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Abstract: The study aimed to compare the effects of thermal stratification (S), anisotropic parameters (k∗ and θ), and
buoyancy force distribution parameter (m∗) on natural convection in fluids characterized by high and low Prandtl
numbers. The second-order coupled partial differential equations governing the problem were initially converted into
ordinary differential equations through the Laplace transform technique. The D’Alembert method was then applied to
systematically decouple these equations without altering their original order. Subsequently, the closed-form solutions
in the Laplace domain were transformed into their respective time domains using a numerical scheme based on the
Riemann sum algorithm. The research established that reverse flow is feasible under certain conditions, occurring
more rapidly in fluids with lower Prandtl numbers. Additionally, it was observed that an increase in k∗ and S reduces
skin friction on the bounding plates, whereas an increase in θ enhances skin friction on both channel walls.

Keywords: D’Alembert method; Riemann sum approximation; Laplace transform techniques; Anisotropic porous
material; Thermal stratification; Buoyancy force distribution; Prandtl number

1 Introduction

The study of transport phenomena of thermally stratified fluids flowing through porous passages, characterized
by non-uniform permeabilities driven by asymmetric heating and cooling of the surfaces of transport media, holds
significant applications in industries and various natural processes. It is observed that these phenomena frequently
coexist in natural settings and are integral to technological advancements; however, a tendency is noted among
researchers to investigate the impacts of these physical phenomena in isolation [1].

Natural convection and heat transfer through porous media find crucial applications in geothermal exploitation,
management of radioactive waste, agricultural engineering, and environmental sciences. After noting the utilization of
transport theory in porous media, Khaled and Vafai [2] used mathematical models like Darcy and Brinkman equations
to investigate fluid flow and heat transfer in biological tissues, providing insights into understanding fluid flow in
biological systems. Govindaraju et al. [3] took mammalian blood as a non-Newtonian fluid and the human coronary
artery as the transport medium with permeable walls by utilizing the Darcy-Forchheimer model, highlighting the
influence of stenotic arterial walls on blood flow properties. Das et al. [4] studied blood flow dynamics through porous
structures by incorporating realistic blood rheology and pulsatile motion, revealing the impact of coil embolization on
wall shear and pressure.

Recent works, such as the investigation by Khanafer and Vafai [5], document the diverse applications of porous
media in biological systems. Researchers have demonstrated that leveraging the conductivity and non-uniform
permeabilities of porous structures, such as fibers or grains, can lead to optimal applications. Anisotropy arises from
the non-uniform distribution, fractural structure, and preferential orientation of porous material beads [6]. Compared
to isotropic porous matrices with scalar permeability, anisotropic porous structures exhibit tensor permeability,
characterized by the ratio of permeability

(
k∗ = k1

k2

)
and the orientation angle (θ) between transverse distance

(y) and horizontal permeability (k2). The structural tensor form of anisotropic porous matrix permeability offers
intriguing applications, such as the fabrication of porous titanium with square pores for trabecular bone implants [7].
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Garcia-Avila et al. [8] conducted a comparative mathematical simulation, revealing higher fatigue resistance properties
of non-cubic porous materials compared to normal triply periodic minimal surface (TPMS).

In most previous investigations, cases where the ambient medium outside the flow region is isothermal and of
uniform density have been primarily considered in flow configurations. However, this present study takes into account
flow formation with non-uniform fluid density in the ambient medium, varying with height, a common occurrence
resulting from heat or mass transfer processes. Stratification, as characterized by the combined effects of ambient
fluid temperature or vertical advection and reversible work done on fluid particles by compression, has garnered
significant interest among researchers for studying variable environmental conditions [9–14].

The coupled mathematical model addressing the combined effects of anisotropy and stratification, as previously
investigated by Jha et al. [15], focuses on the convective interplay between fluid particles and constituents of anisotropic
porous structures. However, the orientation of the surface temperature of transport media with respect to the fluid
temperature flowing through anisotropic porous material remains grossly underexplored. Therefore, this present study
not only considers anisotropy and stratification but also examines the effect of asymmetric heating and cooling of
transport channel walls. Including asymmetric heating and cooling constraints in the mathematical model captures
real-world convective processes, such as variation in environmental conditions and heating and warming of the human
body [16]. Additionally, Peng et al. [17] investigated the behavior of the surface temperature of transport media with
respect to fluid temperature, highlighting the intriguing area of studying fabric materials that provide maximum
comfort and better management of heat transport pathways from the human body to the ambient media.

2 Mathematical Model

Considering a one-dimensional, transient flow of a stratified fluid in the region 0 < y′ < h driven by the
asymmetric heating and cooling of the channel walls, the channel is saturated with fibers or grains with non-uniform
permeabilities. The physical configuration for this research is shown in Figure 1. In this set up, the x′ axis was
chosen along the channel walls and the y′ axis normal to them. At t′ ≤ 0, the channel packed with anisotropic porous
material and saturated with stratified fluids is all at the same local thermodynamic equilibrium. At time t′ > 0, it is
assumed that the temperature of channel walls y′ = 0 and y′ = h are instantaneously raised or lowered to T ′ = Th or
T ′ = Tc, respectively.

Figure 1. Schematic diagram depicting the configuration and the coordinates system of the problem

The fully developed one-dimensional time-dependent governing mathematical model representing the present
problem is predicated based on the following assumptions:

117



(i) The fluid flows through a porous structure that is anisotropic in nature so that the variant directional inclinations
of the permeabilities of the porous matrix are taken into account [18].

(ii) The vertical transport medium is filled with stratified fluids of low and high Prandtl numbers. Such fluids
arise from inhomogeneous fluid parcels of variable densities which, under the influence of gravitational pull, arrange
themselves such that fluid parcels with higher densities are found beneath those with lower densities [9].

(iii) The onset of natural convection is induced by the asymmetric heating and cooling of the walls of the vertical
channel. Such heating is characterized by the buoyancy force distribution quantity. Singh and Paul [16] discussed the
categorizations of the cases of the buoyancy force distribution term. Thus, the momentum and energy equations
resulting from the above assumptions are given in dimensional forms as follows:

∂U ′

∂t′
= veff

∂2U ′

∂y′2
− U ′v

K
+ gβ (T ′ − Tm) (1)

∂T ′

∂t′
= α

∂2T ′

∂y′2
− S′U ′ (2)

where, α = k
ρcp

. And K is the symmetrical second-order permeability tensor and is defined as follows:

K =

[
k1 sin

2(θ) + k2 cos
2(θ) (k1 − k2) sin(θ) cos(θ)

(k1 − k2) sin(θ) cos(θ) k2 sin
2(θ) + k1 cos

2(θ)

]
(3)

where, according to Liakopoulos [19], Eq. (3) physically characterizes the direction along which the fluid in an
anisotropic porous system under a known imposed transport constraint flow.

In this study, the initial and boundary conditions consistent with the above model are as follows:

t′ ≤ 0, T ′ = Tm, U ′ = 0, for 0 ≤ y′ ≤ h

t′ > 0,

{
T ′ = Th, U

′ = 0, at y′ = 0

T ′ = Tc, U
′ = 0 at y′ = h

(4)

In order to facilitate the mathematical analysis, the governing second-order coupled partial differential equations
are non-dimensionalized using suitable transformational variables defined as follows:

U =
U ′h

v
, T =

T ′ − Tm

Th − Tm
, y =

y′

h
, γ =

veff
v

, t =
t′v

h2
,Pr =

v

α
and Gr =

gβ (Th − Tm) h3

v2

The non-dimensionalization procedure shows that the characteristic stratification parameter S can be taken as
S = S′h

Th−Tm
, and the measure of permeability of the anisotropic porous passages is defined by Da = k1

h2 .
Using the non-dimensional variables defined above, the transformed velocity and temperature equations in

dimensionless form are thus expressed as follows:

∂U

∂t
= γ

∂2U

∂y2
− a

U

Da
+GrT (5)

∂T

∂t
=

1

Pr

∂2T

∂y2
− SU (6)

where, a in Eq. (5) represents the anisotropic factor derived from Eq. (3) and is defined as follows:

a = sin2(θ) + k∗ cos2(θ) (7)

where, k∗ = k1

k2
and θ are the anisotropic parameters.

The dimensionless initial and boundary conditions now take the following form:
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t ≤ 0, T = 0, U = 0, for 0 ≤ y ≤ 1

t > 0

{
T = 1, U = 0 at y = 0

T = m∗, U = 0 at y = 1

(8)

where, m∗ = Tc
′−Tm

Th−Tm
represents the buoyancy force distribution parameter. It is interesting to note that m∗ = 0

represents the classical case when the temperatures of the fluid (Tm) and that of the cool plate (Tc) are thermally
equal but less than the temperature of the heated plate (Th). While m∗ = 1 symbolizes the case when Tm < Th = Tc.
In addition, m∗ < 0 describes the case where the fluid temperature is in between the different plates’ temperatures.
Finally, 0 < m∗ < 1 characterizes the case where either the temperature of the heated plate Th is fixed between the
temperatures of the cooled plate (Tc) and the fluid’s temperature (Tm) or the case where the temperature of the cooled
plate (Tc) fits in between the temperatures of the heated plate (Th) and the fluid’s temperature (Tm).

2.1 Solution

Taking the Laplace transform with respect to time (t) to the partial differential Eqs. (5) and (6), subject to the
initial condition in Eq. (8), the following ordinary differential equations are obtained:

d2Ū

dy2
− Ū

γ

(
p+

a

Da

)
= −Gr

T̄

γ
(9)

d2T̄

dy2
− SPrŪ − pT̄Pr = 0 (10)

where, p > 0 is the Laplace parameter.
Since solving Eqs. (9) and (10) by the direct elimination of either the velocity or temperature can result in solving

a fourth-order equation, the D’Alembert method [20, 21], which systematically uncouples a set of coupled equations
while still retaining their initial orders, was employed. Accordingly, by adding the result of the integral multiple of Eq.
(9) with F ∗ to Eq. (10) and simplifying the final equation, the following equation can be yielded:

d2

dy2
(
F ∗Ū + T̄

)
− Ω∗2 (F ∗Ū + T̄

)
= 0 (11)

where, F ∗ and Ω∗ are the D’Alembert quadratic functions defined as follows:

F ∗2 +
F ∗[(pDa+ a)− pDaγPr]

GrDa
+

γSPr

Gr
= 0 (12)

Ω∗2 − γpPr − F ∗Gr

γ
= 0 (13)

Thus, solving Eq. (11) gives the general solution of the model in the Laplace domain as follows:

F ∗Ū + T̄ = A1 cosh (Ω
∗y) +A2 sinh (Ω

∗y) (14)

By applying the boundary conditions of Eq. (8) to Eq. (14), the constants A1 and A2 in Eq. (14) are calculated as
follows:

A1 =
1

p
(15)

A2 = −m∗∗ − cosh(Ω)

p sinh(Ω)
(16)
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Thus, the particular solution of Eq. (14) becomes as follows:

F ∗Ū + T̄ =
[sinh (Ω∗(1− y)) +m∗ sinh (Ω∗y)]

p sinh (Ω∗)
(17)

By using F ∗
1 , F

∗
2 ,Ω

∗
1, and Ω∗

2, the roots of the solutions of the quadratic expressions in Eqs. (12) and (13) derived
and expressed as follows, respectively:

F ∗
1 = −1

2

(
p

Gr
+

a

GrDa
− γpPr

Gr

)
+

1

2

√(
p

Gr
+

a

GrDa
− γpPr

Gr

)2

− 4γSPr

Gr

 (18)

F ∗
2 = −1

2

(
p

Gr
+

a

GrDa
− γpPr

Gr

)
− 1

2

√(
p

Gr
+

a

GrDa
− γpPr

Gr

)2

− 4γSPr

Gr

 (19)

Ω∗
1 =

√
γpPr − F1Gr

γ
(20)

Ω∗
2 =

√
γpPr − F2Gr

γ
(21)

The expressions of the velocity and temperature fields are separately obtained and are given as follows:

Ū =
1

p (F ∗
1 − F ∗

2 )

[
(sinh (Ω∗

1(1− y)) +m∗ sinh (Ω∗
1y))

sinh (Ω∗
1)

− (sinh (Ω∗
2(1− y)) +m∗ sinh (Ω∗

2y))

sinh (Ω∗
2)

]
(22)

T̄ =
1

p (F ∗
1 − F ∗

2 )

[
(F ∗

1 (sinh (Ω∗
2(1− y)) +m∗ sinh (Ω∗

2y)))

sinh (Ω∗
2)

− (F ∗
2 (sinh (Ω∗

1(1− y)) +m∗ sinh (Ω∗
1y)))

sinh (Ω∗
1)

]
(23)

2.2 Skin Friction and Mass Flow Rate

To estimate the quantitative effects of the various parameters involved in the results of the present analysis with
respect to the velocity gradients at the channel walls and the amount of fluid passing through the anisotropic porous

passages per unit area, the skin friction
(
τ̄ = dŪ

dy

∣∣∣
y=0,1

)
and volumetric mass flow

(
Q̄∗ =

∫ 1

0
Ūdy

)
are calculated

and presented as follows, respectively:

τ̄0 =
1

p (F ∗
1 − F ∗

2 )

[
Ω∗

1 (m
∗ − cosh (Ω∗

1))

sinh (Ω∗
1)

− Ω∗
2 (m

∗ − cosh (Ω∗
2))

sinh (Ω∗
2)

]
(24)

τ̄1 =
1

p (F ∗
1 − F ∗

2 )

[
Ω∗

1 (m
∗ cosh (Ω∗

1)− 1)

sinh (Ω∗
1)

− Ω∗
2 (m

∗ cosh (Ω∗
2)− 1)

sinh (Ω∗
2)

]
(25)

Q̄∗ =
1

p (F ∗
1 − F ∗

2 )

[
m∗ (cosh (Ω∗

1)− 1) + cosh (Ω∗
1)− 1

Ω∗
1 sinh (Ω

∗
1)

+
m∗ (1− cosh (Ω∗

2)) + 1− cosh (Ω∗
2)

Ω∗
2 sinh (Ω

∗
2)

]
(26)

3 Results and Discussion

This study addresses the problem of the influence of the transport of stably stratified fluid driven by buoyancy
force distribution through a vertical channel filled with anisotropic porous material. The problem is governed by a
set of coupled partial differential equations decoupled using the D’Alembert method. Analytical solutions of the
expressions for the momentum and the energy equations as well as the velocity gradients and volumetric mass flow
rate were obtained and presented in the Laplace domain, which were then inverted to their corresponding time domain
using a numerical algorithm based on Riemann sum approximation [15]. The variant responses of fluids with low and
high Prandtl numbers such as air and water, respectively, to controlling physical quantities present in Eqs. (22)-(26)
were analyzed and discussed.
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3.1 Hydro and Thermo Dynamics Analysis

Subgraphs (a)-(d) of Figure 2 illustrate the thermal distribution in the channel with respect to the variation of time
(t) and for various cases of buoyancy force distribution parameter (m∗). In all four cases examined, the thermal or
temperature distribution is higher when the Prandtl number is low because fluids with low Prandtl numbers are better
conductors of heat. In addition, subgraphs (a) and (b) of Figure 2 show that for m∗ = 0.0 and m∗ = 1.0, the impact
of time on the thermal distribution in the channel is insignificant when time (t) is large for fluids with a low Prandtl
number. Physically, this is a result of the steady state being attained as t → Pr. On the other hand, subgraphs (c) and
(d) of Figure 2 show that at relatively small values of dimensionless time (t) and for fluids with high Prandtl numbers
such as water, thermal distribution appears to attain relative stability near the center of the channel (between y = 0.4
and y = 0.7). This trend, though less pronounced in subgraph (c) of Figure 2, is indicated with line segments parallel
to the transverse distance axis (y) when t = 0.1.

(a) (b)

(c) (d)

Figure 2. Temperature field with variation of buoyancy distribution term (m∗) and time (t) with
S = 2.0, Gr = 10.0, Da = 0.01, γ = 2.0, k∗ = 0.4 and θ = 60◦

Subgraphs (a)-(d) of Figure 3 depict the hydrodynamic distribution within the channel with respect to the variation
of time (t) and for various cases of buoyancy force distribution parameter (m∗). For fluids with low Prandtl numbers
like air, the figures show the occurrences of maximum fluid velocity close to the heated plate when m∗ = 0.0
(subgraph (a) of Figure 3) and when m∗ < 0 (subgraph (c) of Figure 3). The point of maximum velocity begins
to drift toward the centerline of the channel when 0.1 < m∗ < 0.5 (subgraph (d) of Figure 3) and becomes fully
centralized when m∗ = 1.0 (subgraph (b) of Figure 3).

On the contrary, two different maxima velocities close to the plates are noticed for fluids with a high Prandtl
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number, as seen in subgraphs (a), (b) and (d) of Figure 3, as the flow formation is found to be undulating in these
figures. In addition, for both air (Pr = 0.71) and water (Pr = 7.0), the cooling of the fluid near the extreme plate
(y = 1) is observed to result in hydrodynamic reverse flow, as seen in subgraph (c) of Figure 3 when m∗ < 0.

(a) (b)

(c) (d)

Figure 3. Velocity field with variation of buoyancy distribution term (m∗) and time (t) with S = 2.0,
Gr = 10.0, Da = 0.01, γ = 2.0, k∗ = 0.4 and θ = 60◦

Subgraphs (a)-(d) of Figure 4 and subgraphs (a)-(d) of Figure 5, respectively, present the impact of thermal
stratification on fluid temperature and velocity for different cases of buoyancy force distribution parameter. In the
classical case (m∗ = 0.0) and when m∗ = 1.0, the impact of the layering effect in stalling temperature penetration
and suppressing the strength of velocity current resulting from the variation in the thermal stratification is noticed in
subgraphs (a) and (b) of Figure 4 with respect to temperature and subgraphs (a) and (b) of Figure 5 with respect to
velocity for both air and water. While for m∗ < 0 and 0.1 ≤ m∗ ≤ 0.5, subgraphs (c) and (d) of Figure 4, subgraphs
(c) and (d) of Figure 5 reveal that the variation of the thermal stratification is observed to be initially insignificant,
especially for air.

As the temperature and velocity distribution progress towards the cold plate, it can be seen that the layering effects
of suppressing the temperature and the velocity distribution resulting from the increase in stratification are reversed.
Furthermore, it can be observed that thermal and velocity reverse flows resulting from the cooling of the fluid near the
cold plate commence quicker in the case of water (Pr = 7.0), as seen in subgraph (c) of Figure 4 and subgraph (c) of
Figure 5, respectively.

Subgraphs (a)-(d) of Figure 6 and subgraphs (a)-(d) of Figure 7, respectively, compare the effect of the anisotropic
angle of inclination on temperature penetration and the velocity current of the stratified fluid in the vertical channel.
Evidently, the impact of the variation of the anisotropic angle of inclination with respect to different cases of buoyancy
force distribution parameter is very significant because an increase in the anisotropic angle of inclination (θ) increases
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the pore size of the anisotropic porous structures. This, in effect, decreases the conductivity strength of the porous
matrix, and as such, a reduction in temperature penetration is noticed, as seen in subgraphs (a) and (b) of Figure 6, for
both water and air. Interestingly, for m∗ < 0 and 0.1 < m∗ < 0.5 , as depicted respectively in subgraphs (c) and (d)
of Figure 6, the effect of the variation of the anisotropic angle of inclination (θ) on the temperature penetration is
initially insignificant for water. In addition, both figures show an increase in the conductivity strength of the porous
structure for all the fluids considered and, therefore, enhance temperature distribution. On the other hand, the increase
in the voids of the anisotropic porous medium by increasing its angle of inclination allows for more flow freedom for
the fluid particles. This, interestingly, is the case, irrespective of the fluids taken into account and for all cases of
the buoyancy distribution force parameters considered (subgraphs (a)-(d) of Figure 7). Additionally, the maximum
velocity of the fluid was found near the hot plate (subgraphs (a) and (c) of Figure 7) and was then shifted to the center
of the channel for air (Pr = 0.71), as observed in subgraph (b) of Figure 7, when m∗ = 1.0. In addition, subgraphs
(b) and (d) of Figure 7 show that the fluid (Pr = 7.0) attained two maximum velocities close to the plates when
m∗ = 1.0 and 0.1 ≤ m∗ ≤ 0.5. In addition, if Th < Tm < Tc, the relative cooling of the fluid temperature close to
the cold plate is ensured. Accordingly, reverse flow is observed for both fluids.

(a) (b)

(c) (d)

Figure 4. Temperature field with variation of buoyancy distribution term (m∗) and stratification parameter (S) with
t = 0.2, Gr = 10.0, Da = 0.01, γ = 2.0, k∗ = 0.4 and θ = 60◦

Subgraphs (a)-(d) of Figure 8 and subgraphs (a)-(d) of Figure 9, respectively, depict the response of the fluid
temperature and velocity to the variation of the anisotropic ratio of permeability

(
k∗ = k1

k2

)
for various cases of

buoyancy force distribution parameter (m∗). As k∗ is increased, indicating the increase in the permeability along the
vertical principal axis k1 of the anisotropic porous matrix, the conductivity of the anisotropic porous structures is
seen to be enhanced for all the fluids taken into account, as exhibited in subgraphs (a)-(d) of Figure 8. This trend is
found, for water (Pr = 7.0), to be noticeably insignificant, as seen in subgraphs (c) and (d) of Figure 8, before the
fluid temperature reaches the center of the channel (y = 0.5).

On the fluid velocity, there is more flow along the horizontal permeability (k2), as observed in the experimental
investigation by Liakopoulos [19], which implies that increasing k∗ suppresses the flow velocity along k1 when
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m∗ = 0,m∗ = 1.0 and 0.1 < m∗ < 0.5 and, therefore, a reduction in fluid velocity is observed. Furthermore,
this reduction in the fluid velocity is also noticed in subgraph (c) of Figure 9. Reverse fluid flow is observed at the
transverse distance between the plates y = 0.6 as a result of the relative cooling of the fluid temperature with respect
to the temperature of the cold plate.

(a) (b)

(c) (d)

Figure 5. Velocity field with variation of buoyancy distribution term (m∗) and stratification parameter (S) with
t = 0.2, Gr = 10.0, Da = 0.01, γ = 2.0, k∗ = 0.4 and θ = 60◦

(a) (b)
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(c) (d)

Figure 6. Temperature field with variation of buoyancy distribution term (m∗) and anisotropic angle of inclination
(θ) with t = 0.2, Gr = 10.0, Da = 0.01, γ = 2.0, k∗ = 0.4 and S = 2.0

(a) (b)

(c) (d)

Figure 7. Velocity field with variation of buoyancy distribution term (m∗) and anisotropic angle of inclination (θ)
with t = 0.2, Gr = 10.0, Da = 0.01, γ = 2.0, k∗ = 0.4 and S = 2.0

125



(a) (b)

(c) (d)

Figure 8. Temperature field with variation of buoyancy distribution term (m∗) and anisotropic permeability ratio
(k∗) with t = 0.2, Gr = 10.0, Da = 0.01, γ = 2.0, θ = 60◦ and S = 2.0

(a) (b)
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(c) (d)

Figure 9. Velocity field with variation of buoyancy distribution term (m∗) and anisotropic permeability ratio (k∗)
with t = 0.2,Gr = 10.0,Da = 0.01, γ = 2.0, θ = 60◦ and S = 2.0

(a) (b)

(c) (d)

Figure 10. Skin friction with variation of buoyancy distribution term (m∗) and anisotropic permeability ratio (k∗)
with t = 0.2, Gr = 10.0,Da = 0.01, γ = 2.0, θ = 60◦ and S = 2.0
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3.2 Velocity Gradient and Mass Flow Rate Analysis

(a) (b)

(c) (d)

Figure 11. Skin friction with variation of buoyancy distribution term (m∗) and anisotropic angle of inclination (θ)
with t = 0.2, Gr = 10.0, Da = 0.01, γ = 2.0, k∗ = 0.4 and S = 2.0

The expressions for the velocity gradient or skin frictions (τ0 and τ1) and volumetric mass flow rate are given by
Eqs. (24), (25), and (26), respectively. This subsection discusses the effects of the stratification and the anisotropic
parameters with respect to the variation buoyancy distribution force parameter on the skin friction at the inner surface
of the hot wall and at the outer surface of the cold wall as well as on the volumetric mass flow rate. Subgraphs
(a)-(d) of Figure 10, subgraphs (a)-(d) of Figure 11 and subgraphs (a)-(d) of Figure 12, respectively, display the skin
friction with the variation of anisotropic permeability ratio (k∗), anisotropic angle of inclination (θ) and stratification
parameter (S) for different cases of m∗. Generally, the figures indicate that there is mostly a buildup of friction at
the surface of the cold wall. Furthermore, for all the cases of m∗ being considered, the increase in the buoyancy
distribution force aids the skin friction at both plates for both air and water. In particular, however, it is observed from
subgraphs (a)-(d) of Figure 10 and subgraphs (a)-(d) of Figure 12 that increasing k∗ and S, respectively, reduces
the skin friction at the bounding plates. Physically, this behaviour can be attributed to the respective increase in the
permeability of the anisotropic porous material vertically and the layering effect resulting from the increase in the
stratification factor. On the contrary, it is noticed from subgraphs (a)-(d) of Figure 11 that increasing the anisotropic
angle of inclination (θ) enhances the skin friction at both walls and for the two working fluids investigated.

In subgraphs (a) and (b) of Figure 13 and subgraphs (a) and (b) of Figure 14, irrespective of the working fluid, the
volumetric mass flow is seen to be inhibited by increasing stratification factor (S) and anisotropic permeability ratio
(k∗), respectively. This is because, due to the variation of the stratification parameter, the inherent layering effect of
the stably stratified fluid hinders fluid motion and the rate of fluid flow per unit area. On the other hand, increasing the
anisotropic permeability ratio (k∗) is akin to increasing the permeability of the porous medium vertically. This, as
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already demonstrated, significantly reduces the fluid velocity and, subsequently, the volumetric mass flow as well.
The numerical simulation conducted shows that the mass flow rate can be enhanced with an increase in the anisotropic
angle of inclination (θ) for both air and water, as shown in subgraphs (a) and (b) of Figure 15.

(a) (b)

(c) (d)

Figure 12. Skin friction with variation of buoyancy distribution term (m∗) and stratification parameter (S) with
t = 0.2, Gr = 10.0, Da = 0.01, γ = 2.0, k∗ = 0.4 and θ = 60◦

(a) (b)

Figure 13. Mass flow rate with variation of buoyancy distribution term (m∗) and stratification parameter (S) with
t = 0.2, Gr = 10.0, Da = 0.01, γ = 2.0, k∗ = 0.4 and θ = 60◦
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(a) (b)

Figure 14. Mass flow rate with variation of buoyancy distribution term (m∗) and anisotropic permeability ratio (k∗)
with t = 0.2, Gr = 10.0, Da = 0.01, γ = 2.0, θ = 60◦ and S = 2.0

(a) (b)

Figure 15. Mass flow rate with variation of buoyancy distribution term (m∗) and anisotropic angle of inclination (θ)
with t = 0.2, Gr = 10.0, Da = 0.01, γ = 2.0, k∗ = 0.4 and S = 2.0

4 Conclusion

This study presents the result of the investigation of transient state natural convection of stratified fluid in an
asymmetrically heated and cold vertical channel filled with anisotropic porous material. It primarily compares the
effects of thermal stratification, anisotropic parameters and buoyancy force distribution parameters on fluids with
high and low Prandtl numbers such as water (Pr = 7.0) and air (Pr = 0.71), respectively. The solutions of the
fluid temperature and velocity profiles were obtained using three techniques: the Laplace transform technique, the
D’Alembert (decoupling) method, and a numerical procedure based on Riemann sum approximation algorithms. This
study in general shows the practicability of the combined effect of stratified fluid flow through an anisotropic porous
medium, where the directional permeability can interact with the stratified layers to influence flow distribution and
transport properties. However, the asymmetric heating/cooling of a porous material could lead to uneven expansion or
contraction of the material, affecting the fluid flow patterns of the stratified fluid through the porous structure. Other
inferences from the numerical simulation conducted include:

(i) If the fluid temperature is in between the different plates’ temperatures, thermal and velocity reverse flows
resulting from the cooling of the fluid near the cold plate can be observed and commence quicker in water (Pr = 7.0).

(ii) An increase in k∗ and S reduces the skin friction at the bounding plates for all cases of m∗. These trends result
from the increase in the permeability of the anisotropic porous material vertically and the layering effect resulting
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from the increase in the stratification factor, respectively.
(iii) On the other hand, it is noticed that an increase in the anisotropic angle of inclination (θ) enhances the skin

friction at both walls and for the two working fluids investigated.
(iv) Finally, it is also established that the mass flow rate can be enhanced with an increase in the anisotropic angle

of inclination (θ) and suppressed by increasing the anisotropic permeability ratio (k∗) and stratification parameter
(S).

Future Research
This study examined the natural convection of stably stratified fluid by taking into consideration the anisotropic

property of the porous structure via which the fluid flows and the orientation of the fluid temperature with the variant
temperatures of the transport surfaces. Future work can be carried out by considering different models.

Researchers have constructed and worked on another form of porous media, the Bidisperse porous media [21].
The model suggested for the porous media is for isotropy and the fluid is non-stratified. It will be interesting if
anisotropy, stratification and buoyancy force distribution terms are included in the extended Brinkman model for
Bidisperse porous media. Since the resulting model is a set of coupled equations linking the fluid dynamics in the
frictional and porous phases of the porous media, the methods used in the present study will be very helpful.
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Nomenclature

Da Darcy number
k∗ Anisotropic ratio of Permeability
m∗ Buoyancy force distribution parameter
k1and k2 Permeability along the principal axes of the anisotropic porous medium

(
m2

)
S′ Dimensional stratification parameter

(
mK−1

)
S Dimensionless stratification parameter
Pr Prandtl number
T̄ Dimensionless temperature of the fluid in Laplace domain
T Dimensionless temperature of the fluid in time domain
T ′ Dimensional reference temperature (K)
T0 Temperature of the plate at y = 0 (K)
T1 Temperature of the plate at y = 1 (K)
t′ Dimensional time (s)
t Dimensionless time
U ′ Dimensional velocity of the fluid

(
ms−1

)
Ū Dimensionless fluid velocity in Laplace domain
U Dimensionless fluid velocity in time domain
Q Volumetric mass flow rate
Gr Grashoff number
g Acceleration due to gravity

(
ms−2

)
k Thermal conductivity of the fluid
Cp Specific heat of the fluid at constant pressure

Greek symbols

β Coefficient of thermal expansion (K)
veff Effective viscosity of the saturated anisotropic porous medium

(
kgm−1 s−1

)
v Kinematic viscosity of the fluid
γ Ratio of viscosities
θ Anisotropic angle of inclination (Deg or Rad)
τ0 Skin friction at y = 0
τ1 Skin friction at y = 1
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