figure 4 is polarized along its thickness direction. The assumed coordinate system is aligned such that the z-axis
corresponds with the polarization direction. The origin of the coordinate system is placed at the center of the ring. The
outer radius of the ring is denoted as a, the inner radius as b, and its thickness as 2h. Two electrodes are placed on the
annular surfaces of the ring, and an alternating voltage is applied across these electrodes. vi, Zi, and Fi, respectively,
represent the velocity of each surface of the ring (Pi), the acoustic impedance, and the forces applied to these surfaces.

In piezoceramic rings, due to the presence of electrodes on the annular surfaces, the Eθ and Er components of the
electric field vector on these surfaces are zero and are also assumed to be zero within the ring. Furthermore, due to
axial symmetry, none of the variables depend on the angular coordinate θ, and the displacement uθ is considered zero.
The displacements ur = ur(r, t) and uz = uz(z, t) represent the ring’s deformation in the radial and axial directions,
respectively. Under these assumptions, the fundamental equations for a piezoceramic ring in polar coordinates are
expressed as [3]:

Trr = cD11Srr + cD12Sθθ + cD13Szz − h31Dz

Tθθ = cD12Srr + cD11Sθθ + cD13Szz − h31Dz

Tzz = cD13Srr + cD13Sθθ + cD33Szz − h33Dz

Ez = −h31Srr − h31Sθθ − h33Szz +Dz/ε
S
33

(1)

The strain tensor S in terms of displacements (u) in the polar coordinate system is defined by:

S =

 Srr 0 0
0 Sθθ 0
0 0 Szz

 =

 ∂ur/∂r 0 0
0 ur/r 0
0 0 ∂uz/∂z

 (2)

The differential equations governing the vibrations of an elastic body in the radial and thickness directions can also
be applied, with reasonable approximation, to a piezoceramic ring. These equations are derived from the equilibrium
equations [11, 25]:

∂Trr

∂r
+

Trr − Tθθ

r
= ρ

∂2ur

∂t2
,

∂Tzz

∂z
= ρ

∂2uz

∂t2
(3)
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By substituting Eq. (2) into Eq. (1) and then substituting the resulting equations into Eq. (3), the differential
equations of vibrations in the radial and thickness directions are obtained as:

cD11

(
∂2ur

∂r2
+

1

r

∂ur

∂r
− ur

r2

)
= ρ

∂2ur

∂t2
, cD33

∂2uz

∂z2
= ρ

∂2uz

∂t2
(4)

The solution to the above equations represents the displacement components of the ring in the radial and thickness
directions and is assumed to be in the form of two orthogonal wave functions as shown below:

ur(r, t) = [AJ1 (krr) +BY1 (krr)] e
jωt

uz(z, t) = [C sin (kzr) +D cos (kzz)] e
jωt

(5)

where, kr = ω/vr, kz = ω/vz, vr =
√
cD11/ρ and vz =

√
cD33/ρ are the wave numbers and phase velocities of the

radial and thickness modes, respectively. The constants A, B, C, and D in the above equations are calculated under the
assumption of continuity of the surface velocities of the piezoceramic ring and using the boundary conditions. The
boundary conditions are as follows:

∂ur

∂t

∣∣∣∣
r=b

= v1e
jωt,

∂ur

∂t

∣∣∣∣
r=a

= −v2e
jωt

∂uz

∂t

∣∣∣∣
z=h

= −v3e
jωt,

∂uz

∂t

∣∣∣∣
z=−h

= v4e
jωt

(6)

By applying the boundary conditions to the orthogonal wave functions, the constants A, B, C, and D are obtained
as follows:

A =
A1v1 +A2v2

jω
, B =

B1v1 +B2v2
jω

C = − v3 + v4
2jω sin (kzh)

, D =
v4 − v3

2jω cos (kzh)

(7)

where, the relations (8) are valid:

A1 =
Y1 (kra)

J1 (krb)Y1 (kra)− J1 (kra)Y1 (krb)

A2 =
Y1 (krb)

J1 (krb)Y1 (kra)− J1 (kra)Y1 (krb)

B1 =
J1 (kra)

J1 (kra)Y1 (krb)− J1 (krb)Y1 (kra)

B2 =
J1 (krb)

J1 (kra)Y1 (krb)− J1 (krb)Y1 (kra)

(8)

For modeling the behavior of the ring, it is assumed that Eq. (9) between the stresses and forces applied to the
surfaces of the ring are valid [26]:

∫
P1

Trr(b)dP = −F1∫
P2

Trr(a)dP = −F2∫
P3

Tz(h)dP = −F3∫
P4

Tzz(−h)dP = −F4

(9)
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where, P1 and P2 represent the inner and outer lateral surfaces, respectively, and P3 and P4 represent the annular
surfaces of the ring with coordinates z = h and z = -h, then, Eq. (10) are obtained [14]:

2πb

∫ h

−h

Trr(b)dz = −F1

2πa

∫ h

−h

Trr(a)dz = −F2

2π

∫ a

b

T=(h)rdr = −F3

2π

∫ a

b

T=(−h)rdr = −F4

(10)

In addition, Eq. (11) represents the relationship between current and electric displacement in the z-direction:

I = 2π

∫ a

b

∂Dz

∂t
rdr = jωπ

(
a2 − b2

)
D0e

jωt = jωπ
(
a2 − b2

)
Dz (11)

Therefore, Dz is obtained as follows:

Dz = I/
[
jωπ

(
a2 − b2

)]
(12)

The result of expression (10) is a system of linear equations, which can also be represented in matrix form as
shown in Eq. (13):


F1

F2

F3

F4

V

 =


z11 z12 z13 z13 z15
z21 z22 z23 z23 z25
z13 z23 z33 z34 z35
z13 z23 z34 z33 z35
z15 z25 z35 z35 z55




v1
v2
v3
v4
I

 (13)

The impedance matrix elements are also defined as:

z11 =
−4πh

jω

{
cD12 − cD11 [1− krb (A1J0 (krb) +B1Y0 (krb))]

}
z22 =

4πh

jω

{
cD12 − cD11 [1 + kra (A2J0 (kra) +B2Y0 (kra))]

}
z12 =

−4πkrbhc
D
11

jω
[A2J0 (krb) +B2Y0 (krb)]

z21 =
−4πkrahc

D
11

jω
[A1J0 (kra) +B1Y0 (kra)]

z13 =
2πbcD13
jω

, z15 =
4πbhh31

jωP

z23 =
2πacD13
jω

, z25 =
4πahh31

jωP

z33 =
cD33kzP

jω tan (2kzh)
, z34 =

cD33kzP

jω sin (2kzh)

z35 =
h33

jω
, z55 =

1

jωC0

(14)

where, P = π
(
a2 − b2

)
is the area of the ring and C0 =

(
εS33P

)
/(2h) is the piezoceramic capacitance at constant

strain (known as clamped capacitance). None of the elements of the impedance matrix are zero. This means that the
voltage V and each of the forces applied to the surfaces of the ring depend on the velocity of all surfaces and the
current I . Finally, after applying the alternating voltage V = V0e

jωt, the behavior of the piezoceramic ring can be
analyzed using the matrix equation, and the input electrical impedance can be obtained using the formula Z = V/I .
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2.2 Mancic’s Matrix Model for Metallic Rings
Using Mancic’s model, a three-dimensional representation of metallic rings and discs can also be obtained [27].

The mentioned metallic ring is illustrated in Figure 5. vi and Fi, respectively, represent the velocities and forces
applied on the surfaces.

Figure 5. Mancic’s matrix model for metallic rings

This model is obtained by neglecting the piezoelectric constants h31 and h33 in Eq. (14). Moreover, given the
isotropic nature of the metal, the following relations are obtained:

c11 = c33 = λm + 2µ c12 = c13 = λm (15)

where, λm and µ are Lamé constants as follows:

λm =
vEY

(1 + v)(1− 2v)
µ =

EY

2(1 + v)
(16)

Finally, the matrix equations of the metallic ring are obtained in the form of Eq. (17):


F1

F2

F3

F4

 =


z11 z12 z13 z13
z21 z22 z23 z23
z13 z23 z33 z34
z13 z23 z34 z33




v1
v2
v3
v4

 (17)

and the elements of the impedance matrix are also obtained as:

z11 =
−4πh

jω
{c12 − c11 [1− kb (A1J0(kb) +B1Y0(kb))]}

z22 =
4πh

jω
{c12 − c11 [1 + ka (A2J0(ka) +B2Y0(ka))]}

z12 =
−4πkbhc11

jω
[A2J0(kb) +B2Y0(kb)]

z21 =
−4πkahc11

jω
[A1J0(ka) +B1Y0(ka)]

z13 =
2πbc12
jω

, z23 =
2πac12
jω

z33 =
c11kπ

(
a2 − b2

)
jω tan(2kh)

, z34 =
c11k

(
a2 − b2

)
jω sin(2kh)

(18)

The values of the constants A1, A2, B1, and B2 are calculated using the boundary conditions presented as:

A1 = Y1(ka)
J1(kb)Y1(ka)−J1(ka)Y1(kb)

B1 = J1(ka)
J1(ka)Y1(kb)−J1(kb)Y1(ka)

A2 = Y1(kb)
J1(kb)Y1(ka)−J1(ka)Y1(kb)

B2 = J1(kb)
J1(ka)Y1(kb)−J1(kb)Y1(ka)

(19)
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2.3 Matrix Model of a Tonpilz Transducer
Matrix models are essentially simplified versions of distributed models, which themselves originate from lumped

parameter models. By dividing the body into n equal elements, its equations of motion can be derived along direction
z. Each element is modeled as a mass M = ρA0∆z connected to a spring with stiffness K = Y A0/∆z and length
∆z = L/n. The displacement of each element is denoted by ζi. The equivalent mass-spring system representing the
body is illustrated in Figure 6.

Figure 6. Equivalent mass-spring system of the rod [28]

According to Figure 6, the equation of motion for body i is obtained as:

M
∂2ζi
∂t2

= −K (ζi − ζi−1)−K (ζi − ζi+1) (20)

where, K/M = Y/ρ(∆z)2 and one gets:

M
∂2ζi
∂t2

=
Y

ρ

(ζi+1 − ζi) /∆z − (ζi − ζi−1) /∆z

∆z
(21)

In Eq. (21), if ∆z tends to zero, the difference between the displacements also approaches zero, and the wave Eq.
(22) is obtained [4]:

∂2ζ

∂t2
= c2

∂2ζ

∂z2
(22)

where, c = (Y/ρ)2 is the longitudinal wave propagation velocity of the material, and Y is Young’s modulus. The
value of c for steel and aluminum is 5100 m/s while for piezoelectric materials, it is 3000 m/s. Considering that the
analysis is typically performed in the frequency domain, the solution to the one-dimensional wave equation can be
written in the form of Eq. (23) where k = ω/c. is the wave number:

ζ(z, t) = ζ(z)ejωt = Be−j(kz−ωt) +Dej(kz+ωt) (23)

Thereby, the relationships for the velocity of each element, u = ∂ζ/∂t, and the force applied to them,
F = −A0T = −A0Y ∂ζ/∂z, are obtained by Eq. (24):

u(z) = jωζ(z) = jω
[
Be−jk +Dejk

]
F (z) = −jkY A0

[
Be−jkk −Dejk

] (24)

The parameters B and D are constant and calculated using the boundary conditions at both ends of the body.
For example, the boundary conditions can be expressed as F = 0 or u = 0, or more generally as Fi/ui = Zi.
The mechanical impedance at both ends of the body is Zi. The mechanical impedance Z(z) = F (z)/u(z) can be
calculated at all points along the body as follows:

Z(z) = ρcA0

[
Be−jkt −Dejkt

]
[Be−jkt +Dejkt]

(25)

If the impedance values at z = 0 and z = L are denoted by ZΩ and ZL, respectively, Eq. (25) will transform into:

Z0 = ρcA0
[ZL + ρcA0 tan kL]

[ρcA0 + jZL tan kL]
(26)
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Figure 7. Equivalent circuit of a long rod

It can be demonstrated through algebraic operations that Eq. (26) is equivalent to the circuit shown in Figure 7 [4].
Then, the governing equation can be written in matrix form as:

[
F0

FL

]
=

[
za −zb
zb −za

] [
u0

uL

]
za = −iρcA cot(kL), zb = −iρcA sin(kL)

(27)

Now, using the aforementioned model for a single rod, it is also possible to model systems consisting of multiple
rods connected in series—provided that the cross-sectional area of all rods is very small compared to their length.
These rods are not necessarily of the same material [28]. The frequency response of this system at its two ends is
obtained by simultaneously solving the matrix equations corresponding to each rod, as shown in Eq. (28). The
internal forces at the junction of any two consecutive members are equal:

[
F1s

F1e

]
=

[
z1a −z1b
z1b −z1a

] [
u1s

u1e

] [
F2s

F2e

]
=

[
z2a −z2b
z2b −z2a

] [
u2s

u2e

]
[

F3s

F3e

]
=

[
z3a −z3b
z3b −z3a

] [
u3s

u3e

]
F1e = F2su1e = u2s

F2e = F3su2e = u3s

(28)

By incorporating piezoelectric constants and an electrical port in addition to mechanical ports, a similar matrix
model can be derived for piezoceramic materials. Then, by connecting the various components of a Tonpilz transducer
together and applying the correct boundary conditions, the matrix equations corresponding to the transducer can be
obtained [29].

2.4 Finite Element Analysis
The finite element method is fundamentally based on dividing a body into a finite number of elements and

combining their solutions to obtain the solution to the whole problem. The greater the number of elements, the
more accurate the results, bringing them closer to exact solution. In analytical methods, many simplifications are
applied to the problem, and some assumptions are incorporated into the solution. However, numerical methods are
highly time-consuming, and to study the effect of design parameter changes on transducer performance, these lengthy
calculations must be repeated each time. Therefore, analytical methods with lower computational costs are typically
used to examine the effects of system parameters.

Finite element analysis is performed in three stages. In the first stage, the problem’s geometry, material properties,
element types, and boundary conditions (constraints and applied forces) are defined. In the second stage, the matrix
equations for all elements are assembled into a global matrix according to finite element method rules and solved
simultaneously. In the final stage, the obtained data is processed, and the resulting plots are generated. Each element,
depending on its shape and type, has a certain number of nodes, and computations are performed at these nodes. The
matrix equation for each node related to the metallic and isotropic components of the transducer is given by:

[
[K]− ω2[M ]

]
{x} = {F} (29)
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where, K is the stiffness matrix, M is the mass matrix, and x and F are the displacement and force vectors, respectively.
For nodes in the acoustic domain, the same equation is used with the pressure vector replacing the displacement
vector. The matrix equations for nodes corresponding to piezoceramic rings are given as follows:

[ [
KE

]
+ jω[R]− ω2[M ] −[N ]

[N ]t
[
CS

] ]{
x
V

}
=

{
{F}
{Q}

}
(30)

where, KE is the stiffness matrix under constant electric field (short-circuit condition), R is the resistance, CS is the
piezoelectric capacitance matrix under constant strain boundary conditions, V and Q are the voltage and electric
charge vectors, respectively, N is the matrix that, like the electromechanical coupling factor, relates the piezoelectric’s
electrical and mechanical parameters [30–32].

2.5 Simulation of a Tonpilz Transducer in COMSOL
One of the useful software packages for array simulation is COMSOL Multiphysics. COMSOL enables the

combination of different physics to simulate complex physical problems. In this software, a model can include one or
multiple physics interfaces to simulate all real-world interactions. In this study, a single Tonpilz transducer is first
simulated in COMSOL and analyzed within the frequency range of 10 to 30 kHz. The effect of applied stress on the
bolt is neglected in this model.

Given the transducer’s axial symmetry, a 2D cross-section can first be drawn as shown in Figure 8, then revolved
around the z-axis to obtain the complete 3D geometry. As illustrated, an infinite water domain is defined in front
of the head mass, and finally, a perfectly matched layer (PML) is added to absorb acoustic waves and prevent their
reflection back toward the transducer [33].

Figure 8. The cross-sectional area of the simulated Tonpilz transducer in COMSOL

Figure 9. Meshed Tonpilz transducer in COMSOL

In the next step, boundary conditions are defined. In the acoustic interface, a boundary integral is implemented at
the water-PML interface to calculate far-field sound pressure and ultimately plot the radiation pattern. In the solid
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mechanics interface, the transducer is fixed by applying a rigid constraint to the tail mass’s outer surface. In the
electrostatics interface, each piezoceramic ring is excited with an RMS voltage of 1 volt. To ensure the piezoceramic
rings collectively achieve maximum possible displacement, their strain must be in phase. This requires adjacent
piezoceramic rings to have opposite polarization directions, necessitating the definition of a new coordinate system
for proper polarization orientation.

In this modeling, the head mass is made of aluminum, the tail mass and bolt are steel, and the piezoelectric rings
are PZT8. After material selection, the entire model is meshed (Figure 9). For proper acoustic analysis, the acoustic
region must be meshed such that the size of generated elements is smaller than 0.2 times the smallest wavelength. The
smallest wavelength is obtained by dividing the speed of sound in water by the maximum frequency in the studied
frequency range. After final processing of the obtained data, the variations of the transmitted voltage response, input
electrical impedance, and beam pattern are generated.

2.6 Modeling of Planar Arrays in COMSOL
Given that accurate identification and estimation of bandwidth is crucial for the precision and performance

efficiency of ultrasonic transducers, and considering the high manufacturing costs of these transducers and arrays, the
use of finite element method (FEM) and boundary element method (BEM) appears highly advantageous [34]. Planar
arrays represent the simplest type of arrays. This paper analyzes the frequency-domain behavior of several planar
arrays with square, diamond, and circular configurations, while investigating the effects of varying the number of
transducers and their arrangement on wave angle and array bandwidth. Each array is housed in a metallic enclosure,
with rigid wall boundary conditions applied to the enclosure in the acoustic interface. The spacing between transducers
in all three structures is set at half the acoustic wavelength (λ/2) [4, 35].

The modeling procedure follows a similar approach to that of a Tonpilz transducer, with the difference being
the selection of the Pressure Acoustics, Boundary Elements (PABE) physics environment. Initially, the array can
be modeled and solved without considering the acoustic interface or the coupling between the active surface and
the acoustic medium, allowing for initial stress calculations within the array. Subsequently, full calculations can be
performed by incorporating the previously omitted interface and coupling, yielding results for electrical impedance,
transmitted voltage response, and beam pattern. Figure 10 illustrates the simulated square array configuration.

Another type of planar array has a circular configuration with radius a. Figure 11 shows this array configuration.
The distance between the centers of any two adjacent transducers is λ/2, and the number of transducers is N. N must
be a multiple of 4. In this case, the angle between any two elements is calculated as follows:

ϕ =
360

N
(31)

Figure 10. Square array simulated in COMSOL

In this case, the far-field regions are identical for both xz and yz planes, as well as any plane passing through both
transducers and the array center. Furthermore, by rotating the square array by 45 degrees, a diamond-shaped array
can be obtained. As shown in Figure 12, the distance between the centers of two adjacent elements was S before
rotation and becomes S/

√
2 after rotation.

144



Figure 11. Circular-shape planar array

Figure 12. Diamond-shape planar array

3 Results, Data Analysis, and Discussion
In the first stage of result analysis, a Tonpilz transducer was simulated in three dimensions using the Mancic matrix

model. In the second stage, a Tonpilz transducer was simulated using COMSOL Multiphysics software. Subsequently,
multiple transducers were arranged in circular, square, and diamond planar configurations, and the resulting arrays
were also simulated. Finally, the electrical input impedance, transmitted voltage response, and beam patterns of the
arrays were analyzed and compared.

3.1 Simulation of a Piezoceramic Ring
In this section, the input electrical impedance plots along with resonance and anti-resonance frequencies obtained

from simulations of a piezoceramic ring are compared between Mancic’s matrix model and the finite element model.
The simulated ring is made of PZT8 and is polarized along its thickness direction. It is known that the force applied to
each surface of the piezoceramic ring is calculated from Fi = −Zivi, where Zi is the characteristic impedance applied
to these surfaces and vi is the velocity of these surfaces. The characteristic impedance is obtained by multiplying the
acoustic impedance by the surface area. Using Eqs. (13) and (14), one can write:

0
0
0
0
V

 =


z11 + Z1 z12 z13 z13 z15

z21 z22 + Z2 z23 z23 z25
z13 z23 z33 + Z3 z34 z35
z13 z23 z34 z33 + Z4 z35
z15 z25 z35 z35 z55




v1
v2
v3
v4
I



=


A11 A12 A13 A14 A15

A21 A22 A23 A24 A25

A31 A32 A33 A34 A35

A41 A42 A43 A44 A45

A51 A52 A53 A54 A55




v1
v2
v3
v4
I


(32)

After some algebraic computations, one obtains:


0
0
0
0
E5

 =


A11 A12 A13 A14 A15

0 a11 a12 a13 a14
0 0 b11 b12 b13
0 0 0 c11 c12
0 0 0 c21 c22




v1
v2
v3
v4
I

 (33)
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where, the elements of the square matrix are calculated as:

ai,j = A1,j+1 ·Ai+1,1 −A1,1 ·Ai+1,j+1 (i, j = 1, 2, 3, 4)
bi,j = a1,j+1 · ai+1,1 − a1,1 · ai+1,j+1 (i, j = 1, 2, 3)
ci,j = b1,j+1 · bi+1,1 − b1,1 · bi+1,j+1 (i, j = 1, 2)
E5 = −A11 · a11 · b11 · V

(34)

To set the matrix element A21 equal to zero, as presented in Eq. (35), the second row of matrix A must first be
multiplied by -A11. Then, this row should be added to the first row of matrix A multiplied by A21:


A11 A12 A13 A14 A15

A11A21 −A11A21 A12A21 −A11A22 A13A21 −A11A23 A14A21 −A11A24 A15A21 −A11A25

A31 A32 A33 A34 A35

A41 A42 A43 A44 A45

A51 A52 A53 A54 A55



=


A11 A12 A13 A14 A15

0 a11 a12 a13 a14
A31 A32 A33 A34 A35

A41 A42 A43 A44 A45

A51 A52 A53 A54 A55


(35)

For the analytical solution of the piezoceramic ring and obtaining the electrical impedance plot, Simulink toolbox
in MATLAB software was utilized. For this purpose, two blocks are defined. The first block calculates the components
of matrix (34) using piezoelectric constants and ring dimensions provided as inputs to the model. This requires
Bessel functions to be defined as extrinsic functions. Since all parameters are predefined, no algebraic loops occur in
this model. The second block solves Eq. (34) using the values obtained from the first block and computes the input
electrical impedance Z = V/I . Figure 13 shows this block [24].

Figure 13. Calculation of input electrical impedance in Block 2 [24]

After calculating Z, the input electrical impedance in decibel scale is computed as:

z = 20 log

(
Z

50
+ 1

)
(36)

where, z is the input electrical impedance in decibel scale. Additionally, since the simulated ring vibrates in air
independently, the acoustic impedance value on all its surfaces will be 400 kg/m2 s. Figure 14 shows the simulation
results of a ring obtained using both MATLAB and COMSOL software. The simulated ring is made of PZT8 material,
with an inner radius of 2 mm, outer radius of 5 mm, and thickness of 2 mm.

As illustrated in Figure 14, one of the vibrational modes is the thickness vibration mode (T), while the remaining
modes are radial vibration modes (R). Frequency constants and semi-empirical relationships are used to identify
different vibration modes. According to this figure reveals that the matrix model can predict the first thickness mode
(T1) and first radial mode (R1) with appropriate accuracy. Since these two modes have the most significant industrial
applications, this model can serve as a practical tool for transducer design and optimization.

Table 1 presents the resonance and anti-resonance frequencies obtained through both matrix and finite element
models for the first thickness mode (T1) and first two radial modes (R1 and R2). The observed computational error
arises because the matrix model only accounts for thickness and radial vibration modes. Furthermore, shear vibration
modes are absent in the output of the matrix model.

146



Figure 14. Input electrical impedance diagram of a piezoceramic ring

Table 1. Matrix model error in measuring piezoceramic ring electrical impedance

Thickness Vibration
Mode Frequency

The First Radial
Vibration Mode

Frequency

The Second
Radial Vibration
Mode Frequency

Units

FE model 1125 175 629 kHz
Matrix model 1168 175.8 673.6 kHz

The error of Matrix
model (%)

3.8 0.46 7 -

Table 2. Calculation of matrix model error in resonant frequency measurement of Tonpilz transducers

FE Model Matrix Model Error (%)
Resonance frequency 18.1 19.4 7

3.2 Simulation of Tonpliz Transducer
3.2.1 Matrix model

In this section, the Tonpilz transducer model in Nouri et al.’s study [5] with an operating frequency of 18 kHz
is simulated using the Jovanovic matrix model [29] and MATLAB’s Simulink tool. This model accounts for both
thickness and radial vibration modes as well as their coupling effects. Consequently, it can serve as an accurate and
reliable method for designing Tonpilz transducers. Figure 15 displays the electrical impedance diagram obtained for
the Tonpilz transducer using the Mancic matrix model. Figure 16 additionally presents the electrical impedance plot
derived through the finite element method.

The results of resonant frequency of Tonpilz transducer using the matrix model and finite element model are
reported in Table 2. The 7% error discrepancy originates from the generalized assumptions in the matrix model,
including: simplification of the head mass geometry, the piezoelectric constants employed, and the use of two
piezoceramic rings instead of six. Both models neglect mechanical and dielectric losses. Currently, no ideal
analytical model exists that can simultaneously incorporate all parameters, boundary conditions, and other transducer
performance dependencies while predicting all resonant modes. Therefore, the Mancic model can be regarded as the
most efficient model for analyzing the sandwich-type transducers.
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Figure 15. Electrical impedance plot of the Tonpilz transducer using the Mancic matrix model

Figure 16. Electrical impedance plot of the Tonpilz transducer using the finite element method

3.3 Finite Element Modeling
In sonar systems, transducer arrays and their associated electronic circuits are encapsulated and protected using

various methods [34]. Among the most common encapsulating materials are polyurethane, corprene and silicone
rubber [35]. The following section presents simulation results of the Tonpilz transducer in COMSOL software. In
this model, a thin polyurethane layer has been incorporated adjacent to the active surface. Figure 17 shows a view of
this Tonpilz transducer model. For simplicity, the electrodes between the piezoceramic rings have been omitted.

Figure 17. Schematic representation of the polyurethane-coated Tonpilz transducer within its acoustic domain

Figure 18 shows the transducer’s input electrical impedance results. As can be observed, the minimum electrical
impedance occurs at approximately 16.5 kHz, while the maximum appears near 20.5 kHz. These frequencies represent
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the resonance and anti-resonance frequencies, respectively. No other resonant modes are visible within this frequency
range.

Figure 18. Electrical impedance diagram of the polyurethane-coated Tonpilz transducer

Figure 19. Output voltage response of the polyurethane-coated Tonpilz transducer

The transducer’s output voltage response is presented in Figure 19. While the peak output voltage response
was expected to occur at the resonance frequency, a slight frequency shift is evident. The maximum output voltage
response actually occurs at approximately 17.5 kHz. This discrepancy results from the emergence of a vibrational
mode that creates a phase difference between the motion of the edges and the center of head mass, consequently
reducing the average velocity and output voltage response.

This diagram can be used to calculate the transducer’s bandwidth. A larger bandwidth value indicates the
transducer can operate over a wider frequency range. As shown in Figure 19, the resulting bandwidth is 8.5 kHz.
Figure 20 displays the displacement of transducer components at its resonance frequency. As evident, the tail mass
exhibits the smallest displacement while the head mass shows the largest displacement. In fact, at the transducer’s
resonance frequency, it stretches uniformly from the head mass side. Figure 21 shows the beam pattern of the
transducer. This plot can be used to calculate the beamwidth. As previously mentioned, the beamwidth represents the
angular width where maximum radiated power is emitted. In this case, the beamwidth is approximately 82.5 degrees.
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Figure 20. Displacement of the Tonpilz transducer components at its resonance frequency

Figure 21. Beam pattern of a single-element Tonpilz transducer

3.4 Array Simulations
As previously mentioned, arrays are typically employed to achieve optimal acoustic performance. The performance

of arrays depends on several factors: the number of constituent elements, their spacing, operating frequency, and
array geometry. This section presents simulation results for several planar arrays with square, circular, and diamond
configurations. The input electrical impedance, transmitted voltage response, and beam patterns of these arrays are
analyzed and compared. A 1 Volt RMS alternating voltage was applied to each transducer. The array simulations
were conducted in COMSOL Multiphysics software using the boundary element method.
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3.5 The Effect of Element Spacing on the Performance of a Square Array
Figures 22 and 23 demonstrate the effect of element spacing variations on the input electrical impedance and

transmitted voltage response of a 3×3 square array. The red, blue, and black curves, respectively, represent transducer
spacings of 0.5λ, 0.4λ, and 0.6λ, where λ denotes the wavelength.

Figure 22. Comparison of electrical impedance curves for three square arrays

Figure 23. Comparison of transmitted voltage response (TVR) curves for three square arrays

As can be seen in Table 3, the obtained resonance frequency values from the transmitted voltage response diagrams
show slight differences compared to those obtained from the input electrical impedance plots. After calculating
the maximum transmitted voltage response of the arrays, the bandwidth and quality factor for each array can be
determined by drawing a horizontal line parallel to the x-axis that passes through this maximum value.
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Table 3. Impact of inter-element distance on resonance frequency, bandwidth, and quality factor in square arrays

Square
Arrays

The
Distance
Between
Elements

Resonance
Frequency

Antiresonance
Frequency

Resonance
Frequency

(TVR)

Transmitter
Operating
Bandwidth

Receiver
Operating
Bandwidth

Quality
Factor

Beam
Bandwidth

1 0.5λ 18.5 22.5 19.5 4.3 4.5 4.30 28.6
2 0.4λ 19.5 24.5 21.5 9.6 8 8 38.1
3 0.6λ 18 20.5 18.5 2.2 18.5 2.8 29.5

According to Table 3, the square array with an inter-element spacing of 0.4λ exhibits the widest bandwidth. A
larger array bandwidth directly correlates with a broader operational range. Table 3 further reveals that the second and
third arrays demonstrate the lowest and highest quality factors, respectively. The quality factor serves as a metric for
evaluating both frequency sharpness and array efficiency. Arrays with higher quality factors show greater efficiency
and sharper resonance frequencies. The superior efficiency of the third array is also evident in Figure 23, where it
displays the highest transmitted voltage response at its resonance frequency compared to the other two arrays.

Figure 24. Beam pattern of square array with inter-element spacing of 0.5λ

Figure 25. Beam pattern of square array with inter-element spacing of 0.4λ
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Figure 26. Beam pattern of square array with inter-element spacing of 0.6λ

The simulated square arrays in this study are positioned in the xy-plane. Figures 24 through 26 present the beam
patterns of these arrays at their resonance frequencies in both xz and yz planes (the planes perpendicular to the array
surface and intersecting its edges). Due to the array’s symmetrical geometry, the beam patterns are identical in these
planes. As shown in Table 3, the second array has the broadest beamwidth while the first array shows the narrowest. A
smaller beamwidth indicates a more focused beam pattern, meaning most of the array’s emitted energy concentrates
along a specific direction. This characteristic enhances target localization in sonar systems. Conversely, a larger
beamwidth provides a wider field of view.

As shown in Figures 24 to 26, the side lobe levels in the first and second arrays are approximately equal, but reach
their maximum value in the third array. The presence of side lobes in transmission mode indicates that the array
radiates signals in directions other than the main beam direction. These side lobes lead to increased interference,
reduced signal-to-noise ratio, and decreased accuracy in target detection. Overall, side lobes reduce both the main
lobe’s energy and the array’s sensitivity to weaker signals, and should be minimized whenever possible.

Figure 27. Acoustic pressure distribution plot of the square array

Figure 27 shows the acoustic pressure distribution for a square array when the distance between elements equals
half the wavelength. As previously explained, the array elements vibrate when an alternating voltage is applied,
converting electrical energy into mechanical energy. These vibrations create pressure waves that generate acoustic
pressure. The total acoustic pressure of the array is defined as the sum of the acoustic pressures produced by each
constituent element. Typically, the array structure is designed and the input electrical signals are optimized such
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that the vibrations of the transducers forming the array become phase-synchronized in a specific desired direction,
producing a strong acoustic field.

When the array generates acoustic waves, it creates regions of high pressure and low pressure in the medium. The
high-pressure region is where water or air particles are compressed closer together, while the low-pressure region
is where these particles are more dispersed. These regions are represented by red and blue colors respectively in
Figure 27. As shown, the total acoustic pressure is positive in the red regions and negative in the blue regions. This
indicates that the vibrations of the transducers comprising the array are in-phase in the red regions, resulting in
constructive interference. Consequently, environmental pressure increases in these areas, producing positive pressure
variations. Conversely, the transducer vibrations are out-of-phase in the blue regions, causing destructive interference.
This leads to reduced environmental pressure and negative pressure variations in these areas.

3.6 The Effect of the Number of Elements on the Performance of a Circular Array
Figures 28 and 29 demonstrate the effect of increasing the number of elements in a circular array on both the input

electrical impedance diagrams and the transmitted voltage response. The first array consists of 8 transducers, while
the second array comprises 12 transducers. In both arrays, the inter-element spacing is set at half-wavelength distance.
As evident in the input electrical impedance diagram, the array composed of 12 elements exhibits lower resistance to
the input electrical signal, consequently resulting in higher electrical efficiency and greater acoustic output. This
observation is further corroborated by the transmitted voltage response (TVR) plots of the arrays, where the larger
array demonstrates a higher TVR magnitude compared to the smaller array.

Figure 28. Effect of the number of elements on array input electrical impedance

Figure 29. Effect of the number of elements on transmit voltage response (TVR)
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Table 4. Impact of inter-element distance on resonance frequency, bandwidth, and quality factor in square arrays

The Number
of Elements

Resonance
Frequency

Antiresonance
Frequency

Resonance
Frequency

(TVR)

Transmitter
Array

Bandwidth

Quality
Factor

Beam
Bandwidth

8 18.5 23 21 8.1 2.28 27.2
12 17 23.5 17.5 9.7 9.7 20.3

As shown in Figure 29, increasing the number of elements leads to a wider bandwidth. Table 4 presents the
simulated resonance frequency, bandwidth, quality factor, and beamwidth values for the two circular arrays. The
beam patterns of these two arrays are shown in Figures 30 and 31. As can be observed, the circular array composed
of 12 elements exhibits a narrower beamwidth with slimmer side lobes. The reduced side lobe width indicates this
array’s superior directivity. Further reduction of side lobe levels can be achieved by decreasing the inter-element
spacing. Figure 32 displays the sound pressure level (SPL) contour plot for the circular array consisting of 8 elements.
As previously mentioned, this plot represents the sound intensity or acoustic energy distribution in space. The beam
pattern of the array is clearly visible in this plot, with red regions indicating the highest sound intensity and blue
regions showing the lowest intensity.

Figure 30. Beam pattern of circular array composed of 8 elements

3.7 The Impact of Structural Modifications on Array Performance
When a square array with inter-element spacing equal to half the wavelength is rotated by 45 degrees, a

diamond-shaped array is formed. In this configuration, the actual distance between elements is effectively reduced.
Consequently, the input electrical impedance and transmitted voltage response remain identical to those of the square
array, and the beamwidth shows negligible change compared to the square array (27.6 degrees). However, the side
lobes become smaller. The resulting beam pattern in this case is identical to the beam pattern of the square array in
the plane perpendicular to the array surface and passing through its diagonal. Figure 33 illustrates the beam pattern of
the diamond-shaped array.

Table 5. Impact of structural changes on resonance frequency, bandwidth, and quality factor

Array
Configuration

Resonance
Frequency

Ntiresonance
Frequency

Resonance
Frequency

(TVR)

Bandwidth Quality
Factor

Beam
Bandwidth

(xz)

Beam
Bandwidth

(yz)
Circular 17 23.5 17.5 9.7 1.75 20.3 20.3
Square 18.5 22.5 19.5 4.1 4.51 28.8 22
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Figure 31. Beam pattern of circular array composed of 12 elements

Figure 32. Sound pressure level (SPL) contour plot for the circular array of 8 elements

Figures 34 and 35 display the input electrical impedance and transmitted voltage responses of two arrays composed
of 12 elements. The red curve corresponds to the circular array configuration, while the blue curve represents the
square array. In both types, the inter-element spacing is set at half-wavelength distance. As observed, the circular
array exhibits a wider bandwidth compared to the square array. Figure 36 illustrates the beam pattern of the square
array in two planes perpendicular to the array surface, each passing through one pair of its sides. The blue curve
corresponds to the plane passing through the longer side of the array, while the green curve represents the plane
passing through the shorter side. Table 5 presents the resonance frequency, anti-resonance frequency, bandwidth, and
quality factor values for both circular and square arrays.
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Figure 33. Beam pattern of the diamond-shaped array with 0.5λ inter-element spacing

Figure 34. Comparison of input electrical impedance for circular and square arrays

Figure 35. Comparison of transmitted voltage responses for circular and square arrays
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Figure 36. Beam pattern of square array

4 Conclusions
The aim of this research was to identify and estimate the bandwidth of ultrasonic arrays and predict their

performance using numerical methods. In this regard, the frequency-domain behavior of a Tonpilz transducer was
first investigated using MATLAB and COMSOL software. Subsequently, several planar arrays with square, circular,
and diamond configurations were simulated, and the effects of inter-element spacing, number of elements, and
array configuration on input electrical impedance, transmitted voltage response, and beam patterns were examined.
Following analysis and comparison of the findings of this study, the following results were obtained:

- The Mancic matrix model can appropriately predict the first thickness mode and first radial mode of a piezoceramic
ring. Since these two modes have the most industrial applications, this model can serve as a simple tool for transducer
design and optimization.

- At resonance frequency, the tail mass exhibits minimal displacement while the head mass shows maximum
displacement. Consequently, the transducer demonstrates optimal performance at this frequency.

- The beam width of the Tonpilz transducer used in this study measures 82.5° at its resonance frequency. To
reduce this value, an array of transducers should be employed instead of a single transducer.

- Among three square arrays with different inter-element spacing, the array with 0.4λ spacing between constituent
transducers demonstrates the widest bandwidth. This indicates superior image resolution and accuracy in transmission
mode compared to the other two arrays.

- Among three kinds of square arrays, the array with 0.6λ spacing shows the highest quality factor, meaning it has
greater efficiency, sharper resonance frequency, and narrower bandwidth than the other arrays.

- The array with 0.4λ spacing produces the widest beam pattern among the three kinds of square arrays, resulting
in more focused directivity and greater beam directionality.

- The input electrical impedance and transmitted voltage response diagrams of the diamond-shaped array closely
resemble those of the square array, with minimal change in beam width. However, its side lobes are smaller. Since
side lobes reduce the main lobe’s energy and array sensitivity to weaker signals, they should be minimized when
possible.

- The circular array exhibits wider bandwidth than the square array while maintaining a narrower beam width.
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