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Abstract: This paper presented a two-vehicle rear-end collision dynamics model for analyzing crash mechanisms in urban traffic and proposed response and control strategies to mitigate secondary congestion and improve post-incident traffic recovery. Rear-end collisions are among the most frequent crash types in urban road networks. They disrupt traffic flow and increase travel delays, fuel consumption as well as emissions, hence triggering secondary crashes if not handled properly. Accurate dynamic modeling of two-vehicle rear-end collisions is essential for improving traffic safety, efficiency of responding to incidents, and design of the vehicle control system. The model mathematically represented the interaction between a leading vehicle and a following vehicle during pre-impact, impact, and post-impact phases. It incorporated conservation of momentum, restitution characteristics, braking dynamics, and vehicle mass properties. The study further examined how response strategies such as rapid clearance, lane management, and adaptive traffic control affected congestion dissipation and traffic recovery. The analysis demonstrated that accurate dynamics modeling enabled reliable estimation of impact severity, post-collision velocities, and clearance time. 

Optimized response management significantly reduced secondary congestion, shortened traffic recovery time, and enhanced overall roadway performance. The study integrated mechanical collision dynamics with traffic management interventions within a unified analytical framework. Unlike purely traffic-flow-based models, this approach directly linked physical crash mechanics with network-level congestion propagation and response optimization. Future research will extend the model to multi-vehicle chain collisions, incorporate stochastic drivers’ reaction time and braking behavior, and integrate the framework with intelligent transportation systems under dynamic urban traffic conditions. 

Keywords: ABCDS deterministic model; Threshold number; Stability analysis; Sensitivity analysis; Optimal control 1 Introduction

The rapid growth of urban traffic has led to improved vehicle density, congestion, and a higher frequency of traffic accidents. Among various crash types, rear-end collisions represent one of the most common incidents in urban road networks. These collisions not only pose significant safety risks but also contribute to traffic disruptions, increased fuel consumption, environmental pollution, and secondary crashes. This study explores an AI-driven approach to enhance sustainability in urban public transportation by optimizing efficiency, reducing emissions, and promoting smarter mobility solutions [1, 2]. Mathematical modeling plays a crucial role in studying the mechanisms of rear-end collisions. A two-vehicle rear-end collision typically involves the dynamic interaction between a leading vehicle and a following vehicle during pre-impact, impact, and post-impact phases. Recent research has explored modeling vehicular movements at intersections using optimal control techniques to improve traffic efficiency and safety [3, 4]. These analytical approaches allow researchers to estimate impact severity, post-collision velocities, stopping distances, and crash results under varying traffic conditions [5]. Rear-end collision models should account for the dynamic nature of traffic flow, where vehicle speeds, headways, drivers’ reaction time, and road conditions vary continuously [6]. Advanced models integrate traffic flow theory, car-following performance, and braking response mechanisms to represent the interaction between vehicles more realistically [7, 8]. Optimization of vehicle
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routing, particularly with time windows, has been extensively studied to improve operational efficiency and reduce environmental impact, providing key insights for AI-driven enhancements in urban public transportation. Heuristic optimization methods, such as tabu search, have been successfully applied to dynamic transportation problems, including patient transfers between care units, demonstrating the potential of AI-based strategies to improve routing efficiency and resource utilization in complex urban transportation systems [9, 10]. A critical aspect of rear-end collision modeling is the prediction of the occurrence and severity of collisions. The effectiveness of such models is contingent on accurately capturing relative velocity, inter-vehicle arrangement, and deceleration behavior. Recent advances in demand-responsive transport leverage mobile data analytics to optimize urban mobility, offering AI-driven solutions that enhance the efficiency, adaptability, and sustainability of public transportation systems [10]. 

With the increasing availability of real-time traffic data from sensors, Global Positioning System (GPS) devices, and associated vehicle technologies, data-driven and machine learning approaches are being combined with classical dynamic models to enhance predictive accuracy. AI-driven approaches are transforming urban public transportation by improving efficiency, sustainability, and adaptability. 

Studies on intersection control. 

AI-driven methods, 

including neural network-based optimization for feeder bus routes, have shown promise in improving efficiency and sustainability in urban public transportation [11]. Collision dynamics modeling also supports the development of active security systems, such as adaptive cruise control (ACC) and autonomous emergency braking (AEB). 

Optimization algorithms are employed to design control strategies that minimize collision risks while maintaining the stability of traffic flow. Machine learning techniques have also been applied to short-term demand prediction in bike-sharing services, supporting more efficient and sustainable urban mobility planning [12]. On-demand transport services have significant potential to enhance urban mobility by providing flexible and efficient alternatives to traditional fixed-route public transportation Techniques such as optimal control, genetic algorithms, and experiential optimization methods are increasingly applied to enhance braking strategies and safe headway control. Intelligent Transportation Systems (ITS) play a crucial role in developing sustainable urban environments by improving traffic efficiency, safety, and overall transportation management. 

Hybrid AI approaches, such as combining transfer

learning with local search, have been applied to optimize vehicle routing problems, further advancing efficiency and sustainability in urban transportation systems [13–15]. As brainy and autonomous vehicles become more prevalent, the integration of real-time sensing, predictive analytics, and automated control systems introduces new challenges and opportunities in the prevention of rear-end collision. Advances in digital human modeling contribute significantly to the analysis and design of human-centered systems by integrating computational modeling with ergonomic and behavioral insights [16]. Emerging technologies for counting electric vehicles and connected autonomous vehicles, require refined dynamic models capable of representing varied traffic environments [17]. Hybrid modeling approaches that combine physics-based collision dynamics with machine learning techniques are gaining attention for improving system reliability and safety performance. AI-driven methods are enhancing urban public transportation by improving efficiency and sustainability through optimized intersections [18, 19]. Despite significant advances in collision modelling and prevention strategies, several challenges remain. Real-time scheduling optimization is essential for autonomous public transport systems to effectively respond to dynamic booking demands and improve service efficiency [20]. Furthermore, ensuring model robustness under uncertain traffic conditions and diverse driver behaviors is critical for practical implementation. Artificial intelligence techniques are increasingly used for demand forecasting and route optimization in public transportation systems, particularly in large metropolitan areas. 

Dynamic trip-vehicle assignment for on-demand high-capacity ride-sharing illustrates how AI can optimize urban mobility and improve sustainability. Understanding consumer preferences is essential for designing efficient and sustainable urban public transportation systems [21–23]. Recent studies have increasingly applied fuzzy logic based approaches to simulate real-world traffic situations by considering heterogeneous driver behaviors and uncertainty in decision-making processes. Such models aim to enhance traffic safety and efficiency by minimizing waiting time, reducing queue length, and improving overall traffic stability. Chai et al. [4] proposed a simulation-based approach to measure drivers’ cognitive failures via a combination of fuzzy logic and cellular automata modeling techniques. 

Azimirad and Haddadnia [24] developed a novel fuzzy traffic controller to formulate and optimize signal control strategies at isolated signalized intersections. An et al. [25] introduced a dynamic fuzzy neural network model for the prediction of traffic flow, thus enabling accurate forecasting under chaotic traffic conditions. Most recently, Almadi et al. [26] has proposed an adaptive fuzzy pattern classification framework to simulate nonlinear and multi-dimensional transition processes, particularly for identifying lane-changing intentions among a diverse type of drivers. 

This study represents one of the latest contributions in fuzzy-based traffic modeling by integrating adaptive pattern recognition with driver behavioral analysis. Despite these advancements, existing fuzzy-based models primarily focused on traffic flow control, prediction, and lane-changing behavior, with limited attention devoted to integrating fuzzy behavioral modeling into two-vehicle rear-end collision dynamics [27]. Since rear-end collisions are strongly influenced by uncertainties in perception-reaction time, braking intensity, and car-following behavior, incorporating fuzzy inference mechanisms into collision dynamics modeling more realistically represent the occurrence and severity of crashes. Therefore, extending classical mechanical collision models with fuzzy logic–based behavioral 72

components forms the central motivation of the present study. In conclusion, mathematical modeling of two-vehicle rear-end collisions is fundamental for understanding crash dynamics, improving vehicle safety systems, and enhancing urban traffic management. As transportation systems evolve toward automation and connectivity, the development of integrated, data-driven, and dynamic modeling frameworks will be essential for reducing collision frequency and improving overall roadway safety. 

2 Model Formulation for the Proposed Model

In the next section, we present the mathematical formulation of the model, which divide the whole system into five classes: A is used for the position of Vehicle “A”, which has constant velocity. B is used for the position of Vehicle “B”, C is collision-phase vehicles, D is the distance between Vehicles “A” and “B”, and S is separated vehicles. Where d0 > V1−V2 and △V A(t) = V

δ B

1 − V2, the remaining parameters are discussed in Table 1. The system of equations governing the rear-end collision model is as follows:



dA = Ω − β0 ∆V A − vA, 



dt

d0





dB



= β0 ∆V A − (δ + v)B, 



dt

d0

dC = δB − (ω + v)C, 

(1)

dt



dD



= ωC − (ϱ + v)D, 





dt



dS = ϱD − vS. 

dt

with initial conditions: A(0) = A0 ≥ 0, 

B(0) = B0 ≥ 0, 

C(0) = C0 ≥ 0, 

D(0) = D0 ≥ 0, 

S(0) =

S0 ≥ 0. 

Table 1. Parameters and descriptions for collision dynamics Parameter

Description

Unit

Ω

Traffic inflow rate

vehicles/time

β0

Baseline interaction coefficient

1/(velocity time)

d0

Initial distance between Vehicle A and Vehicle B

m

tcollision

Time at which the collision occurs, if any

seconds

δ

Braking-to-collision rate

1/time

ω

Collision-to-damage rate

1/time

ϱ

Clearance rate

1/time

v

Speed of the lead vehicle, Vehicle A

1/time

V1

Rear vehicle speed

m/s

V2

Front vehicle speed

m/s

3 Theoretical Analysis of the Proposed Model

3.1 Positivity and Boundedness Analysis

By taking these properties into justification, it can be assured that model is both feasible and realistic, hence providing valuable insights into the system dynamics. To analyze the model, we present some important properties, which concern the feasibility of the model. 

Theorem 1: If the initial conditions of the model equations are non-negative A(0) > 0, B(0) > 0, C(0) > 0, D(0) > 0, S(0) > 0, then the solutions at any time t are also non-negative. That is, A(t) > 0, B(t) > 0, C(t) > 0, D(t) > 0 and S(t) > 0, for all t ≥ 0. 

Proof: To show the proposed model positive invariant, we consider the first equation of model: d(t)A

β0

= Ω −

∆VA(t) − v A(t)

(2)

dt

d0

Since Ω > 0, then Eq. (2) can be written as

d(t)A

β



≥ −

0 ∆ V − v A(t)

(3)

dt

d0

d(t)A

β



≥ −

0

k1 A(t) ⇒ k1 =

∆ V − v

(4)

dt

d0
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Now using the basic method of integration, variable separable method and simplify Eq. (4), 1

d(t)A

1

≥ −k1 ⇒

d(t)A ≥ −k1dt

(5)

A(t)

dt

A(t)

Applying integration on both sides of Eq. (5), we get

Z

A(t)

1

Z

t

A d(t) ≥ −k1

dA

(6)

A

A(t)

0

0

A(t) 

ln A(t) − ln A0 ≥ −k1t ⇒ ln

≥ −k1t

(7)

A0

A(t) ≥ e−kt ⇒ A(t) ≥ A0e−kt

(8)

A0





Re substitution, the value of k

β0

1 =

∆ V − v in Eq. (6), we obtain

d0

β





0

A(t) ≥ A0 exp

∆V − v

t > 0

(9)

d0

From Eq. (7), as the exponential function is always positive and A0 ≥ 0, so A(t) > 0 for all t > 0, it shows that A(t) > 0 is positive invariant. By similar way, we can also show that B(t) > 0, C(t) > 0, D(t) > 0 and S(t) > 0, for all t ≥ 0. 

Theorem 2: All solutions of the model equations are uniformly bounded and remain within a feasible region for all t ≥ 0. 

Proof: Let consider that Σ = A(t), B(t), C(t), D(t), S(t) ∈ R5/0 ≤ N(t) ≤ Ω  

v

Is the positive set, and the rate of change of the total population of cars is given by: dN

dA(t)

dB(t)

dC(t)

dD(t)

dS(t)

=

+

+

+

+

= Ω − vN

(10)

dt

dt

dt

dt

dt

dt

dN = Ω − vN

(11)

dt

To show that N (t) is bounded, we solve the ordinary differential Eq. (9) since Ω > 0, and rearranging Eq. (9), we get:

dN ≥ −vN = ln N ≥ −k2t + C2

(12)

dt

where, C2 is a constant of integration, applying the initial condition N (0) = N0, in Eq. (10) we obtain: N (t) = N0e−k2t ⇒ N (t) ≥ N0e−k2t

(13)

It is clear from Eq. (11) N0 ≥ 0 and e−k2t ≥ 0, so N (t) ≥ 0 for all t ≥ 0, it shows that the function is bounded above, now to show that the function is bounded below, as t ≥ 0 and k2 ≥ 0 but −k2t ≤ 0 and the exponential function is increasing, so e−k2t ≤ e0 = 1. Now multiply both sides by N0 > 0, we get N0e−k2t ≤ N0, thus N (t) ≤ N0, this property shows that the function is bounded above. Combine the inequalities N (t) ≥ 0 and N (t) ≤ N0, we obtain 0 ≤ N (t) ≤ N0; from this relation, the function is bounded above and bounded below, so it is bounded. 

Figure 1 illustrates the dynamics of the total population N (t) over time to show its bounded behavior. The graph illustrates the contributions of each compartment (A(t), B(t), C(t), D(t) and S(t)) ) to the total population of the cars, to demonstrate the constraints N0e−kt ≤ N (t) ≤ N0ekt for t ≥ 0. 
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Figure 1. Dynamics of the total population N(t) over time to show its bounded behavior 4 Threshold Parameter R0 and Equilibrium Points

For the rear-end collision model, R0 can be interpreted as a threshold number, representing the ratio of the required stopping distance of the following vehicle to the available initial spacing, based on the parameters such as speeds, distance, and deceleration. If R0 is greater than a certain threshold which can depend on the initial gap d0, the likelihood of a collision increases, i.e., R0 > 1 and if R0 is below this threshold, then the vehicles are far apart enough and the deceleration of Vehicle B is high enough that a collision is avoided, i.e., R0 ≤ 1. The threshold number for the proposed model (Eq. (1)) is given by:



β0 ∆V A 



(δ + v)B



d0

. 

(ω + v)



. 





C − δB





. 





. 



F = 





. 





0

 , 

V = 

. 



(14)











0





(ϱD − vS) − ωC 



. 





. 



. 

. 

. 

. 



. 



. 



. 

δ + v

. 

0

0

0

0

β0 ∆V A 0 0 .. 





d

. 

0



. 





. 

. 

0



. 

0

0

0 

∂F 







0

0

.. 0 .. 

∂⊑





F ′

i

. 

. 

. 

. 

. 

=











. 

. 

. 

. 

. 



= 

 , V ′ =



=

(15)

∂x

. 

. 

. 

. 

. 



. 

. 

. 

. 

. 

i 

∂x

E



. 

. 

. 

. 

. 

i 

0

E







. 

. 

. 

. 

. 

0

. 

. 

. 

. 

. 



. 

. 

. 

. 

. 



. 





. 

. 

. 

. 

. 

. 

. 

. 

. 

0

0

.. .. 



. 



0

.. ω + v ϱ − v 0



1

0

0



δ+v

δ

1



0



(δ+v)(ω+v)

δ+v







. 

. 

. 

. 

. 

−1

. 

. 

. 

. 

. 

(V′)

= 

. 

. 

. 

. 

. 





(16)



. 

. 



δω

δω

.. 0 .. 



(δ+v)(ω+v)(ϱ−v)

(δ+v)(ω+v)(ϱ−v)





. 

. 

0

0

.. 0 .. 
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Now calculate R0, we use the next generation matrix defined as, 







. 

. 

. 

. 

1

. 

. 

0

β0 ∆V A .. 0 .. 

0

. 

0

. 

d

δ+v

0







. 

. 

. 

. 







. 

. 

δ

1

. 

. 



. 

0

. 



0

0

. 

0

. 

(δ+v)(ω+v)

δ+v









F ′ ·

−1

(V′)

=

. 

. 

. 

. 

. 



. 

. 

. 

. 

. 



. 

. 

. 

. 

.  

. 

. 

. 

. 

. 

(17)



. 

. 

. 

. 

. 

. 

. 

. 

. 

. 







. 

. 

. 

. 

.  

. 

. 



. 

. 

. 

. 

.  

δω

δω

. 

. 



. 

. 

. 

. 

. 

. 

0

. 



(δ+v)(ω+v)(ϱ−v)

(δ+v)(ω+v)(ϱ−v)





. 

.  

. 

. 

0

0

.. 0 .. 

0

0

.. 0 .. 

−

The maximum eigenvalue of F ′ · (V′) 1 is called the threshold number, which is given by: β

R

0△V AΩδ

0 =

(18)

d0v(δ + v)(ω + v)

4.1 Graphical Result

Figure 2 illustrates the effects of different parameters on the basic reproduction number R0, Figure 2a show the effect of Ω and β0 on R0, Figure 2b effect of δ and V on R0, Figure 2c show the influence of ∆V and ω on R0 and d0, v represents the effect on R0. 

Figure 2. Effects of different parameters on the basic reproduction number R0
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5 Stability Analysis of the Proposed Model 5.1 Local Stability Analysis

To study stability, we linearize the system at the equilibrium point by computing the Jacobin matrix of the system. The Jacobin matrix J describes how small changes in the state variables affect the time derivatives of the state variables. The Jacobin matrix is computed as follows:



∂f1

∂f1

∂f1

∂f1

∂f1 

∂A

∂B

∂C

∂D

∂S

∂f2

∂2

∂f2

∂f2

∂f2



∂A

∂B

∂C

∂D

∂S



J =  ∂f



3

∂f3

∂f3

∂f3

∂f3



(19)

∂A

∂B

∂C

∂D

∂S





∂f



4

∂f4

∂f4

∂f4

∂f4





∂A

∂B

∂C

∂D

∂S

∂f5

∂f5

∂f5

∂f5

∂f5

∂A

∂B

∂C

∂D

∂S

where, f1 = Ω − β0 ∆V A − vA, f

∆V A − (δ + v)B, f

d

2 = β0

3 = δB − (ω + v)C , f4 = ωC

(ϱ + v)D, 

0

d0

f5 = ϱD − vS. 

So the Jacobin matrix (Eq. (19)) can be written as:



− β0 △V A

0

0

0

0



d0



− β0 △

−(δ + v)

0

0

0



d0

J = 





0

δ

−(ω + v)

0

0



(20)







0

0

ω

(ϱ + v)

0



0

0

0

ϱ

−v

To determine the stability of the system, we use the eigenvalue approaches. The eigenvalues of the matrix J are found by solving the characteristic equation, so Eq. (20) can be expressed as, 



− β0 ∆V A − λ

0

0

0

0



d0



− β0 ∆

−(δ + v) − λ

0

0

0



d0

det |J − λI| = 





0

δ

−(ω + v) − λ

0

0



(21)







0

0

ω

−(ϱ + v) − λ

0



0

0

0

ϱ

−v − λ

where, λ1 = − β0 ∆V A, λ

d

2 = −(δ + v), λ3 = −(ω + v), λ4 = −(ϱ + v), λ5 = −v. 

0

After some simplification, the matrix (Eq. (17)) is lower triangular and all the eigenvalues are the diagonal entries. And all eigenvalues are strictly negative. The equilibrium point is locally asymptotically stable. 

5.2 Global Asymptotic Stability Analysis

In this part, we shall determine the Global Sensitivity Analysis (GSA) of model (Eq. (1)), at the points as follows: (

β

)

Ω

0 △V A (ω + v)

ϱ

E0 =

, d0

, 

, 0, 

(22)

β0 △V A (δ + v) (δ + v)

v

d0

We shall use a Lyapunov function to analyze the system further. 

Theorem 3: Model (1) is considered to be globally asymptotically stable (GAS) at the equilibrium where the threshold number R0 ≤ 1 if A = A0 and D = D0, the system is not stable for R0 > 1. 

Proof: By showing that the system is GAS, we have to show that R0 ≤ 1 by using the following Lyapunov function technics, for this let suppose that:

1

H(ABCDS) =

[((A − A0) + (B − B0) + (C − C0) + (D − D0) + (S − S0))]2

(23)

2

To compute the time derivative of H, we need

d ((A − A0) + (B − B0) + (C − C0) + (D − D0) + (S − S0))2

(24)

dt

Eq. (24) can be written as

d

d A

d B

dC

dD

d S

( A + B + C + D + S) − (A0 + B0 + C0 + D0 + S0) =

+

+

+

+

(25)

dt

dt

dt

dt

dt

dt
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Substituting the model equations from Eq. (21), we get: d ( A + B + C + D + S) = (P − Q)

(26)

dt

where, P are the positive parameters and Q are the negative parameters of the model, if P > Q then dH =

dt

(P − Q)dt < 0. Thus, dH < 0 when R

dt

0 ≤ 1, so H shows that it decreases function over time t which clearly indicates that the proposed model is GAS at the equilibrium point E0. 

Theorem 4: The proposed model is GAS at the equilibrium point if R0 > 1. 

Proof: To show that the model is GAS, we will consider the following Lyapunov function: n

1 X

G (y1, y2, . . . , yn) =

(yi − y∗)2

(27)

2

i

i=1

where, yi = (A, B, C, D, S) and y∗ = (A∗, B∗, C∗, D∗, S∗). 

i

First, we compute the time derivative of G :

n

dG

X

dyi

=

(yi − y∗)

(28)

dt

i

dt

i=1

dG



dA

dB

dC

dD

dS 

=

(A − A0)

+ (B − B0)

+ (C − C0)

+ (D − D0)

+ (S − S0)

(29)

dt

dt

dt

dt

dt

dt

Let dN = (A + B + C + D + S) and suppose dG = [N (t) − (A∗ + B∗ + C∗ + D∗ + S∗)] dG , We obtain dt

dt

dt

dG

Ω − δC∗

= (A + B + C + D + S) =

(30)

dt

(ϱ + v)

dG

Ω − δD∗)

= [(A∗ + B∗ + C∗ + D∗ + S∗)] =

(31)

dt

(ϱ + v)

Thus, we can conclude the following:

dG



Ω − δC∗  

Ω − δC∗ 

= 





N (t) −

−δN (t) −



(32)

dt



(ϱ + v)  

(ϱ + v) 

Hence, the Eq. (32) can be written as:

2

dG



Ω − δC∗ 

= −δ 



N (t) −



< 0

(33)

dt



(ϱ + v) 

Since dG < 0 which means that the function is decreasing and satisfied all the conditions of Lyapunov function, dt

so the system is GAS. 

6 Sensitivity Analysis of the Model

Sensitivity analysis of the key safety indicators, such as relative impact velocity or minimum safe headway distance with respect to the model parameters, is very important for the present study. It enables us to identify the most influential parameters that play a significant role in the occurrence and severity of rear-end collision. These parameters typically include vehicle speed, drivers’ reaction time, braking deceleration, headway distance, road friction coefficient, and vehicle mass. In this section, the sensitivity of various key parameters of the rear-end collision dynamics model was carried out to determine their relative influence on collision risk and impact severity. 

The sensitivity of the basic reproductive number R0 with respect to a parameter η is given by:

∂R0

ξ

γR0 =

×

(34)

ξ

∂ξ

R0

where, ξ can be any of the parameters in the set:

ξ ∈ {Ω, β0, ∆V, δ, d0, v, ω, }

(35)
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0

Ω

1

β

λ

×

0△V AΩδ

=

×

≈ 1

(36)

∂Ω

R

β

0

∂Ω

d0v(δ + v)(ω + v)

0 △V AΩδ

d0v(δ+v)(ω+v)

∂R





0

δ

1

β

δ

×

0△V AΩδ

=

×

≈ 0.132

(37)

∂δ

R

β

0

∂δ

d0v(δ + v)(ω + v)

0 △V AΩδ

d0v(δ+v)(ω+v)

∂R





0

β

1

β

β

×

0

0∆V AΩδ

0

=

×

≈ 0.423

(38)

∂β0

R0

∂β0

d0v(δ + v)(ω + v)

β0∆V AΩδ

∂R





0

d

1

β

d

×

0

0△V AΩδ

0

=

×

≈ −0.0035

(39)

∂d

β

0

R0

∂d0

d0v(δ + v)(ω + v)

0 △V AΩδ

d0v(δ+v)(ω+v)

∂R





0

v

1

β

v

×

0△V AΩδ

=

×

≈ −0.0896

(40)

∂v

R

β

0

∂v

d0v(δ + v)(ω + v)

0 △V AΩδ

d0v(δ+v)(ω+v)

Sensitivity Analysis of R0 with respect to the different parameters shows that Ω, δ, ω, and β0 have a direct relationship with R0, while the sensitivity index of R0 with respect to d0, v, and ∆V shows an inverse variation, as illustrated in Figure 3. 

Figure 3. Sensitivity Analysis of R0 with different parameters 7 Formulation of Optimal Control Problem



dA = Ω − β0 ∆V A − vA · (1 − U∗(t))

1



dt

d0





dB



= β0 ∆V A − (δ + v)B · (1 − U∗(t))



dt

d

2

0

dC = δB − (ω + v)C · (1 − U∗(t))

(41)

dt

3



dD



= ωC − (ϱ + v)D · (1 − U∗(t))



4



dt



dS = ϱD − vS · (1 − U∗(t))

dt

5

With initial conditions: A(0) = A0 ≥ 0, 

B(0) = B0 ≥ 0, 

C(0) = C0 ≥ 0, 

D(0) = D0 ≥ 0, 

S(0) =

S0 ≥ 0. 
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In order to reduce the road accidents rate, we define the objective functional to reduce and minimize the number of accidents while balancing intervention costs:

Z

Tf 

1

J (U∗(t), U∗(t), U∗(t), U∗(t), U∗(t)) =

C∗(A(t)) + C∗ + C∗ + C∗ +

(C∗U∗(t) + C∗U∗(t)

1

2

3

4

5

1

2

3

4

5

1

6

3

0

2

+C∗U∗(t) + C∗U∗(t))) dt

7

4

7

5

(42)

In Eq. (42), A(t) is the number (or probability) of rear-end collisions at time t, U∗(t) (t)

1

is braking control, U∗2

is ACC intervention, U∗(t)

(t)

3

is warning system activation and U∗4

is the driver response enhancement control. 

C∗ > 0, m = 1, 2, 3, 4, 5

m

represents balancing cost factors and Tf shows the final time. 

7.1 Existence of the Optimal Control Problem

In this section, we prove the existence of the control problem. We define the Hamiltonian b H for the optimal

control problem as follows:

b

H = L (A(t), B(t), C(t), D(t), S(t), U∗(t), U∗(t), U∗(t), U∗(t), U∗(t)) 1

2

3

4

5

dA(t)

dB(t)

dC(t)

dD(t)

dS(t)

+ η∗

+ η∗

+ η∗

+ η∗

+ η∗

1

(43)

dt

3

dt

3

dt

4

dt

5

dt

Theorem 5: For control problem, there exists U∗(t) = (Uc∗(t), U∗(t), U∗(t), U∗(t), U∗(t)) ∈ U

1

2

3

4

5

such that

min

J (Uc∗(t), U∗(t), U∗(t), U∗(t), U∗(t)) = J (Uc∗(t), U∗(t), U∗(t), U∗(t), U∗(t)) 1

2

3

4

5

1

2

3

4

5

(Uc∗(t),U∗(t),U∗(t),U∗(t),U∗(t))∈U

1

2

3

4

5

(44)

To validate the existence and prevalence of optimal control, several analytical techniques were employed. First, all state variables and control variables are assumed to be non-negative, to ensure physical feasibility and mathematical consistency of the model. During the reduction of the problem, the required convexity of the objective functional with respect to the optimal controls Uc∗(t), U∗(t), U∗(t), U∗(t), U∗(t) 1

2

3

4

5

is verified and satisfied. The admissible control set

U = {Uc∗(t), U∗(t), U∗(t), U∗(t), U∗(t)

≥ 0}

1

2

3

4

5

for all U∗i

(45)

is convex and closed by definition. This property plays a crucial role in establishing the existence of an optimal control pair. Because the control set is convex and closed, and the integrand is convex in the controls, the necessary conditions for the existence of an optimal control are satisfied. Consequently, the formulated optimal control system is well-posed and mathematically solid, which certifies the proof and validation of the optimal control framework. 

Theorem 6: Let Uc∗(t), U∗(t), U∗(t), U∗(t), U∗(t)

1

2

3

4

5

be the control variables and A∗, B∗, C∗, B∗, S be the

solutions of the optimal control model, Eq. (42) then there exists adjoint variables η∗ (t) m

, for m = 1, . . . , 5, 

satisfying the following equations:

dη∗

1 = bA (η∗ − η∗) + (η∗ − η∗) (1 − u∗(t)) + mη∗

dt

1

2

1

3

1

1

(46)

dη∗

2 = −C∗ + (η∗ − η∗) a1 + (η∗ − η∗) (1 − u∗(t)) + mη∗

dt

1

2

3

2

3

1

2

(47)

dη∗

3 = −C∗ + (η∗ − η∗) bS + η∗(m + g + r + h) + (η∗ − η∗) (1 − u∗(t)) (48)

dt

2

1

2

3

3

4

2

dη∗

4 = −C∗ + η∗(m + t + f + h) + (η∗ − η∗) (1 − u∗(t)) + η∗t + η∗f (49)

dt

3

4

4

3

2

3

4

Proof: Let suppose that A(t) = A∗ B(t) = B∗C(t) = C∗D(t) = D∗ S(t) = S∗ and differentiate the Hamiltonian with respect to state variables A(t), B(t), C(t), D(t), and S(t), we get the following adjoint system: dη∗ (t)

∂H

m

= −

(50)

dt

∂xm

80

where, η∗ (t)

m

represents the adjoint variables associated with the state variables xm(t) = A(t), B(t), C(t), D(t), S(t). 

The transversal conditions are given by: η∗ (t) (T

m

f ) = 0, m = 1, 2, . . . , 5, Tf is the final time. 

Theorem 7: The control pairs (U∗(t), U∗(t), U∗(t), U∗(t), U∗(t)) 1

2

3

4

5

, which minimize the objective functional J

over the region U , is given by:



(η∗ − η∗) C + (η∗ − η∗) A



U∗(t) = min

1, max

5

1

6

2

, 0

1

(51)

C∗1



(η∗ − η∗) F + (η∗ − η∗) B



U∗(t) = min

1, max

6

3

6

5

, 0

2

(52)

C2



(η∗ − η∗) C + (λ∗ − η∗) C



U ∗(t) = min 1, max

6

1

6

2

, 0

3

(53)

C∗3



(η∗ − η∗) F + (η∗ − η∗) S



U∗(t) = min

1, max

6

3

6

5

, 0

4

(54)

C4

Proof: By using the optimality condition, we get

∂C = C∗U∗(t) + (η∗ − η∗) A + (η∗ − η∗) A

(55)

∂u

5

1

6

1

6

2

1

∂C

∂C

= C6U∗(t) + (η∗ − η∗) + (η∗ − η∗) C, 

= C7U3(t) + (η∗ − η∗) B

(56)

∂u

2

3

6

5

6

4

6

2

∂U3

The optimal control variables U∗(t), U∗(t), U∗(t)

1

2

3

, such that:

(η∗ − η∗) C + (η∗ − η∗) C

U∗(t) =

6

1

6

2

1

(57)

C∗5

(η∗ − 3) F + (η∗ − η∗) D

U ∗(t) =

6

6

3

2

(58)

C6

The property of the control space equations can be written as follows:



−

−

0

if

(η∗

η∗)C+(η∗

η∗)A

4

1

6

2

≤ 0





C∗



3

(η∗−η∗)C+(η∗−η∗)D

−η∗)C+(η∗−η∗)B

U∗(t) =

6

1

4

2

if

0 < (η∗4

1

4

2

< 1

1

(59)

C∗

C∗

3

5



−

−



η∗)C+(η∗

η∗)D

1

6

2



1

if

(η∗

4

≥ 1

C∗

5



−

−

0

if

(η∗

η∗)

η∗)B

4

3 D+(η∗

4

3

≤ 0





C∗



4

U ∗

−

−

−

−

(t) =

(η∗

η∗)T+(η∗

η∗)C

η∗)F+(η∗

η∗)C

4

3

4

3

if

0 < (η∗4

3

4

5

< 1

2

(60)

C∗

C∗

4

4



−

−



η∗)

η∗)D

3 C+(η∗

4

5



1

if

(η∗

6

≥ 1

C∗

4

According to compact notation, U∗(t), U∗(t), U∗(t)

(t)

1

2

3

and U∗4

can be written as:



(η∗ − η∗) A + (η∗ − η∗) A



U∗(t) = min

1, max

4

1

3

2

, 0

1

(61)

C∗3



(η∗ − η∗) F + (η∗ − η∗) B



U∗(t) = min

1, max

4

3

4

3

, 0

2

(62)

C6



(η∗ − η∗) C + (η∗ − η∗) C



U∗(t) = min

1, max

6

1

6

2

, 0

3

(63)

C∗3



(η∗ − η∗) F + (η∗ − η∗) S



U∗(t) = min

1, max

6

3

6

5

, 0

4

(64)

C4
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8 Graphical Representation for the Rear-End Collision

The sequence of graphs in Figure 4 illustrates the progression of events in a rear-end collision scenario and the corresponding response of the control system. It shows how the system continuously monitors vehicle dynamics and detects a potential risk of collision. Once the risk is identified, the control mechanism activates warning or braking actions to reduce the possibility of a rear-end collision. As shown in the subsequent figures, the control system gradually stabilizes the vehicle behavior, maintains a safe following distance, and minimizes the likelihood or severity of collision. This sequence demonstrates the effectiveness of the proposed control strategy in preventing rear-end collisions and improving overall driving safety. 

Figure 4. Sensitivity analysis of R0 with different parameters 9 Numerical Simulation for the Proposed Model

In this study, we settled and implemented a numerical scheme to model the dynamics of the model by using various parametric values, as outlined in the associated table. By employing a system of ODEs and applying the Runge-Kutta 4th-order (RK4) method, we were able to simulate and analyze the evolution of different classes over time, such as the places of Vehicle A and Vehicle B, the relative distance between Vehicles A and B. For the numerical simulations, we used the parameters describe in the above Table 1 with the help of matlab software. 
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The simulation results of the rear-end collision scenario, shown in Figure 5, illustrate the time evolution of the positions of Vehicles A and B (Figure 5a) and (Figure 5b), the rear-end collision dynamics (Figure 5c), and the time evolution of the relative distance between the vehicles ((Figure 5d), highlighting the effectiveness of the control system in maintaining safe spacing. 

Figure 5. Simulation results illustrating the rear-end collision scenario 10 Conclusions

In conclusion, mathematical modeling and optimization techniques play an important role in reducing rear-end collisions and improving road safety. By using collision prediction models, calculations of braking distance, and data of real-time sensor, vehicles could better estimate safe following distances and react more effectively to sudden changes in traffic. The integration of machine learning and intelligent control systems further enhances accident prevention by adapting to driving patterns and traffic conditions. Overall, these advanced technologies contribute to safer roads, smoother traffic flow, and reduced accident-related losses. 
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Abstract: This paper presented a two-vehicle rear-end collision dynamics model for analyzing crash mechanisms in
urban traffic and proposed response and control strategies to mitigate secondary congestion and improve post-incident
traffic recovery. Rear-end collisions are among the most frequent crash types in urban road networks. They disrupt
traffic flow and increase travel delays, fuel consumption as well as emissions, hence triggering secondary crashes if
not handled properly. Accurate dynamic modeling of two-vehicle rear-end collisions is essential for improving traffic
safety, efficiency of responding to incidents, and design of the vehicle control system. The model mathematically
represented the interaction between a leading vehicle and a following vehicle during pre-impact, impact, and post-
impact phases. It incorporated conservation of momentum, restitution characteristics, braking dynamics, and vehicle
mass properties. The study further examined how response strategies such as rapid clearance, lane management, and
adaptive traffic control affected congestion dissipation and traffic recovery. The analysis demonstrated that accurate
dynamics modeling enabled reliable estimation of impact severity, post-collision velocities, and clearance time.
Optimized response management significantly reduced secondary congestion, shortened traffic recovery time, and
enhanced overall roadway performance. The study integrated mechanical collision dynamics with traffic management
interventions within a unified analytical framework. Unlike purely traffic-flow-based models, this approach directly
linked physical crash mechanics with network-level congestion propagation and response optimization. Future
research will extend the model to multi-vehicle chain collisions, incorporate stochastic drivers” reaction time and
braking behavior, and integrate the framework with intelligent transportation systems under dynamic urban traffic
conditions.

Keywords: ABCDS deterministic model; Threshold number; Stability analysis: Sensitivity analysis; Optimal control

1 Introduction

The rapid growth of urban traffic has led to improved vehicle density, congestion, and a higher frequency of
traffic accidents. Among various crash types, rear-end collisions represent one of the most common incidents in
urban road networks. These collisions not only pose significant safety risks but also contribute to traffic disruptions,
increased fuel consumption, environmental pollution, and secondary crashes. This study explores an Al-driven
approach to enhance sustainability in urban public transportation by optimizing efficiency, reducing emissions, and
promoting smarter mobility solutions [1, 2]. Mathematical modeling plays a crucial role in studying the mechanisms
of rear-end collisions. A two-vehicle rear-end collision typically involves the dynamic interaction between a leading
vehicle and a following vehicle during pre-impact, impact, and post-impact phases. Recent research has explored
modeling vehicular movements at intersections using optimal control techniques to improve traffic efficiency and
safety [3, 4]. These analytical approaches allow researchers to estimate impact severity, post-collision velocities,
stopping distances, and crash results under varying traffic conditions [5]. Rear-end collision models should account
for the dynamic nature of traffic flow, where vehicle speeds, headways, drivers’ reaction time, and road conditions
vary continuously [6]. Advanced models integrate traffic flow theory, car-following performance, and braking
response mechanisms to represent the interaction between vehicles more realistically [7, 8]. Optimization of vehicle
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