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Abstract: An inductively coupled system composed of two identical linear resistive-capacitive shunted Josephson
junction (LRCSJJ) circuits driven by external direct current (DC) sources was modeled and analyzed in this study. The
coupling between the junctions was realized through a shared inductor. The existence and nature of equilibrium states
were shown to depend critically on the normalized DC bias currents applied to the junctions. It was demonstrated that
the coupled LRCSJJ system admits either an unique equilibrium point or no equilibrium points at all, depending on
the biasing conditions. A comprehensive linear stability analysis of the equilibrium point was carried out, revealing
that its stability is jointly governed by the inductive coupling strength and the magnitude of the normalized DC
currents. When a single stable equilibrium point exists, the system operates in an excitable regime. Conversely,
when equilibrium points are absent, sustained oscillatory dynamics emerge. The analysis highlights the role of
inductive coupling in regulating the balance between dissipation, energy storage, and nonlinear Josephson dynamics,
thereby shaping the global behavior of the coupled system. These results provide fundamental insight into the
controllable dynamical regimes of inductively coupled Josephson junction (JJ) circuits and may be of relevance for
the design of superconducting electronic devices, including neuromorphic circuits and high-frequency oscillators,
where excitability and oscillation play a functional role.

Keywords: Josephson junction; Inductive coupling; Stability analysis; Direct current bias; Excitable mode;
Oscillatory mode

1 Introduction

A Josephson junction (JJ) is a superconducting device formed by two superconducting materials separated by
an extremely thin insulating barrier, through which charge carriers are able to tunnel quantum mechanically [1, 2].
When no external voltage is applied, a supercurrent flows across the junction, commonly referred to as the Josephson
current, and the associated charge transfer mechanism is known as Josephson tunneling [3]. This phenomenon,
termed the Josephson effect, was theoretically predicted by Brian David Josephson and subsequently verified
experimentally. Since its discovery, the Josephson effect has attracted considerable attention owing to its remarkable
physical properties, wide range of potential technological applications, and the diversity of dynamical behaviors
exhibited by JJ-based circuits [4–7]. The dynamics of JJs are strongly affected by external magnetic fields, and their
exceptional sensitivity has made them fundamental components in advanced superconducting devices, including
superconducting quantum interference devices and ultra-high-speed computing systems [1, 8].
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Several theoretical models have been developed to describe JJ circuits, such as the linear resistive-capacitive
shunted Josephson junction (LRCSJJ), the nonlinear resistive-capacitive shunted Josephson junction, the nonlinear
resistive-capacitive inductive shunted Josephson junction, and the linear resistive-capacitive inductive shunted
Josephson junction models [3–5, 9–12]. Previous investigations have shown that the nonlinear resistive-capacitive
shunted Josephson junction and LRCSJJ circuits can exhibit chaotic dynamics when driven by external alternating
current sources, whereas the linear resistive-capacitive inductive shunted Josephson junction and nonlinear resistive-
capacitive inductive shunted Josephson junction configurations are capable of generating chaotic oscillations even
under direct current (DC) excitation. From an engineering perspective, JJs powered by DC current sources are
often preferred because of their structural simplicity, reduced power consumption, and practical implementation
compared to alternating current-driven configurations [13–16]. Moreover, practical applications frequently require
arrays or networks of JJs rather than isolated elements. Consequently, it is of critical importance to understand
not only the behavior of a single JJ but also the collective dynamics arising from interactions between neighboring
junctions [17, 18].

Coupling between JJs can be achieved through resistive, capacitive, or inductive elements. While the physical and
dynamical properties of resistively coupled JJs have been extensively investigated [13, 17–23], comparatively fewer
studies have focused on inductive or capacitive coupling mechanisms [24]. In particular, Agaoglou et al. [24] analyzed
the nonlinear dynamics of two parametrically driven JJs coupled inductively via mutual inductance and reported the
emergence of complex behaviors, including chaos. Recent studies have highlighted the complex dynamics of coupled
JJ systems. Ngatcha et al. [25] reported transitions from incoherent states to coherent traveling waves in nonlocally
coupled JJs driven by Wien bridge oscillators. Similarly, Metsebo et al. [26] showed that the equilibrium structure,
stability, and birhythmic behavior of a resistive-capacitive shunted JJ coupled to a linear resistor-inductor-capacitor
resonator strongly depend on the external DC source and system parameters.

Despite the significant progress made in the study of JJ-based circuits, several open issues remain regarding
the analytical characterization of inductively coupled systems driven by DC sources. In particular, while nonlinear
JJ models and alternating current-driven configurations have been widely investigated, the dynamical behavior
of identical LRCSJJs coupled inductively under pure DC excitation has received comparatively little attention.
Moreover, existing works often emphasize numerical observations, leaving a lack of systematic analytical insight
into the equilibrium structure, stability conditions, and bifurcation mechanisms governing such systems. From both a
fundamental and an engineering perspective, inductive coupling constitutes a physically realistic and non-dissipative
interaction mechanism that naturally arises in superconducting circuits. Understanding how this coupling, in
combination with external DC sources, influences the collective dynamics of JJs is therefore essential for the reliable
design and control of superconducting devices exhibiting excitable or oscillatory responses.

Motivated by these considerations, the present work investigates a system of two identical LRCSJJ circuits
coupled through an inductor and driven by independent DC current sources. The primary objective is to provide a
comprehensive analytical and numerical study of the system, focusing on the existence and stability of equilibrium
points, the role of the coupling strength and normalized DC currents, and the emergence of distinct dynamical regimes.
In particular, the transition between excitable behavior and sustained oscillatory motion is examined in detail. By
adopting the LRCSJJ framework, this study offers clear analytical tractability while capturing the essential physical
mechanisms underlying the dynamics of inductively coupled JJs. The results contribute to a deeper understanding
of coupled superconducting systems and lay the groundwork for future investigations of non-identical junctions and
more complex dynamical phenomena.

The remainder of this study is organized as follows. Section 2 presents the formulation of the mathematical model
and the analytical derivation of the governing equations for the inductively coupled LRCSJJ system. Section 3 is
devoted to the numerical analysis and discussion of the system dynamics. Finally, the main findings are summarized
in the concluding section.

2 Modeling and Analytical Analysis of Inductively Coupled Direct Current-Driven Identical Linear Resistive-
Capacitive Shunted Josephson Junction Circuits

Figure 1 shows two identical LRCSJJ circuits which are connected to each other via a coupling inductor L.
The electrical circuit in Figure 1 consists of capacitors (C1 and C2), resistors (R1 and R2), an inductor (L),

external DC driving sources (Iex,1 and Iex,2), and ideal JJ elements. The tunnel current IJC,jsin(ϕj) and the junction
voltage Vj = h

4πe
dϕj

dt (j = 1, 2) can be obtained from the Josephson phases ϕj(t), where h is the Planck constant
and e is the elementary charge. The inductively coupled LRCSJJ model in Figure 1 are identical; thus, R1 = R2 =
R, C1 = C2 = C, and Icj,1 = Icj,2 = Icj . Applying Kirchhoff’s current law at nodes A and B yields the following
equations:
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Figure 1. Electrical circuit of inductively coupled direct current (DC)-driven linear resistive-capacitive shunted
Josephson junction (LRCSJJ) circuits

Iex,1 =
hC1

4πe

d2ϕ1

dt′2
+

h

4πR1

dϕ1

dt′
+ IJC sin (ϕ1) + Icp

Iex,2 =
hC2

4πe

d2ϕ2

dt′2
+

h

4πR1,2

dϕ2

dt′
+ IJC sin (ϕ2)− Icp

(1)

The voltage across the inductor is given by:

VL = VA − VB ⇒ −L
dIcp
dt′

=
h

4πe

(
dϕ1

dt′
− dϕ2

dt′

)
(2)

Solving Eq. (2) yields the following equation:

Icp =
h

4πeL
(ϕ2 − ϕ1) (3)

Substituting Eq. (2) in System (1) yields the dimensionless rate equations:

d2ϕ1

dt′2
+ α

dϕ1

dt′
+ sin (ϕ1) = i1 + ε (ϕ1 − ϕ2)

d2ϕ2

dt′2
+ α

dϕ2

dt′
+ sin (ϕ2) = i2 + ε (ϕ2 − ϕ1)

(4)

where, Ω =
[
(4πeIJC)

(hC)

] 1
2 , t = Ωt′, α = 1/(RCΩ), ε = 1/

(
LCΩ2

)
, and ij = Iext,j/IJC (j =1, 2).

System (4) may be re-expressed as:

dϕ1

dt
= v1

dv1
dt

= i1 − αv1 − sin (ϕ1) + ε (ϕ1 − ϕ2)

dϕ2

dt
= v2

dv2
dt

= i2 − αv2 − sin (ϕ2) + ε (ϕ2 − ϕ1)

(5)

System (5) is dissipative because ( ∂ϕ1
∂t )
∂ϕ1

+
( ∂v1

∂t )
∂v1

+
( ∂ϕ2

∂t )
∂ϕ2

+
( ∂v2

∂t )
∂v2

= −2α < 0. In order to determine the
equilibrium points, System (5) is set equal to zero which gives:

v∗1 = 0 (6)

i1 − αv∗1 − sin (ϕ∗
1) + ε (ϕ∗

1 − ϕ∗
2) = 0 (7)

v∗2 = 0 (8)
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i2 − αv∗2 − sin (ϕ∗
2) + ε (ϕ∗

2 − ϕ∗
1) = 0 (9)

Substituting Eq. (6) in Eq. (7) and Eq. (8) in Eq. (9) yields:

i1 − sin (ϕ∗
1) + ε (ϕ∗

1 − ϕ∗
2) = 0 (10)

i2 − sin (ϕ∗
2) + ε (ϕ∗

2 − ϕ∗
1) = 0 (11)

Eq. (10) + Eq. (11) yields:

i1 + i2 − sin (ϕ∗
1)− sin (ϕ∗

2) = 0 (12)

Since −1 ≤ sin
(
ϕ∗
1,2

)
≤ 1, Eq. (12) can be expressed as:

i1 + i2 ≤ 2.0 (13)

Solving Eq. (12) for ϕ∗
2 and substituting the result into Eq. (11) yields:

i1 − sin (ϕ∗
1) + ε [ϕ∗

1 − arcsin (i1 + i2 − sin (ϕ∗
1))] = 0 (14)

ϕ∗
2 = arcsin [i1 + i2 − sin (ϕ∗

1)] (15)

Equilibrium points E (ϕ∗
1, 0, ϕ

∗
2, 0) of System (5) exist only for i1 + i2 < 2, and Eq. (14) cannot easily be solved

analytically. The NewtonRaphson method is used to solve Eq. (14) in order to find the value of ϕ∗
1. The value of

ϕ∗
2 is obtained by substituting the value of ϕ∗

1 into Eq. (15). The characteristic equation of System (5) evaluated at
equilibrium points E (ϕ∗

1, 0, ϕ
∗
2, 0) is defined by:

λ4 + 2αλ3 +
[
α2 − 2ε+ cos (ϕ∗

1) + cos (ϕ∗
2)
]
λ2 + α [cos (ϕ∗

1) + cos (ϕ∗
2)− 2ε]λ

+cos (ϕ∗
1) cos (ϕ

∗
2)− ε cos (ϕ∗

1)− ε cos (ϕ∗
2) = 0

(16)

where, a1 = 2α, a2 = α2−2ε+cos (ϕ∗
1)+cos (ϕ∗

2), a3 = α [cos (ϕ∗
1) + cos (ϕ∗

2)− 2ε], and a4 = cos (ϕ∗
1) cos (ϕ

∗
2)−

ε cos (ϕ∗
1) − ε cos (ϕ∗

2). According to the Routh-Hurwitz stability criterion, the real parts of all the roots λ of Eq.
(16) are negative if and only if:

a1 > 0

a3 > 0

a4 > 0

a1a2a3 − a23 − a21a4 > 0

(17)

The stability of equilibrium points E (ϕ∗
1, 0, ϕ

∗
2, 0) depends on the parameters α, ε, i1, and i2. For a specific

value of the parameter α, the stability analysis of equilibrium points E (ϕ∗
1, 0, ϕ

∗
2, 0) as a function of the parameters

ε, i1, and i2 of System (5) is depicted in Figure 2.
It can be noticed from Figure 2 that System (5) has only one equilibrium point E (ϕ∗

1, 0, ϕ
∗
2, 0). In the left panel

of the figure, the only equilibrium point is stable for ε < 0.53 in Figure 2a and Figure 2c and unstable for ε ≥ 0.53
in Figure 2a and ε ≥ 0.33 in Figure 2c. By varying the current i = i1 = i2 or i1, the only equilibrium point is always
stable, as shown in the right panel of Figure 2. The change in stability observed occurs at ε ≈ 0.53 for Figure 2a
and at ε ≈ 0.33 for Figure 2c. In the following paragraph, The Hopf bifurcation from the only equilibrium point is
discussed, taking ε as the bifurcation parameter.

A bifurcation study was conducted. A Hopf bifurcation regarding ε as the bifurcation parameter is considered in
order to have a qualitative idea of the behavior of the equilibrium points E (ϕ∗

1, 0, ϕ
∗
2, 0). Substituting λ = iω in Eq.

(16) and separating real and imaginary parts yields:

ω2 = [cos (ϕ∗
1) cos (ϕ

∗
2)− 2ε] /2 (18)

ε2 − α2ε+ [cos (ϕ∗
1)− cos (ϕ∗

2)]
2
/4 + α2 [cos (ϕ∗

1) + cos (ϕ∗
2)]

2
/2 = 0 (19)

A plot of ω2 versus ε for the obtained values of ϕ∗
1 and ϕ∗

2 is depicted in Figure 3.
There exists no Hopf bifurcation in System (5) at the equilibrium point E (ϕ∗

1, 0, ϕ
∗
2, 0) provided ε ≥ 0.93 in

Figure 3a or ε > 0.73 in Figure 3b. For ε ≥ 0.93 or ε ≥ 0.73, it can be seen that ω2 < 0. Thus, the only
equilibrium point E (ϕ∗

1, 0, ϕ
∗
2, 0) does not undergo Hopf bifurcation. Therefore, System (5) at the equilibrium point

E (ϕ∗
1, 0, ϕ

∗
2, 0) has a saddlenode bifurcation at ε ≈ 0.53 in Figure 3a and ε ≈ 0.33 in Figure 3b.
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(a) (b)

(c) (d)

Figure 2. Stability diagram of equilibrium points E (ϕ∗
1, 0, ϕ

∗
2, 0) versus the parameter ε (left panel) and i = i1 = i2

or i1 (right panel) for specific values of parameters α, ε, i1, and i2: (a) i1 = i2 = 0.4; (b) i1 = 0.4, i2 = 1.0; (c) ε =
0.03291; and (d) ε = 0.03291, i2 = 0.4

Note: Solid black lines indicate the stable branches and the blue lines indicate the unstable branches. Unless otherwise stated, α = 0.2.

(a) (b)

Figure 3. Parameter ω2 versus the parameter ε, with ω2 defined in Eq. (18)

3 Numerical Analysis of Inductively Coupled Direct Current-Driven Identical Linear Resistive-Capacitive
Shunted Josephson Junction Circuits

In order to gain more insight into the proposed circuit, it is necessary to study the evolution of the system for
specific values of the parameters α and ε and the normalized external DC currents i1,2. The dynamical behavior of
System (5) can be studied by varying parameter values of ε and i1,2 as α is considered to be fixed. Since System
(5) has equilibrium points for i1 + i2 ≤ 2 and no equilibrium points for i1 + i2 > 2, it is interesting to study the
dynamical behavior of System (5) for i1 + i2 ≤ 2 and i1 + i2 > 2. Without the coupling (ε = 0.0), LRCSJJ is said to
be in the excitable mode when i1,2 < 1 and in the oscillatory mode when i1,2 > 1, as shown in Figure 4.
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Figure 4. Time series of v1 and ϕ1 for specific values of currents: (a) i1 = i2 = 0.4; (b) i1 = i2 = 0.8; (c) i1 = i2 =
1.2; and (d) i1 = i2 = 1.6. Unless otherwise stated, ε = 0.0 and α = 0.2

For i1 + i2 < 2, the time series of voltages and phases for specific values of normalized external DC sources i1,2
are plotted, as shown in Figure 5.

(a)

(b)

Figure 5. Time series of v1,2 and ϕ1,2 for specific values of currents: (a) i1 = 0.4 and i2 = 0.8; (b) i1 = 0.4 and i2 =
1.2. Unless otherwise stated, ε = 3.0 × 10−5 and α = 0.2

In Figure 5a, the two LRCSJJ circuits exhibit the excitable mode. In Figure 5b, the trajectories of one JJ decrease
exponentially while the trajectories of the other LRCSJJ circuit increase exponentially. For i1 + i2 ≥ 2, the time
series of voltages and phases for specific values of normalized external DC sources i1,2 are plotted, as shown in
Figure 6.
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Figure 6. Time series of v1,2 and ϕ1,2 for specific values of currents: (a) i1 = 0.8 and i2 = 1.6; (b) i1 = 1.2 and i2 =
1.6. Unless otherwise stated, ε = 3.0 × 10−5 and α = 0.2

In Figure 6, the trajectories of one JJ decrease exponentially while the trajectories of the other JJ increase
exponentially. A closer observation of the time series in Figure 6 reveals oscillations bounded by the growing curves.
Assuming that the normalized external DC currents are equal, i.e., i1 = i2, the time series of voltages and phases for
specific values of normalized external DC sources i1,2 are depicted in Figure 7.

In Figure 7, the two JJs exhibit the oscillatory mode. The amplitudes and frequencies of their oscillations increase
with the value of the normalized external DC sources.

Figure 7. Time series of v1,2 and ϕ1,2 for specific values of currents: (a) i1 = i2 = 1.1; (b) i1 = i2 = 2.0; and (c) i1 =
i2 = 3.1. Unless otherwise stated, ε = 3.0 × 10−5 and α = 0.2
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4 Conclusion

This study presents the modeling and dynamical analysis of two identical LRCSJJs coupled through an inductor.
The governing rate equations of the system were derived by applying Kirchhoff’s circuit laws. The analysis revealed
that the proposed system possesses a single equilibrium point. By employing the Routh-Hurwitz stability criterion,
this equilibrium was shown to remain stable for normalized currents satisfying i1 + i2 ≤ 2 and for coupling strengths ε
< 0.53. A further analytical investigation of the equilibrium point demonstrated that a saddle-node bifurcation occurs
at approximately ε ≈ 0.53. In addition to the analytical results, extensive numerical simulations were performed to
explore the system dynamics. For appropriate choices of the coupling parameter and the external DC currents i1
and i2, the circuit was found to exhibit both excitable behavior and sustained oscillatory regimes. As a perspective
for future work, it would be of particular interest to extend the present analysis to inductively coupled non-identical
resistive-capacitive shunted JJ circuits. Such an investigation could reveal the emergence of more complex dynamical
phenomena, including chaotic or hyperchaotic behavior.
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