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Abstract: In order to further improve the vibration energy harvesting efficiency of piezoelectric energy harvester
under low frequency environmental excitation, this paper, based on the traditional magnetic tri-stable piezoelectric
energy collector model, proposes a tri-stable piezoelectric energy harvester (TPEH+DEM) model with two elastic
amplifiers which are installed between the U-shaped frame and the base and between the fixed end of the
piezoelectric cantilever beam and the U-shaped frame respectively. Based on Hamilton principle, the motion
equation of electromechanical coupling of TPEH+DEM system is established, and the analytical solutions of
displacement, output voltage and power of the system are obtained by harmonic balance method. The effects of
the mass of elastic amplifier, spring stiffness, magnet spacing and load resistance on the dynamic characteristics
of energy harvesting of TPEH+DEM system are analyzed. The result shows that there are two peaks in the response
output power of TPEH+DEM system in the operating frequency range. By adjusting the mass and stiffness of the
elastic amplifier reasonably, the system can move into the inter-well motion under low external excitation intensity,
and produce high output power. Compared with the traditional model which only has an elastic amplifier on the
base of piezoelectric energy harvester, TPEH+DEM model has better energy harvesting performance under low
frequency and low intensity external excitation.

Keywords: Piezoelectric energy harvester; Electromechanical coupling; Elastic amplifier; Harmonic balance
method; Inter-well motion

1. Introduction

Piezoelectric energy harvester can convert mechanical energy in the environment into electrical energy by using
piezoelectric effect to supply power to microelectronic devices. The early linear piezoelectric energy harvester has
a narrow working frequency band, so it is difficult to effectively match with the broadband vibration frequency in
the environment, which leads to low energy harvesting efficiency [1-8]. To solve this problem, scholars at home
and abroad begin to study the multi-stable piezoelectric energy harvester model to improve the energy harvesting
performance of the system [9-16]. Chen et al. [17], based on the bi-stable piezoelectric energy harvesting model,
analyzed the effects of material parameters, frequency and amplitude of external excitation on the system
performance. Kim and Seok [18] studied a magnetic tri-stable piezoelectric cantilever beam energy harvester, and
described in detail the advantages of tri-stable piezoelectric energy harvester for broadband vibration energy
harvesting under low intensity excitation. Zhou et al. [19], based on the magnetic tri-stable piezoelectric energy
harvester model, used numerical simulation and experimental method to demonstrate that the tri-stable
piezoelectric energy harvester has better energy harvesting effect than bi-stable energy harvester under low
external excitation level. Zhou and Zuo [20] obtained the analytical expression of steady-state response of
asymmetric tri-stable piezoelectric cantilever beam by harmonic balance method, and analyzed the influence of
potential well depth on energy harvesting effect under different excitation conditions.

At present, most of the studied multi-stable piezoelectric energy harvesters are fixed on rigid bases. Once the
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positions of cantilever beams and magnets are fixed, it will be difficult to adjust the frequency bandwidth of
piezoelectric harvesters to match the external excitation frequency by changing the relative positions between
magnets, so as to realize large-scale inter-well motion [21-22]. Considering the above shortcomings of rigid base
and to further improve the power output of multi-stable piezoelectric energy harvester under weak excitation
intensity, researchers introduce elastic amplifier base into the structure of multi-stable piezoelectric energy
harvester [23]. Liu et al. [24] proposed an elastic amplifier piezoelectric energy harvester with added mass, and
demonstrated through experiments that the energy harvester can enhance vibration harvesting and reduce
resonance frequency while broadening its operating frequency range. Wang et al. [25] demonstrated through
numerical simulation and experimental method that the bi-stable piezoelectric energy harvester (BPEH+EM)
system with elastic amplifier is easier to jump out of the barrier and move into large-scale inter-well motion at
lower excitation level, and produces higher output power. Wang et al. [26] designed a piezoelectric cantilever
beam energy harvester model with elastic amplifier, which provides enough Kinetic energy to overcome the tri-
stable potential well barrier, so that the system moves into large-scale well motion.

Based on the magnetic tri-stable piezoelectric cantilever beam energy harvester model with elastic amplifier
base, a new type of amplifier composed of mass block Msand spring ks is added to the fixed end of the piezoelectric
cantilever beam to form a TPEH+DEM model with double elastic amplifiers. Considering the eccentric distance
and moment of inertia of the free end magnet of the beam, the motion control equation of electromechanical
coupling of TPEH+DEM system is established based on Hamilton principle, and the analytical solution of the
equation is obtained by using harmonic balance method. Focus is put on the effects of the relative position of
magnet spacing, the mass and stiffness of elastic amplifier on the energy harvesting performance of TPEH+DEM
system, and the calculation result of TPEH+DEM model is compared with that of traditional TPEH+EM model.

2. Modeling of Piezoelectric Energy Harvester

Figure 1 is a structural model of the TPEH+DEM with double elastic amplifiers established in this paper. TPEH
consists of a cantilever piezoelectric beam of length | and width b and a beam-end magnet (expressed by A) and
two external magnets (expressed by B and C) fixed to the right side of the U-shaped frame. The horizontal distance
between the piezoelectric beam cantilever end magnet A and the U-shaped frame fixed magnet is dyn, and the
vertical distance from the free end magnet of the beam to the external magnet B (external magnet C) is dy. The
cantilever beam consists of a metal substrate with a thickness of hs and two piezoelectric patches with a thickness
of t, covering the upper and lower surfaces of the cantilever beam. The two piezoelectric patches have opposite
polarization in the thickness direction and are connected in series with an external load resistor R. DEM consists
of two elastic amplifiers (denoted EM; and EMy), of which EM; comprises a U-shaped frame and a spring kp
between TPEH and the substrate; EM; consists of a spring ks connecting the beam end mass Mrand the bottom of
the U-shaped frame.

In Figure 1, z(s, t), zm(t) and zn(t) represent the relative vertical displacement between a certain point on the
section of piezoelectric cantilever beam and the fixed end of the beam, the vibration displacement of the U-shaped
frame and the vertical vibration displacement of the base, respectively. The eccentric distance of the beam-end
magnet is represented by e. Assuming that the metal substrate and the piezoelectric layer are completely tightly
bonded, the constitutive relation is expressed as follows:

T =YS;
TP =Y, (Sf —dyE,) (1)
D, =dyT, + 53T3 E,

where, parameters related to the substrate are denoted by superscript s, and parameters related to the piezoelectric
layer are denoted by subscript p; x and y directions are represented by 1 and 3 in subscripts, respectively; T, S, Y,
D3 and ds denote the stress, strain, Young modulus, electric displacement, and piezoelectric constant of the
piezoelectric cantilever beam, respectively; eI is the dielectric constant of the piezoelectric layer when the stress
is constant; Es=-V(t)/(2te), E represents electric field strength and V(t) is voltage; the expression of the relationship
between displacement and strain is S = S = —yz", where y is the distance between the neutral axis of the
piezoelectric cantilever beam and any point on its cross section, z" is the curvature of the piezoelectric cantilever
beam.
The Lagrange equation of the system is as follows:
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Figure 1. Structural model of TPEH+DEM

where, Ty is kinetic energy, U is strain energy, W, is electric potential energy of electric field, Uy is magnetic
potential energy between magnets, Uy is elastic potential energy, and W is external work. Their expressions are as
follows.

1 ! . . 2 1 . 1 . 2
T, =E.fom(z+zm(t)) ds+§M[(z(I,t)+ez (1,t)+2,(t))

@)
P27 M 200+ 2, 0) + M, 2,0

where, z(l, t) is the displacement of the piezoelectric cantilever beam at s=I; m=2p,t,b+pshsb is the equivalent mass
on the unit beam, where p, is the density of the piezoelectric layer and ps is the density of the substrate; the mass,
eccentric distance and moment of inertia of free end magnet A of the piezoelectric cantilever beam are represented
by My, e and J, respectively; (') denotes the derivative of time t.

1 I ” t "
u, = EIO {le 2 —Ypbd31[h+?PJZ(t)z }ds (4)
where,
h=h/2,YI =Y,I,+Y,1, VI = %[Ysbh3 1Y,b(@h, +3ht,2 +1,%)] (5)

1 t r, V (t)?
W, :EYPbdM(thEP)V(t) joz ds+bles, m

(6)

p
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oW =6z, z,(M, +M,+ml+M,)

+0X 02, (M) +m[] g (5)ds+ M egi()+M . 0) ©

where, €35 = 13 — d,Y,, €35 is the dielectric constant of the piezoelectric layer when the stress is constant.

According to the magnetic dipole model [27, 28] after considering eccentric distance at the free end magnet of
the beam, it can be obtained that:

_ M| Mg M (Mg Fga ) 3rea
Ul ral; el
( 13 9)
Me Tga )3,
_ e "Tea CA:l.mA

5
Ireall
where, uo=47>10"H-m! indicates vacuum magnetic conductivity,

Fea =[—d, —AX  v(l,t)+esin g—d, ],

Fea =[-d, —Ax v(l,t)+esin S+d,, ],
The magnetic dipole moments are ma=[MaVacosf MaVasinf], me=[-MgVs 0] and mc=[-McVc 0]. In Ax~e(1-
cosp), p=arctanv(l), Ma, Mg and Mc are the magnetization intensity of magnets A, B and C, respectively, and Va,

Vg and V¢ are the volumes of magnets A, B and C, respectively.
Using Galerkin method, the displacement z(s, t) is expressed as:

2(s,) =4, ()X, (1) (10)
where, Xi(t) is the r-th modal coordinate of the piezoelectric cantilever beam, ¢.(s) represents the r-th modal
function of the beam, and its normalized condition expression is:

|
J, 2. (M, (8)ds + 0, (MM, (1) + 2, (WM 9/ (1)
+0,(0M (¢, (0)+ @, (1)(I + M,e*)g/ (1) (1)
+o;(NMep, (1) =5,

1d’p,(s),, d°%, (5) 2
[, o 1o B4,k 0 =0, (12)
where, dys is the Kronecker function. When s=r, drs is 1; when s#r, drs is 0. The expression of inherent frequency

of the piezoelectric cantilever beam under undamped vibration is w, = A2,/YI/(ml*), where J; is its eigen value.
The calculation method of A, and vibration mode function can be seen in reference [18].

Considering only the first-order mode and substituting formula (10) into formula (9), this paper expands at
X1(t)=0 by using Taylor’s formula and can obtain:

U, =k, —lklxl2 +1k2Xl4 +1k3X16
2 4 6 (13)
+0(X,")

where,

2k,
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K, = ———7 [0 (~2.50; ~17.50,;

(d+d/)
+4.38, — 78.750,0, +144.375q,")
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12k
ky = ——————[0,(~2.50,, +13.1250,0,, +8.750,0

(dy?+d,?)

+4.375q,” - 78.780,%q, + 78.250,0,0, — 288.750,°q,
+216.550,%q,” —6.560," —938.444,9," +938.44q,°)
+q, (1.875q,, —17.50,0, +8.750,, — 78.750,°q, +
39.380,%q, — 288.750,0,” +375.3750,") + g, (—2.50
~17.50,q, +4.375q,% — 78.75q,q,” +144.375q,*)
+05(—2.50; —17.50,0; +52.50;") + 0y (-2.50, +17.50;")
+50,0;, + 03]

Coefficient «, the expression of gi-i.. 26 is shown in the previous reference [18].

Considering only the first-order mode, formula (2) is substituted into the Lagrange variational equation shown
in formula (14):

d( oL oL oW

dt\ oz, ) oz, oz,

dfoL) oL oW

—| = |-——+—=F(t

dt(axj X oX ® (14)
dfoL) oL oW

dt(avj oV oV QM)

where, F(t) = —2& w1, (t) is the generalized dissipative force of TPEH+DEM system, w, is the first-order
natural frequency of the system, ¢& is its damping ratio and Q(t) is generalized output charge. Q(t) = =V (t)/R,
where R represents the load resistance of external circuit. Through formula (14), the differential equation of motion
of TPEH+DEM system can be obtained as follows:

MOX.I(t) + Mz, () +kyz,, =-M,Z,(t)
Xl(t) + Zéglwlxl(t) + @ X, (1) -k X, (t)
"'kle(t)3 + k3X1(t)5 - ‘91\/ (t)
+M0Zm(t) = _MOZb(t)

C.V (1) +\%+ GX,(t)=0

(15)

where,

l
My =m j $1(s)ds + My (1) + Myedhl (1)
+Mf¢10(0), M,=ml+M,+M, +M_,
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bles,
2t,

o2 =Y jo' #(s)2ds+k, ¢ (0)?, 6, =Y,bd,, (h + %ij; #(s)ds ,C, =

where,

Ly, l
wi =YI [ oids, go=mg [ p:(s)ds
|
+M, 9o, (1), T, =m| o (s)ds+ M, (¢,(1)+eg(1))
bles,
2t,

t |
6, =Y,bd,, (h +5ij0 @,(s)ds ,C, =

P

External excitation is set to ¥, (t) = 7, cos(w,t), where ¥, isthe amplitude of external excitation, we is the
circular frequency of excitation. Substituting dimensionless transformation x=n/l, V = VC,/(16,) and r=witinto
formula (15), we can get

M X+MV, +KV, =-MV,

K+ 2E %+ (L- KX+ K,x* + K x°

e ) (16)
—OV + MV, =-MV,

V+aV +x=0
k k kyl? 6,° 1 Moz
Where’ Kb = _b2' Kl = _127 KZ = 2_21 = - 2! = ) =- Ozb.
w1 w1 wq prl CPRLwl w1 l

The first and second equations of formula (16) are used to eliminate the variable Vm, and formula (16) is
simplified to

Ml_M02 x® 4 2M &, VO M, (1-K))+K, %
Ky Ky Ky

+2E X+ (- K )x+ K, x* + K x° +m(6x>'<2 +3x%X)
K, (17)

M. K M.® = _
+—12 (20x*%® +5x*X) ——1®V — BV = F cos(at)
Kb Kb

V+aV+x=0
3. Solution by Harmonic Balance Method

It is assumed that the solution of formula (17) can be expressed as:

x = A(z)sin(wt) + B(r) cos(w7)
V =C(z)sin(wr) + D(z) cos(w7) (18)

where A, B, C and D are uncertain coefficients, the displacement amplitude of the piezoelectric cantilever beam
can be expressed as a=vA? + BZ, and the output voltage amplitude can be expressed as u=vC? + D?. We
substitute formula (18) into formula (17), take the constant terms on both sides, and the coefficients of cos(w1)
and sin(w7) are equal, and ignore the higher-order harmonic term, then the following equation is obtained:

I1,(B-2wA) + 2£B+T1,B-TI,A+IT,D—F =0 (19)
I, (A-2wB)+2& A+T1,B+IL,A+T1,C=0 (20)
C-wD+aC+A-wB=0 (21)
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D+aC+aD+B+wA=0 (22)

where,
I, = KM, +K,
Kb
2EM
Hz— gl 1w3 25]_&)1
Kb
1_[3_M1—M02 4_(1—K1)M1+Kb P 41K,
Kb Kb
+-K,a? +§K3a4 KM, o SKMy s
8 K, b
M
n4:® Lo’ -0
K

In the steady state, all derivatives of time are 0. Therefore, the analytical expressions of displacement amplitude
and voltage amplitude of the system can be obtained by using formulas (19-22) as follows:

2 2 2
aw (0]
azl:(nz+n4 w2+a2j +(H3_H4 a)2+a2j ]:Fz (23)

The steady-state displacement amplitude a of TPEH+DEM system can be calculated by formula (23). The
expressions of steady-state output voltage and power amplitude are:

: :(\/a)zajr at Ja @)

(25)

4. Analysis of Calculation Result
In this chapter, focus will be put on the effects of relative position of magnets, load resistance, mass of elastic

amplifier and spring stiffness ratio on the performance of TPEH+DEM (Table 1). The main physical and geometric
parameters of the system are as follows [1].

Table 1. The geometric and material properties of the TPEH+DEM

Parameter Value
Length | 75mm
Width b 20mm
Thickness hs 0.2mm
Piezoelectric modulus Ys 70Gpa
Piezoelectric modulus Yp 60.98Gpa
Density ps 2700kg/mm?3
Density pp 7750kg/mm?3
Piezoelectric constant ds: -1.7x101°C/N
Permittivity of free space &35 1.33x<10®8F/m
Damping ratio & 0.01
Magnetization of magnets (A,B,C) 1>10m?3
Volume of magnet (A,B,C) 1.22>106m?
Eccentricity e 5mm
Mass of tip magnet Mt 14.99
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Figure 2. Variation curves of displacement amplitude of the system with excitation frequency under different
models
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Figure 3. Variation curves of output power amplitude of the system with excitation frequency under different
models
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Figure 4. Variation curves of displacement amplitude of the system with excitation frequency in different values
of M¢
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Figure 5. Variation curves of output power amplitude of the system with excitation frequency in different values
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Figure 6. Variation curves of left peak power of the system with load resistance in different values of M
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Figure 7. Variation curves of right peak power of the system with load resistance in different values of My

We take Mm=60 g, dh=21 mm, d,=8 mm and k,=8,000 N/mm. The variation curves of displacement and output
power amplitudes of the two models of piezoelectric energy harvester models (TPEH+DEM, TPEH+EM) with
excitation frequency are shown in Figure 2 and Figure 3, respectively. TPEH+EM is equipped with only an elastic
amplifier, i.e. a spring ky located between TPEH and the substrate.

We take Mn=60 g, dh=21 mm, dy=8 mm, ks=50,000 N/mm and k,=8,000 N/mm. Figure 4 and Figure 5 show the
variation curves of displacement amplitude a and power amplitude P of TPEH+DEM system with excitation
frequency in different values of M s, respectively. As can be seen from Figure 4 and Figure 5, with the increase
of M, left displacement and power peak of the system increase continuously, while right displacement and power
peak change little, but the frequency band range moves to the low frequency band.

Figure 6 and Figure 7 show the variation curves of left and right peak power of TPEH+DEM system with load
resistance R in different values of M when My=60 g, dy=8 mm, dn=21 mm, k;=50,000 N/mm and k,=8,000 N/mm.
It can be seen from Figure 6 that with the increase of R, left peak power of the system increases rapidly first, and
the first local maximum Pmax1 appears, corresponding to the load resistance Rop, and then continues to increase
after greatly decreasing (when the load resistance is Ropr, it reaches the second local maximum Praxe Of the curve,
and finally decreases gradually). In addition, it can be seen from Figure 6 that under the same My, the two local
maxima are very close, and increasing Ms can obviously improve Pmaxa and Pmaxe. As shown in Figure 7, when Mg
=0.02g, left peak power of the system is 0.1130 W; when Ms increases to 0.06 g, right peak power of the system
is 0.1115 W, that is, with the change of My, the peak power changes little.
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Figure 8. Variation curves of left peak power of the system with load resistance in different values of dy and dh
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Figure 9. Variation curves of right peak power of the system with load resistance in different values of dy and dj

We take M=60 g, Mn=60 g, k=50,000 N/mm and k,=8,000 N/mm. Figure 8 and Figure 9 show the variation
curves of left and right peak power of TPEH+DEM system corresponding to different relative positions between
magnets with load resistance R. As can be seen from Figure 8, the variation trend of left peak power of the system
with load resistance R is the same as that of Figure 6, and the peak power of the system corresponding to different
dv and ds is relatively close. Figure 9 shows that the peak power of the system can be significantly increased by
increasing dn while keeping dv constant. However, when dy is kept constant, the peak power decreases slightly
with the increase of d.

We take ks=50,000 N/mm, k,=8,000 N/mm, dy=8 mm and d»=21 mm. Figure 10 and Figure 11 show the variation
curves of steady-state voltage amplitude u with excitation acceleration ¥, when @is 0.8 and 1.2 respectively, and
the mass of elastic amplifier is taken for different values. As can be seen from Figures 10 and 11, each working
condition corresponds to an excitation acceleration threshold, which enables the system to move into large-scale
inter-well motion and generate high output voltage. When w is the same, the threshold of excitation acceleration
required for the system to move into inter-well motion can be reduced by increasing the mass Mtand M, of two
elastic amplifiers, but the change of output voltage is not obvious. When the mass of elastic amplifiers is constant,
the threshold of excitation acceleration increases with the increase of excitation frequency.
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Figure 11. Variation curves of output voltage with excitation amplitude in different values of Mrand M, when
o=1.2

Taking the load resistance R=300 k<, as shown in Figures 12 and 13, the steady-state voltage amplitude u of
TPEH+DEM system varies with the excitation amplitude v, when the excitation acceleration w is 0.6 and 1.2,
respectively and ki/ky is in different values. As shown in Figures 12 and 13, when »=0.6, with the increase of ki/kp,
the excitation threshold of the system decreases, while the steady-state voltage amplitude u changes little. When
wis increased to 1.2, the excitation threshold obviously decreases with the increase of ki/ky, and the output voltage
amplitude increases with the increase of ki/kp after moving into inter-well motion. It can be seen that when the
excitation frequency is high, increasing the ki/k, value can make the system move into inter-well motion and
produce higher output voltage at lower excitation intensity.

Figures 14 and 15 show the variation curves of power and displacement amplitudes of the system when My, is
different in values and when R=300 kQ, Ms=60 g, dn=21, dy=8, ks=50,000 N/mm and k,=50,000 N/mm. The result
shows that, with the increase of excitation frequency, the power and displacement amplitudes of the system
increase significantly at first, then decrease sharply after reaching the maximum value rapidly, then increase again,
and then decrease after reaching the second local peak value when My, keeps constant. In addition, with the increase
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of M, the peak power and displacement of the system increase significantly, and can enter the secondary
ascending section at lower excitation frequency, resulting in higher local peak power.
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Figure 12. Variation curves of output voltage with excitation amplitude in different values of k¢/k, when ®=0.6
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Figure 13. Variation curves of output voltage with excitation amplitude in different values of .k, when @=1.2
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Figure 14. Curves of power amplitude changing with frequency in different values of My,

Figure 15. Curves of displacement amplitude changing with excitation frequency in different values of M,
5. Conclusion

(1) Based on Hamilton variational principle, the differential equation of motion of a tri-stable piezoelectric
energy harvesting system with double elastic amplifiers is derived, and the analytical solution of
electromechanical coupling equation describing the energy output characteristics of the system is obtained by
using the harmonic balance method.

(2) With the increase of excitation frequency, the output power amplitude of TPEH+DEM system can produce
two high and low peaks. Compared with TPEH+EM system, TPEH+DEM system has better energy harvesting
performance under low frequency external excitation.

(3) At the same excitation frequency, the excitation acceleration threshold required for TPEH+DEM system to
move into inter-well motion can be reduced by increasing the mass of elastic amplifiers; when the excitation
frequency is high, increasing the stiffness ratio ki/ky of the two elastic amplifiers can make TPEH+DEM system
move into inter-well motion at lower excitation intensity and produce higher output voltage.

(4) Increasing M can significantly improve the maximum peak power of TPEH+DEM system, and can make
the system enter the secondary ascending section at lower excitation frequency, resulting in higher local peak
power.
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